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PRIFACETO 3RD 


The book has undergone thorough revision with the 
result that there are many additions which has again incre¬ 
ased the volume of the book. List of important questions 
and articles have been given at the end of each chapter and 


there deserve special attention from the students. 

Great care has been taken that the book is free from 
printing mistakes. 

Any suggestion for improvement of the book will be 
thankfully received. 

‘Vijay’ M. L. KHANNA 

Saket Road, Meerut A ., 

Phone 2217 rV { 


3, An Important note. 

There are two books titled as Modern Algebra, one is 
for degree classes and the other for Hon’s and Post graduate 
classes. 

Modern Algebra For degree classes. Contains the matter 
upto page 400 of the contents which cover the topics 
Groups, sub groups. Rings, and Vector spaces. 

Modern Algebra For Hon's and Post graduate classes. 
Contains 482 pages which cover the topics, “Groups. Rings, 
Vector spaces, Normal sub groups. Group homomorphism, 
Quotient ring and ring homomorphism and Euclidean 
domain”. You will please choose the book which cover* 
your syllabus. 



PREFACE JO THE FIRST EDITION 

The present book is meant for Hon’s. and post graduate 
students of all Indian Universities and particularly for 
students of Meerut University. 

The treatment of the theory which i9 a special feature 
of the book is in a systematic and interesting manner* 
Even an average student shall be able to understand it 
independently. 

Large number of solved examples have been given to 
make clear the various definitions and theorems. 

It is easy to understand the subject matter but may be 
difficult to reproduce the same independently and as such the 
students are advised to adopt pen and paper for its study. 

Any suggestion for improvement of the book will be 
thankfully received. 

M. L. KHANNA 


PREFACE TO SECOND EDITION 

The subject matter has been thoroughly revised which 
has resulted in the increase of the volume of the book by 
about 200 pages. Many new questions and additional 
theorems have been added. The book in its present form 

will meet the requirements of students of all Indian 
Universities. 

‘Vijay’ 

Sakct Road, Meerut 
Phone 27M 
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“DONT READ THIS'’ 

1. Never Read Mathmatics. Always adopt perl and 
paper for doing mathematics otherwise you will be simply 
deceiving yourself. You will never be able to reproduce the 
solution of a question in the examination unless or until you 
have done it earlier in writing. 

2. University Papers. To create in your the confidence 
the best method is that after you have done one chapter or 
more chapters, turn to the uni\ersity papers given in the end 
and do the questions of these chapters independently and in 
case you are able to do them, then and onl\ then you should 
pel c< ntident of doing well in the examination. 

3. Selection. There is no harm in making a se’ection 

of books. (/.<?. Diff., Coordinate, Trigonometry etc.) which 
you are going to prepare or even selection ot chapters ot any 
of these books. But whatever you decide to prepare, you 
should prepare it very thoroughly. Do all types ol questions, 
Do not make a selection out of the selection, otherwise you 
will always suffer with a lack of confidence. Remember 

“Better know everything of something. 

Rather than something of everything. 


and ( 

Nothing like if you know everything of everything.’ 

Pay special attention to the questions and articles given 

in the list of important questions at the end of each chapter. 
4. Revision before examination. In order to simplity 

the work of revision before examination, you should while 
preparing any book or its chapter, mark “R with red ink 

jnvourcopy those questions which you feel are difficult or 
require some special trick or method and which you are likely 
to forget. Only these questions may be looked and revised 
the day before the examination. Do not include in this 1 
those type of questions which are based upon direct applica¬ 
tion of formula and wh ch you can always do. 

5 Important formulae. There arc certain basic and 
standard formulae of various branches of mathematic* v 

every student is expected to know, but 11 ,s /°V n _ ‘i ts 0 f 

students are not definite about these standard results ol 
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Trigonometry. Differential and Integral Calculus. Coordinate 
Geometry etc. You are therefore advised to leave a small 
margin in your copy and write in it the formula about which 
you are not sure and which is reqired for the solution of 
that particular problem. This w 11 demarcate what you know 
and what you do not know and will facilitate the work of 
revision also 

6. Before going to yorr class. In order to draw the 
maximum benefit out of this hook, you should always before 
going to your class read the portion of this book which your 
teacher is going to discuss in the class. This will create 
greater interest in the lecture. You can also clear some 
point from your teacher which you might n t have been able 
to understand independently from my book. 

7. Regularity in Study of Mathematics The most 
important thing in the study of mathematics is regularity in 
its studies. You should see that you are working regularly 

with the class and do no! postpone your daily work of 
mathematics. 


8. In the examination. Avoid over-writing and scrat¬ 
ching in tin copy. Look to the note given in the paper and 
attempt first the question which you know well. Attempt 

maximum number ol questions. Always revise your answers. 
Kcepjeft side ol the page for rough work and cross it. 

9. Correspondence with the author You arc most wet- 
come to correspond with me with regard to any suggestions 

alternative solutions of questions, new questions which you 
like to be incorporated, or your difficult with regard to any 

question from this book alone, or to point out the printing 
mistakes which )ou may come across. 

10. On expectation In case you have liked this book 
or some other hooks of mine and found them really helpful 

to you, I would certainly desire and expect that you will re- 
commend them to your class-fellows. 


M L. KHANNA 

v <iay Saket Road, Meerut, 



MUST READ THIS 
PUBLISHER’S NOTE 

We are very much proud in presenting our Mathematics 
series written by Prof, M. L. Khanna, who has all through his 
college carrer been a first class student a position and merit 
scholarship holder. The present B. Sc. series is the result of 
many years of hard labour put in by the author and each book 
of the series serves the triple purpose of (i) Text book, (ii) Help 
Book, and (iii) University Papers, and is thus much economical. 
In addition to this, since each book of the series is written by 
the same author, you can be sure of the uniformity of expres- 
s’on and style in all the 50 books of Prof. Khanna that have 
been published so far. In case you want to purchase any new 
book of mathematics, you are very sincerely advised In you 
own interest to look to the Author’s book on the subject. 
Borrow it from a friend for few days and you will find it for 
yourself that these books really serve the triple purpose and in 
case you are having it you need not supplement it by any 
other book. You are further advised to gain by the experience 
and opinions given before and expressed by various heads of 
the department and lecturers of Mathematics from different 
places. In the end it gives us immense pleasure to Inform 
you that if you turn to the university papers in the 
end you will find that practically cent per cent questions were 
set from the author’s books in various university examinations. 

The publishers will feel highly obliged for any suggestions 
for improvement of the books. 

V. N. GUPTA 

f or 

Jai Prakash Nath & Co. 
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LISTS OF IMPORTANT FORMULAE 


Groups 

1. Binary Composition. If G be a non empty set and 
a,b £G, then a composition denoted as o such that 
aob EG is called a binary composition on the set G. 

2. Group : A non empty set G with a binary compo¬ 
sition o, such that 

Gi The composition is associative : 

i.e., (a o b) o c=a o (b o c) V a,b, c EG. 

Gi * Identity : V a EG there exists unique element e E 0 

such that a o e=e o a=a 

G a Inverse : V a £ G there exists an element h £ G, 

such that a o b=b o a^=c 

in case the composition in C is commutative, ie. 
a o b=bo a, V a,b £ G then the above group is called 

abelian. 

3. General properties of groups : Cancellation Laws, 


(1) ab=ac => b = c, ba=ca => b=c. 

(2) ax=b => x=a~ 1 b, ya = b => y=ba~ l . 

( 3 ) (afy-i=b~ l a' 1 and (a _1 )“ 1==fl - 

4 Permutation: A one-one onto mapping of a finite 

l“S r . i! oSS SS". risr.£ r—: 

llrrr ira- x 

elements remain unchanged is called a transpositio . 
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6 . Addition, multiplication modulo m: 

a + b (mod. m) or (a+b) (mod m)=r 

where r is the least non negative remainder when a + b or 
axb is divided by m. 

7. Residue classes modulo m : An integer a is said to 
be congruent to another integer /> modulo m if a-b is divi¬ 
sible by m i.e. a—b=km. 

8. Order of an element a of a group is n if n is the 
least-five integer such that a n ~e. 

The order of any power ot an element of a group cannot 
exceed the ordt r of a. Also the order of a and a~ l are 
same. 

9. One-one mapping : The mapping f : G-+G' is sa ; d 
to be one-one if 

J (*)=/(;•) => x=y or x^v =* f (x)^f(y) 

In other words different dements ol G have different/ 
ima.es in G'. 

10. fonmrphhni of groups : Let / : G-+G' such that 

fis one-one and onto mapping preserving group compositions 

in G and G' i.c.f (a o b)=/(a) o' f (b) then G is isomorphic 
to G' i.e. G"G'. 

n l' r °pcrtics of isomorphic mapping: Identities 

and inverses correspond. 


f.c. J {(-) is identity ol G' where c is identity of O’ 

J (a-') = [ f («']“' i.e. image of the inverse of an element 
is the inverse of the image of that element. 

12. Cayley’s Theorem : E/ery finite group is isomor¬ 
phic to a permutation group. 


13. Cyclic group : A group capable or being gene- 
raled by a single element „ is called a cyclic group. 

14 Subgroup: Anon empty sub set 1! of group C. 
is said to be a sub group of c, if 
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(1) H is stable in G i.e. composition in G induces 

composition in H i e. a b £ H V a, b £ H. 

(2) // satisfies all the postulates of a group for the 
induced composition. 

15. Criteria for a sub group : 

a £ H, b £ H => a b ' 1 £ H. 

For finite groups. 

a £ H b£ H =>ab£ H. 

16. Cosets : «={*,. K -M is a sub group of a group 

G and a is any element of G then the set 

{h, a , l h a h m a) denoted by H a is called right w* 
and the set {a hi, a li n ) denote y 

left coteis. 

i.e. Ha={ha'.h£H\aH={ah:h£H) 

17. Properties. 1 .hH=Hh=H V h £ H. U. ng t 

tnd left cosets corresponding to any element h € j 

2. Any two right (left) cosets of a sub group are 

disjoint or identical 

3. H a — H b & a b ' 1 £ H where a, b £ G 
a H-b H■» b' 1 a £ H where a, b & G. 

18 Lagranges Theorem : The order of a sub group 
of a finite group G is a divisor of the or, er of the gro p 

Rings 

1. Ring. Definition : A non empty set A with two binary 

^"'^hean aWia^group fo^addifion composition. 

fit Multiplication composition is associative i.e. 

(a.b).c=a.(b.c). 

K, Mult'plication is both right and ,ef. disiribu.tve wt.h 
regard to addition. 



i.e. 

and 
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a-{b-\-c)=a.b+a.c 
( b-hc).a=b.a+c.a. 

The additive identity is called zero of the ring and the 

multiplicative identity denoted by 1 is called unity of the 
ring. 


2. Types of rings : 

fa) Commutative ring i.e a b=b a V a, b £ R. 

(b) Ring with Unity i.e. a.\ = ].a V a € R. 

(c) Ring with zero divisors : If the product of two non 
zero elements of R is zero i.e . 

a 6=0 => a^O, b^fiO. 

(d) Ring without zero divisors. Tf the product of no two 
non zero elements is zero i.e. 

a b= 0 => a—0 or 6=0 or a=0 and 6=0. 

3. Integral domain : A ring (R. +, .) with more than 
c ne element is called an integral domain if 

(a) It is a commutative ring 

(b) It is a ring with unity. 

(0 It is a ring without zero divisors. 


4. Field: A ring (R f t .) which has at least two 
elements is called a field if 

(a) It is a commutative ring. 

(b) It is a ring with unity 

(c) All non zero elements are inversible. 

Alternate definition : Combining the above properties 
e can say that a ring (R, +> js ca|fcd a fie , d jf j(s non _ 

zero elements form an abelian group under multiplication 

5. Skew field (Division Ring) : A rinp (R 4. \ ■ 

at least two elements is called a skew field if it’isa ring with 

unity and ,s such that every non zero element has a multipli- 
cative inverse belonging to it. " 
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It differs from the field in the sense that it is a non 
commutative ring. 

6. Isomorphism of two rings. If their exists a one-one 
onto mapping/: R-+R' such that 

f(a+b)=f{a)+flb) 

f (a b)=f(a) /(/>) V a, be R then R is said to be 
isomorphic to R' i.e. R^R\ 

7. Sub rings : (R , +, .) is a ring and S is a sub set of 
R such that 5 is closed for both the compositions + and . 
then S is called a sub ring. 

8 . Sub field: A sub set S of a field (F t + , .) is said 
to be a sub field of F if S is a field w.r.t addition and multi¬ 
plication in F. 


9. Left Ideal. 

A non empty sub set S of (/f, + ,.) is saiJ to b^ a -t 
ideal of R if 

(i) S is a sub group of R w.r.t. addition 

i.e. V a, b £ S , a-b £ S. 

( ii) rs£ S V r £ R and V s £ S [r on the let 

In case , r £ S V r £ * and V s £ S [f on the right] 
Then S is called right ideal. 

Two sided ideal. c 

In case rs£S,sr£S* r £ R and V s E S then S 

is both left and right ideal. 

10. Principal ideal. An ideal generated by a sing 
element a of the ring i.e. (a) is called a principal ideal. 

11. Null and unit ideal The ideal generated by zero 
element and unit element are called null an uni i 


pectively. . . 

12. Principal ideal ring. A ring for which 

is a principal ideal is called a pnncial ideal ring. 


every ideal 
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Vector Spaces 

1. Vector Space : (/% H-, .)isa field whose elements 

are termed as scalars and V be a non empty set whose ele* 1 

ments are called vectors. There is an internal binary com¬ 
position + in V and an external composition in V over F 

called scalar multiplication satisfying the following axiom. 

V a, /9 £ V and 0 , b £ F. 

(1) {K +) is an abelian group. 

(2) The multiplication of vectors by scalars satisfy the 

following a (a+/3)=a a -fa 0 

(0 + b) o :=a a-f b a 

{a b) a —a (b a) and 1 a=a. 

Then the set V is called a vector space over the field F 
and is denoted as V (F). 

2. Properties of Vector space: 

(1) 0.0=0. (2) 0.a=0. (3) {-a) a =-(0 a) 

(4) a ( — a) = — (a o.) (5) a (a — fl)=a a —a 8. 

3. Vector sub space : A non empty sub set \V of a 
vector space V(F) is called a sub space of V (F) if W is a 

vector space over /• w.r.t. addition and scalar multipli¬ 
cation. 

4 . Criteria for a sub space : 

»• £ be i v => a—3 e w i 

Cl E a G w =* a a £ IT j 

Alternate i.3£ V, 0 , /> £ F => a y.+b 3 £ W. 

5. Linear sum of two sub spaces W l and W 2 . 

Wi-fTT,={ a ,-f a 2 : otj £ W lt a 2 £ W t ). 

Direct sum of two sub spaces 

Hi © ^2 fc. f is the direct sum of two sub spaces 
W'\ and IV, if 
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(a) V=W x +W t , (b) n ^={0). 

In other words if a vector z G V is umqualy expressible 

as z=ai+a a "ith a.\ E W x and a 2 £ W % . 

6 . Linear Dependence and Independence : 

If ...+fln«n=° where a * 4 G f and a , 8 6 r. 

If all the a* are not zero then the set of vectors 
{« lf a |f ...,«■} is said to be linearly dependent. If however 
2 a ( a ( =0 => a ,=0 for each /. i.e. all the scalars are zero 

then the set is said to be linearly independent. 

7. (a) A set containing at least one zero vector is L D 

(b) The singleton set M is L.I. iff ap£0. 

(c^ Any sub set of a L.I set is L.f. 

(d) Any super set of L.D. set is L.D. 

(e) The set of non zero vector {r x , l J 

L.D. iff at can be expressed as a LC. of the vectors w <c 

preceede it. 2 < k ^ n. 

8 . Linear Span of a set : V (F) 

Linear span L (S) of a non empty suh set S r a V 

is the set of all linear combinations of any finite number 

i.e. L (S)=(a 1 a,+<V/ 2 + ■•+«»«. • «< £ a ' ^ 

9. L (5) is a sub space of V (F). 

The sub set S of V (F) is called a basis if 

(a) S is linearly independent set of vectors m • 

(b) L(S)-=V ie. every vector in V is a mca u 

hination o^^of * ^ ^ ^ gencr4tc(l vector 

SPI>C A vector space V (F) is said to «nitely = generated if 

there exists a finite sub set 5 of V sue t « dimens j 0 nal 
12. There exists a basis for each tmne ^ ^ 

vector space and any two basis of such P 

same number of elements. 
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13. Every L. I. set of vectors of V (F) can be extended 

to form a basis set. 

14. Linear Transformation : 

/: U (F) -> V {F) is said to be a linear transformation if 
/(«+ft =■/(«>+/ (ft V «, p. G U (F) 
and f(ax)=a f (a) V a G. F> a G U (F). 

Combining the above two we can say that 

15. Linear operator and functional : 
f:U->U then / is a linear operator. 

Linear functional 

f:U-+F then / is linear functional. 

16 Vector space Isomorphism : 

/: U (F) -> V (F) such that 
/ is onc-one, onto and 

/(««+#) =«/(«)+*/(0) Vfl, b S F, a, p e U(F)* 

then / is calleJ an isomorphism and the two vector spaces are 

said to be isomorphic i.e. U (F) s V (F). 

17. Two finite dimensional vector spaces are isomorphic 

if and only if their dimensions are equal. 

18. Every n dimensional vector space V (F) is isomor¬ 
phic to V n (F) 

19. Dim IV < dim V where W is a sub space. 

20. If V= W\ © 1P 8 then 
dim K=dim W x + d i m \\\, 

21. dim (Wi+Wt) =dira HVfdira f^-dim n lV t ) 
22 Quotient Space. 

If W he any sub space of V (F. then the set 
ViW={W-\-cc, a G V) is a vector space over F for the 
two compositions defined as 

(H'+a) + (IK+/5)-^+(a+p) V a, (J € V 
a (IF+a ) = iv+a a, a £ V, a £ F. 

23. dim VfW= dim K-dim W. 
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Definition : If G be a non empty set and a, b € G then 
a composition denoted os o such that a o b G G is called a 
/ inarv composition on the set G. 


Tn other words a binary composition in a set G is a 
n apping o\' GxG into G which associates to each ordered 
p ir ( a , h) of members of G, a member of G. 

frustration : 

1', (a) Consider the set of integers /. The operation of 
a 'dition 4- and multiplication ‘ . ’ and subtraction — are all 
binary compositions because, 


a o b=a-\-b= integer G / 
a o b=a . 6=integer G / 
a o b=a—b= integer 6 /. 


But the operation of division — is not a binary compo* 
si on because a o b=a+-b which may or may not be an integer, 
/.( a o b may or may not belong to the set / 

Again if we restrict the set I to be the set of -five inte¬ 
ger only then the operation of subtraction —is also not a 
binary operation because a o b=a—b may be -five integer 
or — ive integer and as such it may or may not belong to In¬ 
set of -five integers. 


Similarly if we consider the set R of real numbers then 
argued as above -f-X arc all binary operations but dm- 
sio i is not a binary operation because a o b=a~b- real no 
do bt but r/4-0. i.c a!0 is meaningless, i c. for anv two 
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elements a, 0 of R we do not get an element of R under the 
operation of division and as such it is not a binary opera¬ 
tion. 

If however we exclude the number zero and take our 
set as R 0 the set of non zero real numbers then the operation 
of division -r is also a binary operation. 

V n o b=a^rb =real number £/?„ whenever a, b £/? 0 . 

(b) Again let us conider a set of vectors in space then 

the operation of addition, subtraction and vector product of 
vectors are all binary operations as a-f b, a—b and axb are 
all vectors and as such belong to the set of vectors On the 
other hand the operation of dot product of vectors is not a 
binary operation because a . b=scalar and not a vector and 
as such it does not belong to the set of vectors. # 

Again if we restrict the set of vectors to only coplanar 
vectors, then the operation of vector product will also not 
be a binary operation because a o b=axb= vector perpendi¬ 
cular to the plane of a and b and as such it will not belong 
to the set of coplanar vectors to which a and b belong and 
hence it is not a binary operation. 

(c) In the set of all mxn matrices the operation of 
addition and subtraction of matrices are binary operations 

because A+B and A-B are again mxn matrices as such 
belong to the set. 

Similarly in the set of all nxn matrices the multiplication 
ol matrices is a binary operation. 

(.11 Similarly in the power set of a given set the oper- 
t.on of tin,on U and intersectionn are both binary operations 
as we now that the union and intersection of two subsets of 
a given set are again sub-sets of the set. 

( 0 ) Again the L. C. M. or H. C. F. of two natural 
numbers is again a natural number and hence in the set of 
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natural numbets the operation of L. C. M. and H. C. F. are 
binary operations. w ' i 

§2 Various Types of Compositions. 

(a) Associative Compositions. In a set G the composi 

tion denoted as o is said to be associative if, 

(aob)oc=aolboc) V a, b, c € G. * > 

It should he clearly understood that the above must 
hold fo, all 0. If the above holds good for* 

particular members a, b, c £ G but not for 
composition will not be termed as associative. In this ca e 
ihe algebraic structure (G, o) where G is the se anc 
composition is said to be associative. 

Illustration. 

(1) In the set of numbers the composition of addition 
and multiplication are both associative, whereas the subtrac¬ 
tion is not an associative composition. 

(2) In the set of all mxn matrices the addition compo- 

sition is associative because 

(A o B) o C^--(*-\-B)-\-C 
A o(BoC)=A-\-(B+C) 

: nd we know that (d + B) + CW+<B+C), where A. B. 

; re matrces of mX/i type. 

(3) In the set of vectors in space the operation « 
sector product is not an associative operation because. 

(a o b) o c = (a xb) y c=c.a b-c b a 

s hereas a o (b o c) =ax (bxc)=a cb-a be. 

/. (a o b) o c^a o (b o c) 
and hence not associative. 

( 4 ) In the set Q show that the composition defined as 
a o b=a+h-\-(ib is associative. 
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(a o b) o c={a-\-b-)rab) o c 

={a J rb-\-ab)- 3 rc-\-{a-\-b J rab) c 
=a+b+c+ab+bc+ac+abc. 

Again a o [b o c)=a o ( b+c+bc) 

—a-\-(b-\-c-\-bc)-\-a ( b-\-c+bc ) 

=a-\-b-\-c-\-ab-\-bc+ac-\-abc 

= [a o b) o c. Hence associative. 

(b) Composition with identity element. In a set G the 

composition denoted as o is said to be composition with 

identity element denoted by e if there exists an element e 

belonging to G such that 

a o e=a—e o a V a E G. 

This element e £ G is called the identity element and 
the algebraic structure ( G , o) is said to be having identity 
element. 

Illustration. In the set of real, or rational numbers 
with additive composition the identity element is zero where 
as if the composition be multiplication, then identity ele¬ 
ment is 1, because x+0=.\-=0+x and .y.1=a=I..y, 
V x £ above sets. 

However, if we consider the set (? n , i.e. the set of non 
zero rational numbers or the set of natural numbers or /? 0 , 
the set of non zero real numbers, then for additive com¬ 
position it has no identity element because 0 could be the 
identity element but 0 does not belong to Q 0 or R 0 or N. 
The identity element if it exist i must belong to the set. 

In the set of mx n matrices for additive composition the 
null matrix of mx/i type is the identity element whereas in 
the set of all n x n matrices with multiplicative composition 
the unit m itrix of nxn type is the identity element. 

Again in the power set P (S) of a given set with compo¬ 
sition as Union of sets U the null set <f> is the identity 
clement whereas, for the composition of intersection of sets 
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n, ihe set .S' is the identity element. <f> U A-A U <t>-A 
whereas/I fl S—S Pi A= A 

(c) Invertible elements in a set eqniped with a ccmpo- 

siton and having an identity element. Let G be a set with 
a composition denoted by o and e be the identity dement, 
then an element a £ G is snid to be invertible if there exists 
an element b £G such that a o b=e=b o a and in that case 
b is said to be inverse of element a and is written as b a . 

It should be noted that inverse of an element must belong 

to the set. , . 

Illustration. In the set of integers, rational, real or 

complex numbers with additive composition every element is 

invertible, because 0 is the identity element and the inverseot 
any element x of the above sets is — x because x . ( ) 

i e. identity=(—x) 4-x. 

Again in the set of non zero rational, real or complex 
numbers with multiplicative composition every element is 
invertible because 1 is the identity element and the inverse 

of any element x of the above sets is—because 


x = 1, i.e. identity —^-.x 

If however we consider the set of natural numbers with 
multiplicative composition and the identity element being 1 
none of the element of the set except 1 is invertible because in 

this case inverse of x S.N will be ^ which is not an integer 


and as such does not belong to the set of natural numbers 
whereas the inverse of an element must also belong to the set. 

Similarly in the set (/,.). the only inverstble element, 
are 1 and -1 and the rest are not invertible. 

Again in the set of all squared non singular matrice 

with matrix multiplication as composition each clement 
invertible. 
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(d) Commutative Composition. 

In the set G a composition denoted by o is said to be 
commutative if for all a, b, E G 

aob=boa 

and in this case the algebraic structure (G, o) is said to be 
commutative or ahelian. 

Illustration. In the set of vectors with vector product 
as the composition, we can say that it is not commutative 
because 

a o b=axb and b o a=bxa=-(axb) 
i.e. a o b^b o a and hence not commutative. 

In the set of numbers the additive and multiplicative 
compositions are commutative whereas subtraction and 
division compositions are not commutative. 

§ 3. Groups. (Meerut 1968, Lucknow 64, 67 

Allahabad 65, Gorakhpur 65, Sagur 70, Delhi 70 

Gujart 70, Kanpur 69, Agra 69) 

Definition. A non empty set G with a binary composition 
denoted by o and satisfying the following properties is called 
a group. 

G i The composition is associative. 

i.c. {a o b) o c=a o (b o c) V a, b, c E G. 

C7 2 . Existence of identity. 

V a E G there exists an unique (to be proved later on) 
clement e E G such that 

a o e—e o a=a. 

Ga. Existence of inverse. 

V a E G there exists an element b EG such that 

a o b—b o a=e (the identity element). 

The element b is called inverse of a and is denoted by 
a -1 so that we can say that 

a -1 o a=a o a~ l =e. 
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Abeliau Group—- 

If in addition to the above three properties the binary 
composition in G is commutative 

i.e. a o b=b oa V a, b 6 G then the group G is called 

abelian or commutative. 

Some definitions. c 

(a) A set G with a binary composition is said to be a 

groupoid. 

(b) A set G with a binary composition which is assoc¬ 
iative is said to Ic semigroup. 

(c) A set G with a binary composition which is associ¬ 
ative and identity element exists is said to be a 

monoid. 

Particular Cases 

We have chosen to denote the binary composition by the 
symbol 'o' We could however use the symbol * as well or 
to be more specefic the symbol+or. according as the 
binary composition in G is that of addition or multiplication. 
The properties G„ 0\, G 3 will in these cases be read as under. 

V a, b,c€ G. 

Gi (a o b) o c=a o (b o c) 

(a+b)+c=a-\-(b+c) for+composition 
(a.b).c=a. ( b.c) for . composition 

G 2 (ao c) = (e o a)—a 

a + 0= 0 -\-a=a for 4- composition 

fli l = 1 ,a=a for . composition 
G 3 {a o b) = {b o a)*=e. 

= a )-{-a=Q the identity 1 or+composition 

a 1 = ±.„=1 the identity for. composition 
* a a 

or a tf -1 —o~ x o— 1 
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For Abelian. 

(a o b)— [b o a) 

a-\-h bA-a for-}-composition 
a b—b.a lor .composition 

Note. In some books the the properties (2) and (3) slated 
above are given as under, 

Existence of identity i.e. e o a=a V a G G, 

In this case e is called left identity and we shall later on 
show that e o a=a => a o e- a i.e. the existence of right 
identity. 

Existence of inverse /' e. a~ l o a — e V a G G, 

In this case a~ l is called left inverse and we shall show 
later on that a~ l o a=e =>- a o a~ l =e, i.e. the existence of 
right inverse. 

Finite and Infinite Groups. (Luck. 68, Gorakhpur 70) 

If the number of elements in the set G forming a group 
be finite then it is called a finite group and the number of 
elements in it is called the order of this finite group. Other¬ 
wise it is called an infinite group and it is said to be of 
infinite order or zero order. 

EXERCISE 1 

Groups of Numbers 

EX 1. The set I of all integers , /. e. 

^ { •••-•*> ~3, —2, -1, 0. 1, 2, 3, 4 .} 

is a group with respect to the operation of addition. 

(Lucknow 67; Allahabad 64; Gorakhpur 65; Meerut 70) 
In order to prove that the above set for the given opera* 
tion is a group we have to satisfy all the three properties of 
the group and also that the operation is binary, i.e. 

a o b=a+b G / V n, b G / 

which is true as the sum of any two integers is again an 
integer. 
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This is sometimes referred as the closure property for 
(he group and it is implied when we say that the operation 
is binary. 

Associative. V a, b, c E 7, we have 

(a + b) + c=a + (b+c) 

because the associative law holds for integers. 

Identity. The number 0 E /, is the identity element 

because V a E 7 we have a-f 0 = fl=0-|-fl. 

Inverse. For all element a E /, 3 ~ a £ 7 such that 

(— a) + a=0 iidentity)=a+(— o). 

Ab.’ian. Again V a, b E I, we have a+b=b + a 
and hence the composition is commutative. 

Hence the given set is an abelian group for the operation 
of addition and we shall refer this group as the additive 
group of integers and denote it by (7, +). Again since the set 
7 contains infinite number of elements and as such the group 
(/, +) j s an abelian group of inifinte order. 

Particular Cases. 

We have proved above that the set (7, +) is a group 
Below we shall consider some subsets of I and find whether 
they are groups are not and ghe reasons. 

1. G={—3, -2, -7, 0, /, 2, 3),for+ 

It is not a group because closure property is not satisfied 

as 2+3-5 but 5 $ G. 

2 . N~{The set of natural numbers), for + 

It is not a group because there does not exist any identity 
element in the set (note). Yes you may say that 5-f0=0-f-5=5 
and hence 0 is identity element; but zero does not belong to 
the set. G a says that identity element should exist and belong 

to the set. 

3. E={The set of all even integers), for+ 

(Lucknow 67; Gorakhpur 65) 
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Yes it is a group. (Note that 0=2x0 and as such 0 is 
an even integer). 

4, o={The set of all odd integers), for (Allahabad 64) 

It is not a group as closure property is not satisfied 
because sura of two odd integers is an even integer and as 
such does not belong to the set. In other words the com¬ 
position of addition is not a binary composition. 

5 . I={The set of all integers ) for. ( multiplication ). 

It is not a group because G 3 i.e. inverse property is not 

satisfied you may say that 5 . ^-=i- . 5=1 (the identity) 


• • 


inverese of 5 is ~ but -U is not an integer and as such 


does not belong to the set. 

6. l={The set of all integer), for={subtraction) 


It is not a group, because the property G i i.e. associative 
is not satisfied 7 a o (b o c) =a—[b—c)=a—b+a 

{a o b) o c=(a—b)—c=a—b—c 

(a o b) o o (b o c) 

7. Q 0 ={The set of non-zero rational numbers), for ( multi - 
plication), + 

Yes, it will be a group for multiplication. In this case as 
compared to case 5 the inverse will exist and belong to the 
set. For addition it will not be a group because the identity 
element, thoughzero shall not belong to set 

8. Q={The set of all rational numbers including zero) 
for ( multiplication ) 

If will not be a group as the inverse of element zero in 
Q will not exist. 


9. G={The set of multiples of all integers by a fixed 
integer m),for+ 



Group 


11 


i,e. G={ .-3m, -2m-m, 0, m, 2m, 3m,... } for-f, 

Let a,b EG .’. a=rm, b=sm where r, s £ I 

1. a+b=rm+sm=(r+s)m=km : k E I 

2- Associative or addition in the set of integers is always 
associative. 

3. zero is the identity. 

4. a + (-a) = rm + {-r) m=(r-r) m=0m=0 
(—a)+a={—r)m+rm={—r+r) m = 0 m=0 

Inverse exists and belongs to the set. Hence ( G , + ) 

is a group. 

Q. 2 Prove that the set 

G={ .. ..r\ 2- 3 , 2~ 2 , 2-\ l , 2, 2\ 2\ 2' .> 

forms an infinte abelian group, w.r.t , multiplication. 

Let a, b E G =*• a=2 r , b = 2* where r and s are some 

integers. 

• a b=2 ,+, —V c where k=r+s is also an integer and 
hence a b EG whenever a and b E G so that multiplication 
is a binary composition. 

Multiplication of rational numbers is always associative. 

The identity element is clearly 1 and E G and inverse of 
any element a=2 r is 2~ r which also belongs to G such that 

2 r . 2" r =2~ r . 2 f = l, the identity. 

The inverse of element 1 is 1 itself 
Again since the multiplication of rational numbers**} 
commutative and because the set G consists of infinite number 
of elements therefore G is an infinite abelian group. 

Ex. 3. Prove that the set C of all complex numbers 

Z-a+lb, a, b E R , 

forms an infinite abelian group »v. r. t. addition of comp.ex 

numbers. 
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We know that sum of two complex numbers is again a 
complex number so that addition in set C is a binary 
composition. 

Also it is well known that addition of complex numbers 
is associative. Clearly the complex number 0+/0 which be¬ 
longs to C is the identity element and the inverse of any 
element Z=a-t-ib is — Z = —a—ib , which is the additive 
inverse of Z and it belongs to the set. 

Again (a + ib)±(c+id)=(a+c)+i [b-\-d) 

=(c-M-W (d+b)=(c+id)+(a+ib). 

V a + c=c+a and b+d=d-\-b 
as addition in R is commutative. 

Hence the addition in the set C is commutative. 

Therefore the (C, +) is an abelian groups and since it 
contains infinite number of elements and hence it is an infinite 
abelian group. 

Ex. 4. Prove that the set Cq of all non zero complex 
numbers is a group u\ r. / multiplication of complex numbers. 
Co={Z : Z=a-\-ib where a, b £ R and both a and b 

are not zero} 

Let a=o+/6, P=c-\-id be tw o numbers of C 0 then 
a..p=(a+ib) ( c+id) = (ac—bd) + i ( bc-\-ad ) 

which is again a complex number and is not a zero complex 
number because if it is a zero complex number O-hO/ then it 
would mean that ac—bd=0 and be A-ad = 0. But these will 
hold good only if either both a=0, 6=0 or both c=0, <f=0 
which is not possible as a and 0 G C„ are non zero complex 
numbers. Thus a,8 also e C 0 and as such multiplication is 
a binary composition. 

Further we know that multiplication of complex numbers 
is always associative. Again the complex numbers 1+0/ 
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/ <?. 1 is the identity element. Also inverse of any non zero 

complex number a-\-ib is 

1 a—ib •" a—ib 


'a+ib ~(a+ib) (a-ib) d 2 +fr 


+i Where because 

a 2 -\-b- a- + b 

a and h both are not zero 

ss.y+/»* where .r, y £R and are not 

both zero. 

Hence the inverse of every element exists and belongs 


to set C 0 . 

Thus(C 0 ,. ) is a group and beciuse multiplicition of 
complex numbers is commutative therefore the .roup is an 
abelian group.1 

Ex. 5. Prove that the set of all complex numbers : 
such that | z\ = l forms a group with respect to multiplication 

of complex numbers. 

Let z=a+ib. | z 1 = v / (a 2 +6 2 )=l or a 2 +h-=\ 
which in turn means that both a and b cannot be zero. 

Also | zi z 2 1 = | zi 11 z 2 1 = 1 . 

and hence multiplication is a binary composition which is 
associative. Identity is 1+0/and its mod is also 1 and inverse 
of a-\ ib as shown in last example is 


+'-^q+' whose mod is 


( fl 2 +» 2 

as a a +Zr=l given. 


_— = i 

+ (fl*+W a-+h 2 

Thus inverse exists an J belongs to the 


Heneethe given set forms a group for multiplication. 
F.x.6. Prove thit the folio vin* sets form a group 
ii \iler ordinary m dtiplication as composition. 
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(i) G={a+bv'2:a, b£ Q) 

(ii) G=[a+ib :a,b£ Q). 
where both a and b are not zero. 

Let oi=a+by/2 and fi=c+d\/2 be any two elements of 
the set then a .p=(ac+2bd)+(ad+bc)y/2 and it is of the 
form x+yy/2 (x, y £ Q) and hence closure property is 
satisfied. Associative property follows from the usual rule of 
associativity of numbers 

Identity is 1 +0y'2 i.e. 1. 

Inverse oN+V2 is 

f ( a'--2b-) X ’ 2 and £G 
— .x-\-yV2 where .v, v £ Q 

Hence the Inverse exists and belongs to set G, therefore 
(G,.) is a grcup 

Note. If a, b £ /, then in this case it will not form a 
group because^-will not be an integer and as such the 


inverse of an element shall not belong to the set. 

(ii) Similarly we can prove the second part. 

Ex. 7. Prove ihat the sea of Ex. 6 constitute a group 
under ordinary addition as the composition. 

Ex. X. The set A = [I , w, or}, where 7, w, to 2 are cube 
roots of unit) and 1 forms a group w.r.t. multiplication 


composition . (Luck 70; Agra 70; Gorakhpur 66) 

Multiplication is a binary operation, because the product 
of any two elements of A is again an element of A. Clearly 
associative property is ratified as the product of complex 
numbers obey the associative law. Identity element is 1 
because the row headed by 1 coincides with top row thereby 

emphasizing lhat 11=!. I.„W and inverse 

of each element exists and belongs to the set e.g. |-r = 1 


i 
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- (ll - to s ’ «r 

The above can be exhibited in a tabular for.n as under. 

In order to find the inverse of any element say ^ you 
have to look to the row in which leading element is o> i e. 
3rd row. See the identity element 1 in that row. The e emen 
in the head of that column i.e. 2nd column which is will be 
its inverse, \ Inverse of Similarly inverse of cu is 


eic. 


1 

CO 

OJ 

1 

CO 

*> 

or 

UJ 

•> 

to “ 

UJ 3 = 1 

(I) 2 

ou 3 - 

1 a> 4 = a> 


LA. 7. • ■ - - - - . f . . 

roots of unity forms an abelian group w.r. r. nwl '^ ^ 
composition. 

Let .*■— I 1 ' 4 .x 1 —1 — 0 or (x 2 + D 1) — 0 

-V 1 * 1» /• 

Let us form the composition table for nv.iltilp*eat on. 
Multiplication 

/>. ’ 1-1 - y 
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From the above table it is clear that multiplication is a 
binary operation as all the elements inside the above table are 
elements of G. Again multiplication of complex numbers is 
always associative. Also we observe that the row headed 
by 1 coincides with the top row thereby emphasizing that 
1.1=1, 1 *(— 1)= — 1, 1 (/)=/, 1 (—/)=—/ and as such l is 
the identity element. We can verify that the inverse of each 
element exists and belongs to the set, For example we check 
up the inverse of — /. 

Look to the row in which leading element is —/ i.e. 4th 
row. See the identity element 1 in that row then the number 
at the head of this column i.e. i wiil be inverse of —i. Thus 

Similarly (l)~ l =l, (/p=—/, 

Again we know that multiplication of complex numbers 
is always commutative and hence the above set is an abelian 
group for multiplication. 

Rule to judge the commutative property from the table. 

In case you find from the table that the elements in 

each row are the same as the elements in each of the 
c responding column in the table then we say that the 
composition is commutative e.g. you may see that R x is same 
as C 4 and similarly all other rows and columns are identical. 

Note. After going through the above examples the 
students may be inclined to feel that we can have groups only 

of numbers and that too under the compostion of addition 

and multiplication. Here below we shall give some more 

examples of groups in which not only the elements are not 

numbers but the compositions are also not ordinary addition 
and multiplication. 
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Ex. 10. Prove that the set of all vectors in spare do not 
form a group with respect to vector multiplication as compo¬ 
sition, but is a group w.r.t. vector addition. 

Vector multiplication is a binary operation as axb is 
again a vector but the composition is not associative 
because, (a x b) x c^a x (b x c). (See P. 3]. 

Vector addition is associative The zero vector o is the 
identity and inverse of any vector a is —a. Also sum ol two 
vectors is again a vector. Hence a group. Again s»nce a-fb 
= b+a i.e. commutative therefore abelian group. 

Note. The set of all ve tor s do not form a group for dot 

product as the composition. 

a.b =a b cos 0 i.e. scalar and not a vector. 

Hence closure property is not satisfied. 

Ex. 11. Prove that the set of all m X n matrice s having 
their elements as integers (rational , real or complex numbers) 
is an infinite abelian group with matrix addition as composi¬ 
te,, (I.ucknow 67) 


Sum of any two mxn matrices is again a mxn matrix 

and hence matrix addition is a binary operation. Also we 

know that matrix addition is associative. The null matrix is 

the identity element. The inverse of any matrix A is -A. 

Again since A + B = B\-A i.e. matrix addition is commutative 

and hence the given set forms an infinite abelian group 

Ex. 12. Prove that the set of all n /n non singular 

matrices having their elements as rational (real or complex) 

numbers is an infinite non abelian group with matri.x mult'pli- 

cation as composition. If the elements were integers then 

will it be a group ? , 

(Lucknow 67 ; Meerut M. Sc. 1967 B Sc. 71) 

The product of two nXn non singular matrices is again 
a nXn non singular matrix and hence matrix multiplication 
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/s a binary operation. Again we know that matrix multipli¬ 
cation is associative when all the matrices are «x« type. 
Clearly unit matrix /„ is the identity element. Also we know 
that every non singular matrix is inversible and if A is non 
singular then A' 1 is also non singular. Hence the inverse of 
each matrix exists and belongs to the set. 


Also since AB=£BA in general so the composition is not 
commutative. Hence a non-abelian group. 

In case the elements of the matrices were restricted to 
be integers only then it will not form a group because in that 
case the inverse of any matrix may have elements which 
are not integers and as such it shall not belong to the set e.g. 

2 


we may verify that if A 


-tin 


then A~ l 


41 4 1 


Now A~ l does not belong to the set as its elements are 
not integers. 


Ex. 13. Prove that the set of matrices 

cos a —sin a 1 
sin a cos a J 


4 


where a is real (integral or rational) form a commutative 
group relative to matrix multiplication. (Kanpur 69 ; Alld. 66) 
G={A* : « e R or Tor Q) 

Let A 9 , Aft 6 G then 


A*.A « = 


4 
[ 


in a IF 
os a JL 


cos p —sin j8 
sin P cos P 


] 


cos a —sin 
sin a cos 

cos (a+13) —sin (a+/3) 
sin (a+j3) cos (a-f-£) 

= /!«+& 6 G 

as whenever a, p £ R or / or Q then a +P G R or / or Q. 
Hence closure property is satisfied. 


] 
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Again we know that matrix multiplication is associative 
when all the matrices are nxn type. 

The unit matrix /= 


ix /=£ 


1 0 

1 

cos 0 

—sin 0 1 

0 1 

Jor 

sin 0 

> 

cos 0 J 


=A 0 is the identify element 

G G as 0 G R, I or Q 


Also 

Inverse. Again since | A % | =cos 2 a+sin* a=1^0, 
therefore >4* is non-singular and hence inverse exists. 

A , so 

I A m 


T cos a sin a 1 

r cos ( — a) 

—sin (—a) * 1 

L —sin a cos a J 

L sin (—a) 

COS ( — Ot) J 


AaT l =Af_%) and it clearly belongs to G. 

Again A* .Afi = A >+ ^ = A^^.%~Afi .A*. Hence commut¬ 
ative property is also satisfied as 

K +p=p+* V «, p G R, I or Q. 

Ex. 14. Prove that the set G={{cos 9+i sin 9) : d 
runs over all rational numbers) forms an infinite abelian group 
with respect to ordinary multiplication . 

A u .Ap=(cos «+/ sin a) (cos p+i sin P) 

=cos (a+/3)+/ sin (a- +p) 

.. ^4». Aft = A* etc. 

A 0 = cos 0+i sin 0= I = identity. 

Again (cos «+/ sin a) (cos a—/sin a)=cos 2 a+sin 2 a=I 
/. /t» -1 =cos a—/ sin a 


=cos (—«)+/ sin (— v.) = A-». 

Again since (a+0)+y=a+(/3+y) it follows that 
(A*.Ap).Ay=A m . (A p. Ay) i.e. associative. 

Also as a+/3=/3+a 

>4* Aft=A& A « i.e. commutative. 

Hence an infinite abelian group. 
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Ex. 15. (a) Prove that the set Q of all rational numbers 
other than l with the operation defined by ao b=a-\-b-ab 
constitutes an abelian group. (Kanpur M. Sc. 69) 

Let a, b G Q so that both a and b are rational numbers 
other than 1. 

a o b=a+b-a b is also a rational number other 
than 1 because if it is equal to l 

i.e. \ia-\-b-ab=\ thzna + b-a 6-1=0 or (a- l)(l-6>=0. 
This would mean that 

< 7=1 or b— 1 which is not true. Hence a o b E QLe. the 
operation o is a binary operation. 

Associative. ( a o h) o c = (a-\-b—a b) o c 

= {a+b—a b) + c—(a-\-b-a b) c 
=a-\-b-{-i—a b—a c—bc+a b c. 

Also a o (b o c)=a o ( b-\-c—b c) 

=a + {b+c—b c)—a (b+c—b c) 
-a-rb-\-c-u b—a c-bc+a b c. 

Thus ( a n h) o c -a o (b o c) and hence associative. 

Identity. If e be the identity then 
a o e=a. =>■ a-re—a e—a. 

=>• r (l —a)—0 =>- e=0 as a~fi 1 
and in this case 

a o e—a o 0=n-{-0— a'0=a. 

Hence 0 is the identity. 

Inverse a o b—a-\-b—a h 0 the identity 

=> =/> is the inverse of a. 

a — I 

Also since a— 19 = 0 . 

—r- is a rational number other than I and as such 
a— l 

belongs to Q. Therefore inverse exists and belongs to the set. 
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Commutative a o b=a+b—a b=b+a-b a=b o a , 

Hence commutative, 

Therefore an abelian group. 

Note. In a similiar manner prove that the set Q of all 
rational numbers other then-1 with the operation defined 
by a o b=a+b+a b constitutes an abelian group, 

Identity =0, Inverse of a is- - etc. 

a-V 1 

In a similar manner wc can prove the following. 

Ex, 15 (b). Q-i={set of all rational numbers other than 
—/} is an abelian group for the composition defined as 

aob—a+b+ab 


Identity is zero, 



(<&- 1 ). 


Ex. 15 (c). I={Set of all integers) for the composition 
defined as a o b=a-\-b-\-\ is also an abelian group 

Identity is —1, a~ 1= —a—2 

Ex. 16. Prove that the set Q + of all positive rational 
numbers forms an abelian group for the composition o defined 
, a b 

as a ob=~Y (Delhi Hon’s 70) 

Let a, be Q + 

a o b=%^€. Q + Hence closure property. 


. ... , „ a b [a b\ a b c 

Associative, [a o b) o c= — o c= . c =—— 

2 \ 2 J 4 


be (2 ) a be 
a o(b oc)*=ao — = —— = — 


Hence a o (b o c)=(a o b) o c 
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Identity. If e is the identity then 

a e 

a o e—a=t'~Y=a 

=$- a (e—2)=0 

=> e=2 as a ^0 as a &Q+ 

Also 2EQ- 

Identity exists and belongs to the set. 

Inverse, Let b be the inverse of a 

flo/)=e^y=2^/i= — 

2 a 


and as a E Q r 


* a £ Q ¥ 


• • 


Inverse exists and belongs to the set. 


Commutative, a o b=~=^~=b o a V a, b E Q + - 

w jL 


Hence Q+ is a commutative group. 

Ex 17. A set G consists of ordered pairs (a, b) such that 
a, b arc real and a-fi- 0. A binary composition o is defined 
in G as under. 


[a, b) o (c, d) — [a c, b c+d). 

Prove that the given set constitutes a group for the given 
composition. (Rnj. m Sc 69,66) 

The composition is given to be binary. 

Associative, {{a, b) o (c, d)} o (<?, j) 

-(« c, b c+d) o (e,/)=( (a c) e, (b c + d) e+f) 

~{a c e } b c e+d e+f) ...(1) 

(a, b) o f ,(c, d) o (e,f)} 

=--(/, b) o {c e t d e + f) —(a (c e), b (c e) + de+f) 

~{« c b c e+d e+f) ...(2) 
From 1 and 2 we find the composition o is associative. 
Identity. Let (/?, q) be the identity element so that 
(a, b) o ( P) q)=(a, /») => ( t7 Pi b p+q) = [a, b) 
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=> a p—a and b p-\-q=b=>p— 1 and q= 0 

So that (1, 0) is the identity element which belongs to 
the set. 

Inverse. Let ( x , y ) be the inverse of an element (a, b) 
of G then 

(a, b) o (x y y) = Identity=(1, 0) 

(a x, b x+y) = ( 1,0) =>ax=l, b x+y=-.Q 

=>x=l{a and hence y— — bja. 

(a, b)~ l =(x, y)=(]/a, ~b/a). 

Now because ay^ 0 as given therefore inverse exists and 
belongs to the set. 

Hence the set £ is a group for the given composition. 

Since (a, b) o (c, d)=(a c, b c+d) 

But (c, d) o (a, b) = (c a, d a+b). 

.. (n, b) o ( c , d)Y-{c, d) o ( a , b) i.e. the composition is 

not commutative and hence the group is not abelian. 

Note. In case o be defined as 

(n, b) o (c, d)=(a c y b d) than also it will be a group 

and <?—(1, 1) and [(a, -i-j etc c tc. 

Ex. 18. S is a non void set and A and B are sub sc is of 
S which belong to the power set P ( S). An operation o is defi¬ 
ned on the elements of P ( S) as 

AoB=A U B 

Verify whether P (S) will be a group or not. 

(Raj. M. Sc. 66) 

Union of sets is always associative 
i. e. (A U B) U C=A U (B U C). 

Again A U <J> = A=<f> u A and hence the empty set <f> is 
the identity element. 

Let A be a non empty set of P (5) and if its inverse be 
say X then A o X—A U X^*f> the identity. 
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Hence the inverse of non empty member of P (S) will 
not exist. 

Therefore P (5) is not a group for the given composition. 
Ex. 1 ). Prove that the set of all it, nth roots of unity 
form a finite abelian group G under multiplication as composi¬ 
tion. (Gorakhpur 67, Banares 65, 69, Allahabad 64, 67, 70) 

We know that «=(l) 1/n =(cos 0+i sin 0) 1/n . 

= (cos 2 t7t-K sin 2m) xin 

or f/=eos ~-^--\-i sin^— =e* <2 * r) ' n 

n n 

where r=0, 1, 2, 3,.1. 

Hence n , Mil roots of unity are 

<7={I, e-* iln , e i * i ‘ n ,...,er *■-«»</»} 

2 nri . 2 ttij 

Let us choose a—e n and b=e n 
any two dements of the set where 0 </-! < n— 1 
and 0^r 2 </i-l 

'hr fr 2 +r 2 ) . 

u n 

ab=e 

and it will belong to the set if ri + r 2 1. 

But if ri+r 2 > n— 1 , then let ri+r a =/i-f q where 
<1 < w-2, because the max. value of n-fr* can be 
n— 1+n— \—2n— 2 and hence q ^ n—2, 


2* (ri+r 2 ). 


• • 


In this case ab=e 


n 


2 t rq . 


=e 


2 it (n+q) . 

n s 


=e lri e 


n 


Bute*"=cos 2v+/ sin 2-=l. 

2rrq . 

—- / 

a6=e where q ^ n—2. 


• • 


Hence ab e G in either case thus showing that multi- 
sahsfled" ‘ S 3 bmary 0peratl0n or the closule Property is 
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Again since multiplication of complex numbers is associ¬ 
ative and as such the given composition is associative. 

2tt.O . 

-/ 

n 

Also the identity element is 1 i.e.e 

In rr t . 2 nr ( n—ri ) . 

n 1 . 11 

Inverse of any element a—e is c 

. 2 nrn . 2tt (n—r t ) , 

~~^~ l n =e-' i =\ = Identity. 

because e • e . 

We also know that multiplication of complex numbers is 

commutative and hence the set G is a finite abelian group 
w.r.t. multiplication. 

F* 20. The adjoining table defines a certain binary 

operation o on the set /< = {«, b, c, d, e). Show that the set A 
forms a group w.r.t. the binary operation o and find the 

inverse of each element . 

How to read the table. 

For any two elements c and e of A the operation c o e 
Elves the element at Ihe intersection of row headed by c and 
column headed by e, i.e. the element b within brackets in the 
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Similarly e o c—b within bracket, b o d=e and d o b=e. 
Thus the operation o on any two elements of the set gives 
another element of the set and so it is a binary operation. 

Associative (a o b) o c=(b o c) 7 (a o b)=b. 

=d. 7 (b o c) —d. 

Again a 0 {b 0 c)=a o d=d. 

(a 0 b) o c=a 0 (b 0 c). 

Identity : From the table a o a=a, b o a=a o b=b . 

c 0 a=a 0 c=c, d o a—a o d—d, e o a=a 0 e~e y 

Hence a is the identity element. 

Inverse : The inverse of any element d G A will be * 
such that d 0 x=x 0 d=a the identity. 

We should look for the identity element a in the row 
headed by d , and the element at the top of that column will 
be .v. 


• • 


inverse of d is c. 


i.e. d 0 c—a . Also c o d=a. 

Similarly inverse of c is d. 

Again inverse of e is b 7 eo b=a and b o e=a and 
inverse of b is e. 

Inverse of a is a. 

Hence a group. 

Ex. 21. Prove that the four matrices 

;]• *-n 3. h; 4»-[■; j 

form a multiplicative group. Is it abelian or not. 

Here A is a unit matrix so that AA=*A, AB=B4 = B 
AC=CA = C, AD=DA==D. 


Also BC= [ > _°]=£=CS, 

0 _°]=C=£>aetc. 
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Hence we have the following composition table. 

From above table as verified by aetnal mnU phcat^ 

we find that the product of any two ,s g 

« i___ ^»*AnA rt\i iQ satisfied. 


X 1 

A 

B 

C 

D 

A 

A 

B 

C 

D 

B 

B 

A 

D 

C 

C 

C 

D 

A 

l 

D 

D 

C 

B 

/ 


e g. c x v — v i.c. . 

by C and column headed by D. 

Also associative /. (AxBxC=B*C=D 

Ax(BxC)==AxD = D. 

• (AxB)xC=Ax(BxC). 

Identity. The matrix A is the identity because the row 

headed by A coincides with the top row. 

Invert. From the table the inverse of matrices d, 

'. n r n respectively which belong to the set 
C, D are A. B, » ^ f r i^ir to the row headed 

HSHs Fr irzsszz 

inverse of C which is C from the table. 

Since each row i, identical with an 

umn, therefore the composition is commuta 

abelian group. 
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Ex. 22. Prove that the set of four transformations 
Juft, A. f 4 on the set of complex numbers defined by 

(z)=—z % fi (z) = l/z,/ 4 (z) = — 1/2 
forms a finite abelian group w. r. t. the composition known as 
composite of two functions or product of two functions. 

... . (Benares M. Sc. 63) 

We know that if f : U V and g: V -+ W. 

Then the composite transformation 

(£ of) : U -> w 

defined as ( g 0 f) x=g [f {x') V x£U 

e k 

In this case (fo g) will not be defined. However if U y 
^^oincidethatisto^ when / and * are operates 
then both g o/and/o g or gf and f g are defined. 

Also we know that / /=/= / f 

where /is the identity operator. In ’the present case/, /. 

/ /, are all operators and as such all possible products are 

defined. Since/, (z)=z therefore/, is an identity operator 

Products w , Where/, is the identity operator.' 

h oft-fuft o / 2 =/ 2 0 /,=/*,/, 0 / 3 =/ 3 0 

Products w. r. t. f.. °^' 

f, ofi-f, (/, o/ a ) z=/ a (4 (*))»/, (-z) by definition 
. , , =~(---)=^=/, (z) 

• • A o A^fi. 

(A of) Z=f> f/ 3 (z))=f, (]/z)=-l/ z== / 4 (, )t 

w */•> w (*>]-/. (-i/z)=i/ z 4w =/ ‘ =/s 0/a 

Products w. r. t. f 3 . “ ^ °A~A=A of 

r as sh °wn above. 

/a of i (*)=/, f/ 3 (z)]=/ 3 (\/z)=\ /m==z=fi {z) 

/ 3 0/3=/, 



Product w. r. t. f*. 

u o a-A.A o A=A *A=A, A *A=A 0 A-A 

asshownabove ,/__nM=z=/i (-) 

/,<*>-/. 

Thus we have formed all possible products of the gw 

four functions. .1 

Let us new form the composition table 

U 


en 


0 

A A 

A 

A A 

A 

r 

A A 

h 

A 

y3 ;i 

A A 


A 

A 

A 

A 


A 

A 

A 

A 


qincc all the elements in the nme ar, 

, r, and as such the set is closed for multiplicat.on Al» 

rSd s “-rriop r - ^ 

" d t, id rr “‘ror'S i inverse oHsay fs loot 

element A in that row then element at the head 
column i c.f, will be the inverse of , £ 

It can be verified because A * A“A 073 

above. Similarly we can show that 

A" i== A» A -A. A =A- 



30 


Modern Algebra-1 


Since each how is identical with the corresponding 
column in the table and hence composition is commutative 

i.e. fiO fj=fi o fi V i t j. . 

Hence an abelian group which is finite. . 

Ex. 23. Show that the set of six transformations f u k> •••»/« 
on the set of complex numbers defined by 

h (*)=*. h M= 4 1 (*)=*-*> /* W = 7=7- 

fiw- x jr 

forms a finite non abelian group of order 6 u\ r. /. composite 

operation. . , 

Students have got to compose all possible products and 

we have the following composition table 


0 

fl 

k 

k 

k 

k 

k 

fl 

fl 

k 

k 

k 

k 

k 

fz 

k 

k 

k 

k 

k 

k 

fa 

k 

k 

k 

k 

k 

k 

u 

k 

k 

k 

k 

ft 

k 

/» 

k 

k 

k 

k 

k 

k 

/« 

k 

k 

k 

k 

k 

k 


As in part (a) the closure property is satisfied, also the 
composition is associative, f x is the identity. 

Inverse of each exists and belongs to the set. 
e.g. for inverse of/ 5 look to the row headed by f h and see 

the identity element/! in that row then the element/, at the 

head of the column is inverse of / 3 . 

A ifi)~ 1= =f* etc. 
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Hence a group. 

Again since f 3 of\=f *> but/ 4 of 3 —f 3 . 
fz o f&U o f 3 

therefore the composition is not commutative. 

We may also say that each row is not identical with 

corresponding column e.g. 3nd row is not same as 3rd 
column and hence the composition is not commutative. 

Hence a finite non abelian group of order 6. 

Ex. 24. Verify whether the set G for the defined com¬ 
position o is a group or not. 

G={ai : i E N andO ^ t < 7} 

and aiOa f =a i+i where i+j < 7} 

a, o Qt = Qi+i —7 when i+j > 7 (Kanpur M. Sc. 1969) 

G={a o, ai, a», 03, as. Op,} ., ~ . . - n 

where ax o a 3 =ax V 1 + 3 < 7, a> o ax—a 6 


But a 3 o ar 0 =a A _ 7 =a 1 

7 3+5 > 7, a 2 o as=ai- 7 =a 0 2+5 > 7 

Hence keeping in view the composition o as defined we 

have the following composition table 


0 

o 0 

Oi 

a» 

a 3 

a x 

as 

as 

Oq 

o 0 

a\ 

at 

a 3 

a x 

Os 

Os 

a i 

Oi 

ao 

a 3 

Ox 

as 

a 6 

as 

at 

at 

a 3 

ax 

as 

a « 

a 0 

ax 

a 3 

1 a 3 

a x 

as 

as 

a 0 

ax 

a-i 

a x 

a x 

as 

a a 

o 0 

Ox 

at 

a 3 

at, 

at, 

a 6 

a 0 

ax 

a 2 

a 3 

ax 

a 6 

a « 

a 0 

a x 

at 

a 3 

a x 

as 
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Since all the elements inside the table are elements of G 
and hence closure property is satisfied. Again as the row 
headed by a 0 is the same as the top row therefore a 0 is the 
identity element. Since the identity element a 0 is present in 
each row therefore inverse of each clement exists and it is 
found as explained in Ex. 23, 22. 

Elements. a {) a { a* n 3 a x 0 $ 

Inverses. a 0 a, s a b a x a 3 a., (h 

i.e. aC l =a-!_; 

Again each row is identical with corresponding column 

and hence the composition is commutative. 

i.e. di o ci)=ai o r.i V i,j : 0 ^ /, j < 7 

Associative. We know that (t l-j) + k — / + (J-hk) when 

/, j , k E N. 

(cii o cij) o at—at o (aj o cik) 
and each is equal to a t where l=i-\-j+k < 7 
or each is equal to <7,_- where /=/+y+A' > 7 

Hence the given set constitutes a finite abelian group. 

§ 4. Addition and multiplication modulo m. 

If a and b be two integers then by addition modulo m 
expressed as a \-h we mean the least non-negative number r 

/H 

which is the remainber when a-\-h is divided by m. In other 
words after adding a and b we remove the integral multiples 
of m and the remainder /• which will be a +ve number less 
than m will be equal to a-\-b. a \-b=r where 0 ^ r < m, 

hi in 

3-}-20 = 23-6 (3)+5 = 5 

G 

7+5 -12=6 (2)+0=0 

G 

—20+5= —15=6 ( — 3) + 3 -3. 

a 


i.e. 
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Similarly 16=6 12)4-4=4. 

Wc say 16=4 (mod 6) 
i.e. 16 is congruent to 4 modulo^^ 

i e —28=2 (mod 6). 

Multiplication Modulo m. 

If a and b be two integers then by multiplication module 
m expressed as ax h we mean the least non-negat.ve numl er 

m 

a which is the remainder when ah the ordinary product of « 

and b is divided by m. In other words i lf ' ir "’ u, ipl ^ n f, " 
and b we remove the integral multiples of m from it and the 
remainder r which will be +ive number less than m will be 
equal axb.\axb=r where 0^ r <nu 


in 


m 


eg. 


3x20=60=7 (8) + 4 = 4 

7 

-4xll = -44 = 5 <-9)+l = l 


5 


Fv 25 Prove that the set G = {0,1.2. 3, 4, 5} is 
finite abelian group under ordinary addition reduced modulo 

as the composition. 

Here we shall make the following composition table. 


4-6 

0 

1 

2 

3 

4 

5 

0 

0 

1 

2 

3 

4 

5 

1 

1 

2 

♦ 

4 

5 

0 

2 

2 

3 

4 

5 

0 

1 

3 

3 

4 

5 

0 

1 

2 

4 

4 

5 

(0) 

4 o 2 

1 

0 

dm 

3 

5 

5 

0 

1 

(2) 

5 o 3 

3 

4 


a 

6 
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5 „ 3=543=8=6 (I )42=2. 

b 6 

This element is written at the intersection of the row 
headed by 5 and the column headed by 3. Similarly 
4 o 2=442=6=6 (1) 40=0 and it is written at the inter¬ 
section of the row headed by 4 and the column headed by 2 
Both these are written within brackets in the table. 

Binary Composition. From the above table we conclude 
that a-Yb i.e. sum of any two elements of the set under 

m 

addition modulo 6 belongs to the set as all the elements in 
the table are the elements of the set G. So the composition 
of addition modulo 6 is a binary composition i.e. closure 
property is satisfied. 

Associative. The composition is associative because 
(tf4/>)4c and a-Y(h j-r) both will have the same 4ive 
remainder as when a-Yb-Yc is divided by 6. 

identify. Clearly the element 0 of the set is the identity 
element for the composition. 


Inverse. In order to find the inverse of any element say 
4. look to the vow headed by 4 and see where the identity 
element i.e. 0 is placed (circle I in the table) then the 
clement at the head of this column i.e. 2 will be the inverse 

of 4 Similarly the inverse of 0 is 0, inverse of 1 is 5. inverse 
of 2 is 4. inverse of 3 is 3 and inverse of 5 is I. In other 
words the inverse of any element n is obtained by subtracting 
that element from 6. 


Again from the table we fin 1 

Hence the composition is commutaliv 
abelian group. 


tint 543 = 3 45=2. 

r, o 

Therefore it is an 
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, a ■> j 4 5i a group under addi- 

Ex. 26. Is the set {1.2, 3, 4, b 

Hon modulo 6. ,) and preparing the 

Here we have omitted the etemen 

composition table as in last example, «e have 

,9-3 4'5 


+ 6 


1 


3 


0 


3 


4 : 5 

5 I 0 


0 


1 


0 


1 


a 


i 


2 


3 


The above operation is no. a binary operation because 

5+ ^6=0 Ind Odoes not belong to the set. 

“ Again it has no identity element and hence it is no. a 
^Theorem 1. Additive group f. integers modulo n, 

,B —ft ' 

'■' 5 ° Sm of -y two elements will M* * « 

Of the set under the given composition^ ■ * 

and the inverse of any element r will 
r +(»i—r)=^=0 (identity), 

m 

Also (-+»+«-+(*+' ) 

as each will leave the same +ive remainder when 
divided by m. 
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Again since a-\-b=b+a V a, b E set, 

m m 

hence the composition is commutative and as such a finite 
abelian group. 

Note, If we omit zero from the above set then it will 
not be a group as the composition will not be binary. 

2-f/w—2=w=0, 3-fw—3=m=0 
and 0 does not belongs to the set 

Ex. 27. Prove (hot the set {/, 2, 3, 4} of four integers 
is a finite abelian group wi der multiplication modulo 5. 

(Note 5 is prime) 

The composition table is as shown below 


X 5 

i 

2 

3 

4 

1 

i 

2 

3 

4 

0 

2 

4 

I 

3 

3 

3 

1 

4 

2 

4 

| 4 

(’) 

4 u2 

■> 

(1) 

4 o 4 

4 <> 2 

= 4 

2 = 8 

5 (1) 

4-3 = 3 


•> o 


ft is the element written at the intersection of the row 
headed by 4 and the column headed by 2. Similarly 
4 „ 4 = 4 4=16=5 (3)4- 1 = 1. 

5 (J 


P.otli these are within brackets in the table, 
binary composition. From above table we conclude that 
V a, b E set axb is again a member of the set and hence 

the composition is binary. 
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Associativity. (a o b) o c and a o (b o c) will give the 
same remainder as when the ordinary products a b c is divided 
by 5. 

Identity. Clearly the identity element is 1. 

Inverse. In order to find the inverse of any element 
say 4 look to the row headed by 4 and come to the identiy 
element in that row then the element at the head of this 
column, i.e t 4 is the inverse of 4. 

V 4.4 = 15=3 (5)+1 = 1 “identity. Similarly inverse of 

€ 

3 is 2 and that of 2 is 3 and of 1 is 1. Thus the inverse of 
each element exists and belongs to the set. 

Again sincea.b = b.a V a, b E set and as such the 

5 5 

composition is commutative. Hence an abelian group. 

Similarly we can prove that G={1, 2, 3, 4, 5 , 6 } is a finite 
abelian group under multiplication modulo 7. (Agra 70) 

Ex. 28. Is the set {7, 2, 3, 4, 5} of five integers a group 
under the composition of multiplication modulo 6. 

(Note 6 is composite) 

The composition table is as shown below. 


x6 1 2 3 4 5 
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The composition is not binary c ° m P°f ° n . '“ 

4 3= 12=0 under multiplication modulo 6 an '‘ 

member of the set. Also the inverse of each element does 
not exist, e.g. there ,s no inverse of the element 2 of the 

set. 

Multiplicative group of integers modulo m, m prime. 

Theorem 2. In general set {1, 2, 3, 4 m-D °f m 

Integers will be a group under multiplication module m only 
Jam is prime. Incase m is compost,^ uwtllm* 

a group. 

Multiplication modulo p is a binary operation. 

T et a b £ G 1 ^ a < in— 1, 1 < ^ ^ m— ^ . 
Now ’ axb=r where r is the least+ive 


m 


remainder when a b is divided by m. We shall show that 
r £0 and that r lies between 1 and m-lso that a.<b r 


also belongs to the set G. 

Now neither a nor b are divisible by m as both are 
less than or equal to m-1. Also their product ab is also 
not divisible by m, because that would mean that m can be 
factorized but m is given to be prime. Hence aXb=±0. 

• a xb=r where 1 ^ in — 1. 

m 

l lcncc a'A b belongs to the set G. Thus multiplication 

m 

modulo m (in being prime) is a binary operation. 

associative. (a'Ab)Xc=a'A(bxc) as each will leave 

in m nt m 

the same remainder as when the ordinary product a b is 
divided by in 
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Identity. Clearly the element 1 £ G is the identity 
element as 1 xu-a-axl. 

m rn 

Inverse. Now we have to esablish that inverse of each 

element exists and is unique. 

Let 5 be any dement of G so that 

1 < 5 < m—\. 

Consider the following products 

1X5, 2X5, 3X5, ., (m-l)X5. 


in 


in 


Each of the above m-1 products are again elements of 
the set because of the binary composition. For existence we 

r” srr. .° r r r, iMr; 

° Z “Zk » will »»».»» eslabliih K -U— 
and JXs. II ihay arc not distincl Ihcn 


m 


/X 5 — /X5 

m m 


i s—j 5 is divisible by m. 


^ (i—j) s Is divisible by m. 

But m is prime therefore either i-j is divisible by »< °r 

* is divisible by m, but 1 < * 4 divisible by 

is also less than m-1 and as such ,-yjsalso 

m, which is a contradiction. .. <* S */* J 

Hence all the m-1 products 

1XJ.2X*,.. (m-l)xs 


in 


m 
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arc all distinct w—I members of the set G and only one of 
them say s' X 5=1 the identity of G. 

Hence s' (only one) is the inverse of the element s of G. 
Commutative. Since ax b=bxa as each will leave the 

111 m 

same least +ive remainder as when a b is divided by m. 
The composition is commutative 

/. The set {G, x,„} is a finite abelian group of order 

hi — l, m being prime. 

2nd Case. When m is not prime then in this case m will 
be composite and let m=a b, where a, b EG. 

Now a.b=m= 0, under multiplication modulo m. 

Ill 

But 0 is not an element of the set and hence the above 
composition is not binary or the set is not closed w. r. t. the 
given composition and hence does not constitute a group. 
Hence wc conclude the following (Remember). 

For addition modulo m {in being any integer). 

It will form a croup if the set G contains first m integers 
including zero. If zero is excluded then it will not be a group. 

G={0, 1, 2, 3, 4, 5) will be a group, for addition 

modulo 6. 

But G’- {1, 2. 3, 4, 5} will not be a group for addition 

modulo 6. 

For multiplication modulo m. 

\l will form a group if the set G contains first m— 1 non 
zero integers and if m is prime. If m is not prime it will not 
form a group. 

G=(l,2, 3, 4} under multiplication modulo b 
(prime) will be a group but. 

G'=(l, 2, 3, 4, 5} under multiplication modulo 6 (6 not 
prime) will not be a group. 
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Ex. 29. Prove that the following sets are groups. 


(a) 

G=( 0, 

3, 

6, 9) 


for addition 

modulo 12. 

(b) 

G={ 1, 

5, ' 

7, D) 


for nu 

'dtiplication 

modulo 12. 

+ 12 

0 

3 

6 

9 

*12 

1 

5 

7 

11 

0 

0 

3 

6 

9 

1 

1 

5 

7 

11 

3 

3 

6 

3 

0 

5 

5 

1 

II 

7 

6 

6 

9 

0 

3 

7 

7 

11 

1 

5 

9 

9 

0 

3 

6 

11 

11 

7 

5 

1 


94-9=18 = 6 for + 12 7x 11 = 77=5 for * 12 

It is easy to verify as before that all the properties for 
being groups are satisfied. 

§ 5. Residue classes modulo m. 

Congruent modulo m : 

An integer a is said to be congruent to another integer b 
modulo m (m being any fixed non zero integer) if a—b is 
divisible by m. 

i.e.y a—b=km. where k is any integer and we express it as 

a=b (modulo m) 

We have already shown in set theory that the relation of 
congruent modulo m in the set I of all integers is an equiva¬ 
lence relation. 

Residue classes modulo m : 

Let / be a set of all integers and a relation R be defined 
congruent modulo 4. 

or x—y is divisible by 4 V x, y E /. Above ralation is an 
equivalence relation. 
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Now 0 £ / and by equivalence class / 0 or [0] we shall 
mean the set of all those integers which are congruent to 0 
mod. 4. i.e. if* be such as an integer then *-0=4/c for all 
k E 1. Give k values 0, 1,2, 3, ... — 1, —2, —3...we get 

*=[...-12,-8, -4, 0, 4, 8, 12...] 
or I 0 or [0]=[...—12, -3, -4, 0, 4, 8, 12...] 

Similarly the residue class h or [1] we shall mean the set 
of all those integers which are congruent to 1 modulo. 4. 

/. e., *—1=4 k V k £ / 

/. *=[ ..-11,-7,-3, 1, 5,9, ll...]=/ 1 =[lj. 

Similarly /-=[2]=[... —14, — 10,-6, —2,2,6, 10 ] 

from *—2= 4k . 

and /a=[3]=[..—9, —5, -1,3, 7, 11..] 

Again if we put *—4-4/c V k £ / we get *-4 (/c+ D. 
or *—0 = 4 m. V/i £ /. Above shows that the equiva¬ 
lence class /, is the same as / 0 . Similarly / 6 =A; /«=/o. 
/i 5 =/ 3 etc. 

The above equivalence classes have the following properties • 
1. No two of them have any element common i.e., they 
are mutually disjoint or /, n 

l 2. The set / is the union of all the above equivalence 

classes. 

> 3. All the integers in the same class have the relation of 

; congruent modulo 4. 

4. Integers in different classes do not have the relation 
of congruent modulo 4- 

Sum and product of residue classes mod. m : 


irSUOUl}, .,{r 2 ),.,{m-l}} 

{rij-b'r 2 }={ri-hr 2 }={r} where r is the least -five remain¬ 
der when ri+r 2 is divided by in. 

Similarly {rj}. {r 2 }={ri r 2 ' = {r} where r is the least-rive 
remainder when rj r 2 is divided by m. 
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Theorem 3. The residue classes modulo m form a finite 
group w. r. t. addition of residue classes. 

(Meerut B. Sc. 68; Allahabad 69; Benares M. Sc. 66) 

Proof. Let S be the set of residue classes mod. m 

{I},.,{ri}.1)]. 

Closure. The cum of two residue claves 'r,} and {r 2 } 
is {''i}+W={r 1 +r.j}={r} where r is the least + he remain¬ 
der when {rj+r 2 } is divided by m i.c., ()</•< //;. Hence- 
{r} £ S. Thus the closure property is satisfied or addition 
of residue classes is a binary operation. 

Associative, [{rj -f {r 2 }J-f- {r 3 }={r,} + [{/• 2 } + {r 3 }] 

= { r i 

because each will leave the same remainder as when /'i-f r 2 -f r 3 
is divided by m. 

Identity, The identity element is {0}. 

V {0}+{r}={r+0}={rj. 
and {r}+{0{=(r+0} =*{r}. 

Inverse. Additive inverse of any element {/•} is {m—r} 
because {r}+{w—r}={m}={0}=identity. 

Again since the addition of residue classes is commutative 
and the number of elements are finite therefore the set S cons¬ 
titutes a finite abelian group w.r.t. addition of residue classes. 

Theorem 4. The non-zero residue classes modulo m 
where ni is a composite integer do not form a group w.r.t. 
multiplication of residue classes. 

Since m is composite let m=rs where 0 < r < m, 
0 < s < m. 

Now {/*} {.?}={>••?} = {0} and {0) does not belong to 
the set as the set consists of non-zero residue classes. 
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Therefore the closure property is not satisfied and hence the 
given set does not constitute a group under given compo¬ 
sition. 

Theorem 5. The non-zero residue classes-modulo m 
where in is a positive prime integer form a group tr. r. t. 
multiplication of residue classes. 

(Gorakhpur 70; Meerut B. Sc. 69) 

Let S=[{\} ... fa), 1}]. 

Closure. {r 1 L{r 2 }={r 1 r 2 l={r} where r is the least-five 
remainder when r x r 2 is divided by m so that 0 < r < m and 
as such {/•} G S. {ri}.{r«} G S. Hence multiplication 
ot residue classes is a binary operation. 

Associative: [ {n }.{r 3 } ].{ r 3 }={ r, }. [ { r 2 }.{r 3 } ] 

[/‘a}, as each will leave the same remainder as when 
/Wa is divided by m. 

Identity : The identity element is clearly {!}, 
because { 1 } . lr} = {/•>.{ l>={r}. 

Inverse : The inverse of any element {r,} is {r 2 } where 
/•!/•«=1 (mod. m). It should be clearly understood here that 
r 2 exists since the equation ^=1 (mod. m) has a solution. 

Hence all the axioms of a group are satisfied and as such 
the given set S constitutes a group with respect to multipli¬ 
cation of residue classes. 

Ex. 30. Show that the residue class {i/, UK {5}, {7} 
modulo 8 forms a multiplicative group. 

(Kanpur M. Sc. 1970) 

We know {r,} {r 2 )={r} where r is the least -five remain¬ 
der when n r, is divided by 8. Hence we have the following 
compositon table. 
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X 

0} 

{3} 

(5} 

(7} 

{1} 

{1} 

(3) 

{5} 

{7} 

{3} 

{3} 

0} 

(7) 

{5} 

{5} 

{5} 

(7 l 

{1} 

{3} 

{7} 

{7} 

{5} 

{3} 

{!} 


Since all the elements in the table are elements of the 
set therefore closure property is satisfied. Associative is as 
explained in Th. 6 Residue clase {1} is the identity element 
since (I} is present in each row therefore inverse of each 
clement exists, and from the tatIc we have. 

elements {1} {3} {5} {7} 

inverse { 1 } ( 3 ) {>} {7} 

i.e. each element is its own inverse. 

Again each row is identical with the corresponding 

column and hence multiplication is comnmatativc. Hence a 
finite abelian group. 

§ 6. General properties of groups. 

Let G be a group and o be the binary operation ; then 
a o b will be written as ab using multiplicative notation. 
The identity will be denoted by e and the inverse of a will 

be denoted by a~ l . However if we use additive notation 
+ for 0 then e will be replaced by 0 (zero) and a~ l by -a. 

Property 1. Left cancellation law. 

If a, b. c E G then ab = ac => b=c. 

(Allahabad 70; Kanpur 69) 
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ab=ac (given), a 1 £ G and ah, ac £ G. 

Operating on the left with a" 1 , we get 

a~ l ( ab)=a~ l (ae) 

=> (a -1 a) b=(a~ l a) c 
=>■ eb=ec 

b=c 


[Associative Gy ] 
[Inverse G 3 ] 
[Identiy 0 2 ] 


Hence proved 

Property ?. The left identity element e is also the right 

identity element. 68) 

ieu=a V a £ G =*■ ae=n VoGG 

Let a ' 1 be the left inverse of a i.e. a ' 1 a=e —0) 

Now a~ l [ae)~(<r l a)e by associative properly 


or 

or 


• • 



a~ l (ae)—ee=e by I 
a~ l {ae) =a~ l a by I 
ac—a bv Pcoperty (1) /•<*. L. C. Law. 
c is also the right identity, 
in future we shall call e the identity element and 


not 


the left identity or right identity. 

Property 3. The left inverse of an element is also its 

right inverse. 

Let a~ l be the left inver e of a. 
we have to prove that a -1 a=c =>• a a~ l -e 

Now a 1 (a a _1 ) = (a _1 a) a ' 1 by associative prop. 

-- 1 - a~ l Y e given 

= n _1 t*[Left Identity —Right Identity] 

/. a -1 (fla -1 )— a -1 e hence aa~'=e, 

a~ y is also right inverse of a. 

Property 4. Right Cancellation Law. (Alii habad 70) 
ha—cd =>■ b—c V a, h,c £ 
ba~iu .*. iba) a' J = bo) a ~ 1 
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or 

b (a a *) = c (a a *) 

byG i 

or 

II 



by right 

inverse Property 3 

or 

b — c 



by right identity Property 2. 

Hence ba=ca =s> b=c. 

Property 5. The equations ax=b and y»=b have unique 
solutions in G where a, b E G (Allahabad 

a G G a~ l E G. Also b £ G .*. a~ l b £ G. 

Now ax=b. Put a~ l b for .v in this 

.*. a ( a - 1 b)=b => (a a~ l ) b=b [<7,] 

=> eb—b by G 3 => b = b by G«. 

Hence x=a~ l b is a solution of ax—b. 

To show that the solution is unique. 

If the solution be not unique then let x x and .v 2 be two 
solutions of ax—b so that ax x =b and ax.>=b. 

ax x =ax z => Xx—Xt by L. C. Law. 

Hence the solution is unique. 

Similarly a E G. a~ l , G 

Also b E G .*. ba- 1 E G. 

Now ya—b. Put y—ba~ l . 

(b a~ l ) a=/> or b (a' 1 a)=b [G,] 

=> be—b by G :1 =► b=b bv G 2 . 

Hence y-ba~ l is a solution of ya=b. 

Property 6 . The identity element e in a group is unique. 

(Lucknow 67; Raj. 69; Allahabad 65) 
Let if possible there be two identity elements c'i and 

c-i E G. 

Now e x is the identity e x e s = <? 2 . Left identity. 

Again e 2 is the identity .*. e t e t i'\ Right identity. 
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From above relation it is clear that e x — e 2 . 

Alternative. We know that the equation ax—b V a, 
b £ G has a unique solution .\=a _1 b. Replacing b by a 
we get that ax—a has a unique solution a -1 a which is e and 
unique. 

Similarly ya-b has a unique solution y=b a~ l . 

Replacing b by a we get ya—a has a unique solution 
y=a a" 1 which is e and unique. 

Property 7. The inverse of an. element in a group is 
unique. (Lucknow 67; Raj. 67; Allahabad 65; Meerut 68) 

Let a be an element of the group having two inverses 
b and e. 

ab=e-ba 7 b is inverse of a 

ac=e=ca 7 c is inverse of a. 

From above relation we get ba—ca => b—c by R.C. law. 
or ab=ar => b—c by L. C. law. 

Alternative. We know that the equation ax=b V a, 
b £ G has a unique solution v=<7~ 1 b. Replacing h by e 
we pet that ax ~c has a unique solution x=a" 1 c=a~ l which 
is unique. 

Similarly va-b has a unique solution y ~h a~ l . Replac¬ 
ing h by e we get ya — c has a unique solution en i= a 1 
which is unique. 

Prooertv 8. The inverse of a is a -1 . To show that inverse 
* • 

of a -1 is a. 

i.c. (a~ l )~ l — a. 

We know that b~ x h—e V b £ G. 

Now if a £ G then a~ l £ G. Replace b by c7 _l 
(a -1 )' 1 a~ l — e 

Operating on the right by a. v.c get 
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Operating on the right by a, we get 
[(a -1 )" 1 a' 1 ] a=ea * (a -1 )" 1 (a~ l a)=abyG lt G 2 
or (a' 1 )' 1 e=a or ( a_1 ) 1=a ‘ 

*.€. inverse of a" 1 is a. 

Alternative Metho . . 

We know that the solution of the equation ax-b is 

x=a~ l b which is unique- 

Replacing a by a~ l and b by e, we get that the solution 
of (a- 1 ) x=e is x=(a~ 1 )- 1 <?=(* 1 )“ l . - (1) 

Again the solution of (a~ l x)=e is obtained by operating 

by a on the left 

a (a' 1 x)=ae or (aa~ l ) x=a or ex=a or x=a -(2) 
Hence from (1) and (2), we get that (a' 1 )- 1 »"<* a 

solutions of the same equation a-'x-e. But we kn °* d 

the solution is unique and hence (a l ) l —a. 


Property 9. Reversal Law. 

To prove that the inverse of the product of two elements 
of a group is the product of their inverses in rt \ eise 
i.e. (ah)~ l =b~ l a~ l - 

(Meerut 68; Gorakhpur 68. Rajasthan 70) 


Let a,b EG and a 1 , b 1 be their inverses in G. 

So that aa~ l =e=a~ l a and bb~ l =e=b l b (l 

Now (ab) {b' 1 a~ l )=a l b (b~ x a *)j by G, 

=a[(hlr l tf _1 J by G'i 

— a [ca~ l ] by il) 

—aa~ x —e by (D- 

Similarly we can show that i b 1 a" 1 ) (ab)=e. 

Hence (ab) (b~ x a-) = e = (/r‘ a' x ) (ab). 

Therefore the inverse of ab is /r‘ <r‘. i.e. product of 
inverses in reverse order. 
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Note. The above rule can be generalized as under 
(abc.. pq)~ 1 =q~ 1 p~ x ...c~ l b~ l a~ l 
a , b, c, . ,p, q £ G. 

Ex. 1 . If every element of a group is its own inverse 
then show that G is abelian. 

(Lucknow 69; Benares 70; Punjab 67) 
Let a, b 6 G then a b E G by closure property. 

By given condition a~ l =a, b~ 1 =b, (a b)~ l =a b 

a b=(a b)~ 1 =b~ 1 a~ l =b a Hence G is abelian 
Another form 

If every element of a group be such that a-=e V a £ G 
then show that G is abelian. 

a-=e => a.a=e =>■ a~ l =a V a £ G 

Thus every element of a group is its own inverse and rest 
as abo\e. 

Property 10. An alternative definition of a group. 

A set G with a composition is a group iff, 

(i) The composition is associative. 

(/'/') The equations ax = b and ya=b, a, b G G have 
unique solutions in G. 


(Marthwadn 70: Delhi Hon*s 70 Rajasthan 66) 

We have already defined group in § 3 P. 6 and starting 
with those axioms we have proved that ax=b and ya=b 
have unique solutions in the group. 

Now we shall start with a set G satisfying the above given 
conditions and show that it satisfies all the axioms of group 
given in § 3. This will complete the proof for if and only if, 
re iff. The axiom C, of the group, i.e. associative compo¬ 
sition ,s the same as condition (I) given above and so what 

remains to be proved is to show the existence of identity and 

tmerse i e. axioms G.. and G, front the given conditions (1) 
and (2). 
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We are given that ax=b and ya=b have unique solu¬ 
tions choosing b=a we can say that ax=a and ya=a have 
unique solutions. 

Therefore there must exist elements say e a and e a ' G G 
satisfying the above equations. 

aea^a and eda=a. 

Now bea—iya) e a =y (ae a )=yo=b by (1) 
and ed (b)=(ed) (ax)=(ed a) x=ax=b by (1) 

From (2) and (3), we get 

be a =b and ed b—b, V b G G. 

Choosing h=ed in first and b=e a in 2nd, we get 

?dea=ed and ede u =e u . 

From above we conclude that ed=c a =e say. 

be= h and eb=b V b G G from (2) and (3) 
Above establishes the existence of identity. 

Again ax=b and ya—h have unique solutions, choosing 
b=e we say ax—e and ya-e have unique solutions. 

Hence there must exists unique elements c and d G G 

satisfying above. 

/. ac—e and da=e. •••(4) 

Now ac=e => d (ac)=de => (da) c=</, 7 e is identity 
=> ec = d => c d. 

Hence from (4), we get ac-e, ca^e Y d=c 



or 


ac—c—ca. 


Therefore each a has an unique inverse c G G and 
hence axiom C 3 is proved. 

Theorem 6. Prove that a finite sot G with on assnchi\ 
live composition is a group if the right and left cancellatiot 

laws hold in G. , V (Ra>lhai» M. Sc. 67) 

V a. b, c £ G \ 
ah—ac => b\c L.'C. Law 
ba~-ca > h = c R. C: l aw. 



> 


1 

J 


-A 


K 


and 
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Prove further that the validity of the cancellation laws 
does not characterise infinite group but characterises finite 
groups only. (Allahabad 70; Lucknow 6H; Rajasthan M. Sc. 67; 

Meerut B Sc. 67) 

Let G be a finite set consisting of n distinct elements only, 

^ 2 ^. 

f a be any of these above elements, then 

(IQ\ % ClJ £* • • • ... % (lQr\ 

are all distinct as shown below. 

Let aa p =aa, if they are not distinct. 

But since left cancellation law holds aa p =aa r => a p —a r 
which contradicts that G consists of n elements which are 
distinct. 

Therefore aa P fiaa r . Hence these n composite elements 
of the type aa P are all distinct and they will again be the 
n given elements of G in some order. 

Hence if a E G then ax where v runs through the ele¬ 
ments of G are again n elements of G in some order. In other 
words any other element /> E G can be written as b=ax. For 
a unique value of .v in G [there cannot be two values of .v as 
we have shown that aa P ~-aa r ]. 

fence we can v ay that the equation ax -/> has a unique 
solution in G. 


Similarly by considering the products a x a, a.a, ..,a n a and 
by using right cancellation law we can show that the equation 
t </ h has a unique solution in G. Therefore the composition 
being associative and the equations a.x b and ya = b having 
unique solutions, both t’veemdtion. of property 10 P. 50 
are sn’iTied and hence the given set is a group 

It the set Ci be infinite then :t is not necessarily a group 
e on though the composition is associative and both right and 
Ivfi cancellation lawshold. A. an example the sot V ={1.2, 
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is not a group for multiplication as the inverse does 
not exist even though it is closed for multiplication which is 
associative composition and both the cancellation laws hold 
good. 

§ 6. Permutations. 

Consider the elements a, b , c of the set {a, b, c}. 

We can arrange these letters a, b , c in the following six 
manners. 

a , b y c; a, c, b ; b, a, c\ b, c, a; c, a, b\ c, b, a. 
i.e.y there are | 3=6 ways of arranging them or there are | 3 

permutations of the three elements a , b, c. The permutations 
are written as Pi, P°, and we adopt a two line notation 
to express the permutation. 

In the first line we write the elements in their natural 
order and in the line below it we write them in the order in 
which they have been rearranged. 

ie • /> ‘=( III) ie - «-+a. b-* b, c-> c. 

There is no change and this type of permutation is called 
Identity permutation and is written as 1. 

c 1) ° ^ a, b ^ c, c-> b. 

P H“b a l) M -> «, c - c, 

and so on. 

Again we could write P 3 = 

which says that c c, b -► a and a -+ b, i.e. the two differ¬ 
ent forms of P 3 do not give a different permutation. From 
this we conclude that the order of columns in the symbolic 
representation of a permutation is immaterial so long as the 
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corresponding elements above and below in the column 
remain unchanged. 

Definition. A-one-one onto mapping of a finite set onto 
itself is called a permutation , i.e. f: G G is called a per * 
imitation. The number of elements in the set G is called the 
degree of permutation. (Lucknow 69) 

The set of all permutations of a given set G of n elements 
is denoted by T n which will have n ! permutations. It is called 


a symmetric set of degree n. 

In other words permutation is the operation of rearrang- 
ging n distinct objects of a set among themselves. 

If (a : , a a ,..., a n ) be n distinct elements of a set G then 
the operation of icplacing a x by b u a 2 by b i} ...,a n by bn ex¬ 
pressed as 

p _/ Oo ••• \ 

\ b x b 3 ... b n J 

where b u lh,...,b n are the same n elements asfl!, a*,...,a n but 
in some other order, i.e. f {a l )=bi i f{a i )=b 2 r-,fM=bn 
i.e. each element in the second row is the /-image of the 
corresponding element of the first row which lies just above it. 
If they are in the same order then this particular permutation 
is called Identity permutation. 


The arrangement of columns in the above permutation 
is immaterial and as such P could also be expressed as 



Product of two permutations. 

Consider the set S={1, 2, 3, 4, 5}. 

Let a, y be any three permutations of the given set. 

I 1 2 3 4 5 \ Q _[ 1 2 3 4 5 \ 

51 l 2 4 5 1 3 )■ ? 1 3 1 2 4 5 )’ 


Groups 


55 


1 2 3 4 5 \ 
4 3 1 5 2 /- 



You may write the above three permutations in any 
manner you like by taking different arrangements of the 
numbers in the second line. 


a o 



1 2 3 4 5 

2 4 5 1 3 



1 2 3 4 5 \ 
3 1 2 4 5 / 


Now we know that m any permutation the order of 
columns is immaterial and so we write the permutation 0 
by rearranging the columns in such a manner so that the 
upper line of 0 becomes the same as the lower line of a. 

/I 2 3 4 5\ / 2 4 5 1 3 \ 

a 0 ^ \2 4 5 1 3/ l 1 4 5 3 2 / 

/I 2 3 4 5 \ / 1st line of a \ / 

~ll 4 5 3 2 / \ 2 nd line of 0 / 


How ? In the permutation a, 1 -> 2 and in ft 2 -> 1. 
In resultant permutation a o ft 1 -> 1. Similarly in a 
2 -> 4 and in ft 4 4. 


in a o ft 2 -* 4 etc. 

We observe thatao0=|[ ^ ^ 3 2 ) 1S agam a 

permutation showing there by that in the set of permutations 
the operation of product of permutations is a binary oper¬ 
ation. Also it should be noted that while computing we 
have to carry out the operation defined by permutation a and 
then the operation defined by permutation 0 . 


Associative. 

n 2 3 4 5\ /I 2 3 4 5\ 

(a 0 0) «V=h 4 5 3 2/ U 3 15 2/ 

Rearranging the columns of y in a manner so that its 
first line is same as the lower line of (« o 0 ), we get 
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/12 3 4 5\/l 4 5 3 2\ 

4 5 3 2 ]^ 4 5 2 1 3 /* 

/1 2 3 4 5\ / 1st line of a oft \ 

(y. o ft) o V— ^ 4 ^ 2 1 3/ \ 2nd line of y /’ 

...( 1 ) 

/I 2 3 4 5 \ /I 2 .? 4 5\ 

Again (^y)=( 3 i 2 4 5 ) ° U 3 1 5 2/ 

/I 2 3 4 5\/3 1 2 4 5\ 

\3 1 2 4 5 / \ 1 4 3 5 2/ 

= /l 2 3 4 5\ 

\1 4 3 5 2/ 

. /I 2 3 4 5\ /I 2 3 4 5\ 

ao(do/) \ 2 4 5 1 3/°\l 4 3 5 2/ 

= / l 2 3 4 5 \ /2 4 5 1 3N 

\2 4 5 1 3 ) ° \4 5 2 1 3j 

= /l 2 3 4 5\ 

\4 5 i 1 3/ ...(2) 

Hence from (I) and (2) we conclude that 

(a o /3) o y=y. o {P o y), 

/.c. multiplication composition in the set of permutations is 
associative. 

Identity permutation. 

It is a transformation /: G -> G which takes every 
number of G to itself and this permutation is denoted by 7, 




2 3 4 5\ 
2 3 4 5^’ 


It is easy to verify that a o I—J— I o a. 


Inverse permutation. Since a permutation is one-one 


onto mapping and as such it is invertible. The inverse of 
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-(i 

Clearly a o 


) 


then 


hi 


4 

2 


5 

5 


H- 


5 
3 

a -1 0 a. 


1 

4 


3 

5 


:) 


any permutation a is denoted by a-> and is obtained by inter 
changing the rows of «. 

Thus if. 

2 3 4 5 
,2 4 5 1 3 

2 3 4 

x . 2 3 4 . , 

Thus the inverse of every permutation exists and belongs 
to the set. 

Permutation multiplication is not commutative in general. 
We have shown that 


a o p= ( 2 

-(! 

»*■-(> 
-(5 
-(! 


2 

4 

2 

4 

2 

1 

2 

1 

2 

2 


3 

5 

3 

5 

3 

2 

3 

2 

3 

4 


4 

1 

4 

3 

4 
4 

4 

4 

4 
1 


5 
3 
5 
2 
5 
5 
5 
5 

5 

3 


Ml 

) 

)•( 
M 
) 


2 

1 


3 

2 


4 

4 


5 

5 


) 


1 

2 
3 
5 


2 

4 

1 

2 


3 
5 

2 

4 


a 

1 

4 

1 


5 

3 


) 


5 

3 


.) 


Hence 0 . 0^0 a. It is seen that « 0 ? permutation 
replaces 1 by 1 whereas 0 a permutation replaces 1 by 5. 

Theorem 4. The n ! permutations forma group '■ 

permutation multiplication. " ‘£5 

We have proved the theorem above where we have 

shown that the permutations in the set { > * » * 
sS till axioms of a group. Similarly we can show for 

n symbols as shown below. 
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The above group is called a symmetric group on ;i 
symbols and of degree n and is denoted by S n . 

or S n ={P: P is a permutation of degree «}. 

Proof. Let S={a u a 2i .,a„}, so that 

S n ={P : P is a permutation}. 



be any three permuta'ions of degree n belonging to the set S n > 
where b ly Ci and di are same as but in different order. 


1. Closure Property, i e. product of two permutations 
is again a permutation belonging to the set S n . 


a O |}= [ fll •" ° n \ Q /A ^2 ••• bn \ 

\bl b 2 ... bn) \C! C 2 cj 

= l° l a 2 ‘ 

Ki r’a ••• c n ) 

which is again a permutation of degree n belonging to the set S, 


The permutation a takes a l to b x and permutation j8 

takes b x to c x so that the resulting permutation a o j8 takes 
Oi to c x etc. 


2 . Associative. 
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Thus (a o p) o y=(L o (0 o y). Hence permutation multi* 

plication is associative. 

3. Identity. Consider the permutation 

/«! a-x ... a n \ _(bi bz ... b n \ 

— \ji a 2 ... a„j \bi bz ••• b n J 

where b{ are same as at but in some different order and we 
know that in a permutation we can always change the columns 
without changing the permutation sd that the two permuta¬ 
tions written above are same. 

Let a= ( a ‘ ° a •" M be any other permutation be 
\bi b% ... bn) 

longing to S n . 
aol = | 

-( 

1 o a=^ 


*1 

a a 

... fl/f\ 

bi 

b 2 

• • • bn) 


az 

• •• O n \ 

bi 

bz 

••• J 

ai 

az 

• •• On \ 

bi 

bz 

••• bn ) 

ax 

a 2 

... On \ 

ax 

a 2 

... Qn ) 

a x 

az 

... On \ 

by 

bz 

... bn) 


b% 

bz 


bn 

b 


1 ) 


)•(;: 


a 2 

1)2 


M 

bn J 


It should be noted that we have taken different forms 
for I for computing a o I and / o a. This is done keeping 
in view that the 2 nd row of first permutation is the same as 

the first row of second permutation. 

Since a o /=/ o a=a and as such the permutation / is 

the identity permutation which belongs to S n . 

Inverse Let us denote by a" 1 the permutation obtained 

by interchanging the rows in permutation a. 

• bi bz ... b n \ clearly a -1 isalsoapcr- 

*' \ Oi Qz ... dn)' 

mutation of degree n since bf are nothing but but in a 
different order. 
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Now a o a- J = ( ° l ° 2 ° n \ 0 ( bl ^ ••• b * \ 

\ bi b 2 ... b n I \ cix a 2 ... a n J 

J a ' a * - G " )=,/ 

Wi a 2 ... a„ J 

and a“ 1 oa=f Z ’ 1 b;i **• ) 0 j a1 fl 2 - a * \ 

\a l tfo ... <?„ / \ bi b. x ... £ n j 

/ b t b* ... fc. \ 

\ />i /; 2 ... h„ ) 

Since Koa'ira-«oa= as such or 1 is the inverse of 

permutation a and that a -1 is again a permutation belonging 

to S n . Thus inverse of each permutation exists and belongs 
to the set. 

Kule for writing down the inverse of a permutation y 

Interchange the rows of a. 


Nan-commutative. As shown on page 57 we can 

show that multiplication of permutations is not in general 
commutative. 

Hence the set S n of n ! permutations form a non abelian 
group. 

"°!f-. fI St “ de 1 n,s " i,,finJ it more convenient to choose 
, C ‘ Then take any three permutations 


a = 


1 2 3 

2 4/i 


y=( l 2 3 ... 

\7 2 4 ... „)• 


•• ii={\ 2 3 - m 

• *v \ 5 n \ ..4 J* 


Any of the above permutation can be so altered by 
change of columns so that its top row becomes the same al 
the bottom row of the permutation which preceeds it Now 
you prove as above the axioms of a group. 

§ 7. Cyclic Permutation. 

Definition. A permutation »/,/e/, replaces n objects cycle ■ 
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cally is called a cyclic [or circular) permutation of degree n. 

Hence the permutation. 

_t\ 2 3 4 5 \ 
a \2 3 4 5 1 ] 

such that 1 -> 2, 2 -> 3, 3 -* 4, 4 -> 5 and 5 ->1, i e. the 
last number oes to first. 

In other words a permutation in which each element 
in the first line is replaced by the number succeeding it and 
the last being replaced by first is called a cycilc permuta¬ 
tion 

Notation. Having understood what we mean by a cyclic 
permutation we can adopt a one line notation only lor a 
cyclic permutation where a = (l 2 3 4 5) would mean a 
cyclic permutation meaning thereby that each number in the 
first line is replaced by its successive on the right and the last 

one by first. 

/ e. <x—(1 234 5) = ( 2 3 4 5 1 ) * 

Expression for any permutation in terms of cycles 
Consider the permutation 

P \ 3 1 2 4 5 j l 3 2 I 4 5 

by interchanging the columns. 

The above permutation ft can be written as ft = { 1 3 
which is interpreted as I -> 3, 3 -> 2 and 2 -> 1. wiereas 
the missing symbols 4 and 5 remain unchanged m the per¬ 
mutation, i.e. 4 -> 4 and 5 -> 5. 

/ 1 3 2 4 5 \ 

*. 0-0 3 2 > = 1 3 2 14 5 )- 
Thus the permutation ft is cyclic and is represented by 


) 
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cycle {1 3 2) whose length is 3 the number of elements in 
it. 

Again consider the permutation, 

/ 1 2 3 4 5 \ 

7 \ 2 3 1 5 4 ) 

or y=( 1 2 3) (4 5) 

as the product of mutually disjoint cycles. 
i.e. cycles having no elements common. 

1 2 3 4 5 

2 3 14 5 
1 2 3 4 5 
1 2 3 

fg=.(\ 2 3) o (4 5) 


Cycle /=( I 2 3)= | 


) 


as permutation. 


Cycle g= (4 5) = | J ^ 3 5 4 ) as permutation. 


-t 

-(!! 
-11 


1 2 3 4 5 
12 3 4 5 
1 2 3 4 5 
1 4 5 
12 3 4 5 
3 15 4 




) 

) 



1 2 3 4 5 

2 3 15 4 
2 3 14 5 
2 3 15 4 

4 5 1 2 3 \ 

5 4 2 3 1 H 4 ’ 5) <' 23 > 

=gf 


Hence the permutation, 

>'=/£=(! 2 3) (4 5) = (1 2 3)o(4 5) 

= ( 2 315 4 ) = <4 > 5)(1 23, = ?/ . 

Thus we conclude that the product of disjoint cycles is 
commutative. 

Again the permutation. 

a =(2 4) 0 5 ) = (|2 4 3 5 ) 

( 1 2 3 4 3 
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The missing symbol 1 remains unchanged. 
Ex. 1 . Prove the following for 5 symbols. 


(i 2 3) o (3 1 2 4)=(1 4 3 2). 

/ 1 2 3 4 5 \ / 3 1 2 4 

LHS 23145 j \ 1 2 4 3 

2 3 4 5\ 12 3 1 4 5 

2314 5/ \4 123 

2 3 4 5\_/I 4 3 2 51 

2 3 5/ \4 3215/ 


-(5 
-( 1 ? 


a 


5 

5 


) 


= (1 4 3 2). 


Ex. 2. Prove that 

(3 4) (1 2 5) = (3 4) oil 2 5). 


(3 4) (1 2 5) is the product of mutually disjoint cycles 

and it can be straight away, written as 


( 3 4 1 2 5\ /1 2 3 4 5\ 

\ 4 3 2 5 1/ \2 5431/ 


(3 4) o (1 2 5) 


-(! 

-G 

-G 


2 3 4 5 
2 4 3 5 
2 3 4 5 
2 4 3 5 
2 3 4 5 
2 5 4 3 


)° 

)° 

n 


[123451 
\2 5 3 4 1/ 

[124351 
\2 5 4 3 I/ 


Ex. 3. Powers of cyclic permutation. 

Let a=(l 2 3 4 5) and a be a cyclic permutation. 

/I 2 3 4 5\ 

(1 2 3 4 5) = ^ 2 3 4 5 ,) 

i.e. if we write 12345 1 234 5. 

then the cyclic permutation moves each element by one place 

in the above line. 
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Now consider, 


a 


2 — 


-( 

-( 

-( 


a o a=(l 2 3 4 5) o (1 2 3 4 5) 


Mi 


2 3 4 5 

3 4 5 

2 3 4 5 1 

3 4 5 


3 


•\ [2 3 4 5 1 \ 

) ° \3 4 5 1 2 / 


D 


/.e. 

/.e. 

/.e. 


12 3 4 5 
2 3 4 5 
12 3 4 5 

2 3 4 5 1 
12 3 4 5 

3 4 5 1 

a 2 takes 1 to 3, 2 to 4. 3 to 5, 4 to 1 and 5 to 2, 

it moves each symbol in the line 1 by two places, 

lea\e the first two elements in line (I) and take the next 
five. 

Also a 2 can be written as 
/I 3 5 2 4\ 

( 3 5 2 4 ,)=(! 3 5Z4). 

Similarly a 3 =ao a 2 will move each symbol in the line 

1) by 3 places, ie. 1 -> 4, 2 -> 5, 3 -> 1, 4 2, 5 -> 3, 

i.e. have the first three elements in line ( 1 ) and take the next 

five. 

/. a 3 -- i 1 2 3 4 'V( ! 4 2 5 3\ 

U 5 I 2 3/ \4 2 5 3 ij 

= (l 4 2 5 3). 

Similarly a 4 = (* 2 3 4 5 \_( ! 5 4 3 

\4 5 I 2 3/ \5 4 3 2 l) 

= (15 4 3 2). 

Ir. order to write down a* we will have to leave first 

five places in line ( 1 ) and write the next five which are same 
as first five. 

. 6 _/l 2 3 4 5\ , 

•• a \\ 2 34 = / (Identity permutation) 
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a 6 = a 5 0 Cf.= I 0 a=a, 
a l7 =a 15 o cr=I o a 2 =a 2 etc. 

Ex. 4. 7/oc=(7 2 3 4 5 6) prove the following. 

a 2 = ( 1 3 5 ) ( 2 4 6 ) 

a 3 =r( 1 4 ) ( 2 5 ) ( 3 6 ) 

a 4 =( 1 5 3 ) ( 2 6 4 ) 

a 5 = ( 1 6 5 4 j 2 ) 

a 8=(l) (2) (3) (4) (5) (6) = / 

Ex. 5. Express (7 3 2 5 ) o ( l 4 3 ) o ( 2 5 1) 
product of disjoint cycles. 

/1325 4WI4325 

“( 32514 ) l4 3 1 2 5 

After rearranging the columns 
1123451 [3524 

=( 3 5 2 4 1 )° l 1 5 2 3 

I 1 5 2 3 4 

0 \ 2 1 5 3 4 

_( 1 2 3 4 5 \ ( 1 5 2 3 4 

1 5 2 3 4 / V 

/ 1 2 3 4 5 
= \2 1 5 3 4 



2 

5 


5 

I 


1 3 4 

2 3 4 


) 


2 15 3 4 


\) 
) 
) 


) 


5 4) 


2 3 5 4 \ , 2 ) ,3 

~\ 2 1 5 4 3 / 

Similarly (1 4 3 2) o (2 4 1) o (1 3 5)-( ^ r 


§ 9. Transposition. 

A cycie of ,en g tH ,»o 

changes only the elements a and b and rest j 
remain unchanged is called a transposition. 
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Now we shall show that every cycle and hence every 
permutation can be expressed as a product of transpositions 
in many ways. 

Consider the set S -(1 2 3 4). 


Consider the permutation (l 2 3 4)=^ 


) 


or 




?) 


12 3 4 
2 3 4 1 

We will change the second line in such a manner that 
two elements are interchanged and two remain unchanged. 

2 3 4 \ (2 1 3 

34/\234 
2 3 4 

=(1 2) o ( I 3 ) o ( 1 4) i.e. 3 transpositions. 

1 2 3 

2 3 4 


=( 12 ) 


/I 2 3 4 \ 
° \ 3 2 4 1 ) 


Again ( 1 2 3 4 ) = ^ 


i) 


We will change the second line in such a manner that 
the two elements are interchanged and the remaining two 
remain unchanged. 


( 1 2 3 4) 


=( 12 ) 


•(>’ 


( 1 2)o(23) 


2 3 

Mo 

/ 

2 1 3 4\ 


1 3 

4 )° 

l 

2 3 4 1 / 


2 1 

3 M 

0 

/3 1 2 4 \ 


3 1 

2 4 ! 

l 2 3 4 1 ) 


3) 0 

( 3 1 
\ 4 1 

2 

2 

Mof 4 1 2 

3 / l 2 3 4 

n 

3 ) 0 

(34 

) 0(4 2)o (1 

3) 


Thus the cycle ( 1 2 3 4 ) of even length has been 
expressed as the product of transpositions in two ways and 
in both of them the number is odd. 
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HI 
= ( 1 


5 

1 


) 


Similarly consider the permutation (1 3 5) on the 

set (1 2 3 4 5) ; then this permutation 

( 1 2 3 4 5 \ 

0 3 5)-( , 2 5 4 , ) 

2345\/32l4 

2 1 4 5 )°\ 3 2 5 4 
3)0(1 5). 

It can also be expressed as ( 1 5 ) o ( 3 5). 

Thus the cycle (1 3 5) of odd length has been expre¬ 

ssed as the product of transpositions in two ways an in o 
of them the number is even. 

From above example we conclude that a cycle of lengt 
n can be expressed as a product of n — 1 transpositions. 
It can however be expressed in many other ways u 
in each case the number will be either odd always or even 

always. 

Theorem. 7. If a permutation P on n symbols e 

expressed as the product of r transpositions and a so as 
product of s transpositions then either bull r an I s ari e^en 
or both odd. (Benares M. Sc. 1961, 66, 68) 

In other words r=s mod 2. 
t e r -s is divisible by 2. 

Proof. Let us use the distinct symbols x„ x„ .. 

and we form the product 

/t = (X! - x 2 ) (Xi —x 3 ) . (xi — x„) 

(x 2 —x 3 ).. • (x 2 —X,|) 


(Xn-i ■Xn) 

For convenience sake let us choose «= 4 then. 
yl=(x,-x > ) (x.-x s ) (X.-Xr). (x.-xs) (x 2 -x.) 


-Xj 
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Let a be any cyclic permutation (1 3 2) i.e. it replaces 
1 by 3, 3 by 2 and 2 by 1 whereas 4 remains unchanged. 
Now by A x we mean the polynomial obtained by changing 
the suffixes of .y in A as prescribed by permutation a i.e. 
suffix 1 is changed to 3, 3 is changed to 2 and 2 is changed 
to I. 

Thus A a = (.v 3 -.v l ) U 3 —•'v 8 ) (v 3 - v,) (.t,-.v 2 ) (.Yj-.y*) 

(x 2 —Xi). 

Now choosing x to be a transposition say. (1, 2) i.e. it 
changes 1 to 2 and 2 to l whereas 3 and 4 remain 
unchanged. 

then A a=(.Y 2 -x,) (x~-x 3 ) (y 2 -.y 4 ) (.y,-.y 3 ) (.y,-.y 4 ) 

(X 3 ~Xx) 

=[-(.Y,-.Yo)] [(.Yo-.Y.d (Yj — Y:») ] [(.Y S -.Y 4 ) (.Y3-.Y4)] 

We observe that the factor which involves both 1 and 2 
is changed in sign. The factor which does not involve any of 
the suffix I and 2 remain unchanged. The factors which 
involve either 1 or 2, can be grouped so that the resulting 
product is not altered i.e. to say a, — x, has become .y 3 —.y 3 , 
and a , —A n has beeome x , — a* 3 . 

So that (.Yj— A:,) (a*^ A*n) has become (.y 2 — .y 3 ) (.Yj— at 3 ). 
Hence the net result of operation in A by a transposition a 
is to change its sign. 

Now a transposition (/, i) where / < / on A has the 
following effect on .4. 

(1) Anv factor which involves neither y, nor xj is 
unchanged bv this transposition (/,_/) which interchanges 
i and /. 

(2) The single factor (x,—.\f) which involves both / and 
j is changed in sign. 
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(3) The remaining factors will be of the type which will 
contain either Xi or Xi but not both. Such type of factors 
be grouped into pairs as 

(Xi—x k ) ( Xi-Xk ) when i < j < k. 
or as {Xi—xt) (x t -Xj) when i <k < j. 

or as [Xk-xi) {x k -xi) when k < i < j- 

All the above pairs remain unchanged with the inter¬ 
changing of i and j. Hence the net effect of transposition on 

A is to change its sign. 

Therefore the effect of permutation P on A is to produce 
(__i) r a if P is expressed as the product of r transpositions 
or to produce (-1)* A if P is expressed as the product of 5 
transpositions. 

Bul (_i)r A=(-l)'A or (-l) r =(-l)’. 

Above will hold only when both r and s are even or both 


odd. 

Definition. Even and odd permutations. 

A permutation is called even or odd according as it can be 
expressed as the product of an even number or of an odd num¬ 
ber of transpositions. (Meerut 68) 

Deduction 

(a) A cycle containing an odd number of sym¬ 
bols is an even permutation whereas a cycle containing an 

even number of symbols is an odd permutation. 

Cycle of length n=Product of (n-1) transpositions 

(P. 67). When n is even then n— 1 is odd and when n is odd 
then «—1 is even. 

• Cycle of length (even)=product of odd 

• * 3 transpositions. 


=odd permutation. 

Cycle of length (odd)=product of even 

transpositions 
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=Even permutation. 

(b) Identity permutation is always an even permutation. 

, I 12 3- 5 W 1 2 3 4 5 W 2 1 3 4 5 \ 

1 2 3 4 5 / \21 345 / \1 2345/ 

=(1 2) (2 1) 

^Product of two transpositions. 

I is an even permutation. 

(c) Product of two permutations is an even permutation 

if either both of them are even or both odd and the product 

is an odd permutation if one is odd and other is even. 

Since r+s=even when either both r and s are even or 

both are odd. 

r -f,s=odd when one of them is even and the 

other is odd. 

J>,=Product of r transpositions 
P,= Product of s transpositions 
/. P l P a =product of r+s transpositions etc. 

(d) The inverse of an even permutation is an even 
permutation and the inverse of an odd permutation is an odd 
permutation. 

pp-*=I and / is an even permutation by ( b ) 

By (c) above is possible if either both P and P' 1 are 
even or both odd. Since P is even therefore P -1 is also 


even. 

§ 10. To prove that of the n I permutations on n symbols , 


n ! , n 1 j. 

are even ana — are odd. 


(Luck. 69; Meerut 68) 


Let us suppose that out of n ! permutations E u E* t ...E r 
are r even permutations and O lt O^t -O, are odd permutations 
and because a permutation is either even or odd but not 
both so that r+s=n I 
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. 11 ■ 

To prove that r=s=—. 

Take t to be any transposition which itself is a pcrmuta- 
lion expressed as single transposition and as such r is an odd 
permutation and the multiplication of all the even permuta¬ 
tions by r will change them to odd and odd permutations to 

even. 

Thus r ft, f ft. I ft are r odd permutattons. 

and , 0„ 1 0% . ,t 0. are x even permutations. 

The above two sets of permutations will not have any 
permuUtion common since an odd pe,mu,at,on can no, be 

“ xsrsr- * - 

distinct for if not then let t Et-t Et =► Et Et y anc 
tion Law. 

H^we' conclude that of all the r odd permutations 

which are distinct I,, » ft.' & should be 

as the given 5 odd permutations O u in some different 

order. Similarly of all the J even permutations which are 

distinct U„ r Or,« ft.' be same aS ‘ hC g,ve " 

r even permutations E u E % , . E,. 

Hence we conclude that r =s but since r+s=n . 


n ! 

r ~ s ~~2 


Proved. 


Theorem. 8. To prove that the even permutations 

Proof: Closure property 

. . _ nHfl be two even permutations so that a and p 
Let a an d P * two * ;*“ and , transpositions where 
are expressible as the product of r and 5 v 
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both r and s will be even. Henee the product a oft is 
expressible as the product of r+s i.e. even transpositions 
and hence a o {J is also an eveD permutation. 

Note. This closure property will not hold good for the 


set of ~ odd permutations because when both r and s 


are odd then r-f$=evcn i.e. a o j3 will be an even permuta¬ 
tion when both a and 0 are odd permutations. 

Associative. Again we have already seen and can be 
shown as on P. 55 or 58 that permutation multiplication is 

associative. 


Identity. I is the identity permutation which we have 
shown on P 70 (b) to be an even permutation and as such it 
belongs to the set of even permutations. 

Also //=//=/. V/£ set 

Inverse. Again if/ be an even permutation then/ -1 is 
also an even permutation because ff ~ 1= I and I is also an even 
permutation and we know from (c) P. 70 that product of two 
permutations is an even permutation if either both are even 
or both odd. But/is even .*./ -1 is also even. Hence/ -1 is 
an even permutation. 


Therefore all the axioms of a group are satisfied. We 
have also shown that permutation multiplication is not com- 

n ! 

mutative and as such the above set of -r- even permutations 


is finite non abelian group : — 

Alternating group on n symbols : 


The above group of 



even permutations is called an 


alternating group on n symbols w.r.t. permutation multipli¬ 
cation. 
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Exercise 3 

Ex 1 Prove that the set A z consisting of three permuta * 
tions 1, (a, b. c), (a, a, b) on three symbols a, b e forms • 
finite abelian group w.r.t. permutation multiplication. 

Prepare a composition table. 

«‘.h ! 3 

, ..la c b\=( a b c \ 

and o 3 = ( a c b >\ c b a] \c a b ) 


OCj 0 


otg o a a 


iy ai u u-i— - - - ,, \ 

%-c: K ■ H *. 3 • c I •) 

■C ‘' 

-c: k::)-( 


b 


b 

c 

b 

b 

b 

c 

b 

a 


3-'“' 
3 • C 


C 

a 


a 

b 


.) 


= {* ° b \ = 
\c b a) 


la b c\ 
[c a bj 


(fl C fc )= a 3 


Similarly we can show that 

a 3 o a x =*a 3 , o «a-*i. «a 0 a » =a * 

Hence we have the following composition table 


0 1 

Oi 

02 

_o 3 

«1 

Ol 

aa 

a 3 

ota 

ota 

03 

Ol 

a« 

«3 

«1 

aa 


1 Frofluoi oi any iwu pwuiuuiHw——-o—~ » 

tion belonging to the set and hence closure property .s 
satisfied. 
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2. Composition is clearly associative because 

(dj o a 3 ) o a 3 =a 2 o d 3 —a 2 
aj o (a 2 0 a 3 ) = a 1 o (a,) = a 1 . 

3. a, is the identity element. 

4. Each element has inverse as is clear from the compo¬ 
sition table, e.g., a 1 “ 1 =a 1 d 2 _1 = d 3 a 3 _1 =a a . 

5. Since each row is identical with the corresponding 
column therefore the composition is commutative 


Hence the given set is a finite abelian group of order 3. 
Ex. 2. Prove that the four permutations, 

/, {ah), ( cd) and ah) ( cd) on four symbols a , b , e , d. 
form a finite abelian group n .r.t, permutation multiplication. 




M) M) 


. .. la b c d\ 

(ab) = \b a c dr*' 

(a b c d\ 

\a b d cj 

(a b c d\ 

-\b a d c] - * 1 


(<*/) 


say 


We shall prepare a composition table as under. 

<*! is identity permutation so that 
a, o a l =« ll a 4 o a 2 =a 2 o a 1 =d 3l d 3 o a 1 =a 1 o d 3 =a 3 , 


a 4 o a I = d l o a 4 = a 4 


or.g fl d 2 =(afr) 0 

£2 

c <A la 
c d) 0 [b 

6 

a 


6 

c d\ lb a 

c 

u 

a 

c d) \a b 

c 

(a 

6 

c d\ T 


“(« 


c d =/=I > 

• 


c <A 
c d) 
d 
d 
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a 2 o a 3 = 
a 2 o «4 


(ah) o ( cd)={ab) 3 0 

ta 6) o (ah) («/)=(*) (*) MMcd) 


= «3 


In the first a->& and in second 

in resultant. 

Similarly h-+a.™A a-*b 6-* h in resultant. 

Similarly a. « and «, « «.»M> 0 < a6 > (ci) 

= a 2 =a 1 o a 3 • 


O 1 

«i 

_«» 

a 3 

a 4 

«1 

«i 

a a 

a 3 

a 4 

a a 

a a 


a 4 

as 

«3 

<*3 

«4 

a l 

a a 

<*4 


as 

a 3 

«i 


with the composition taoiesu. - — 

. P d t ^ at they are identical and hence with the same 

P . 27 .29 we find that they w c ^ ^ ^ ^ giyen set constitu . 

“tesTfiniU abelian group w.r.t. permutation mult.phcatron. 

,, («,)-'=«.. (“a) _1==<X3 > (a ‘' ' , 

; , g ho w that the set of all permutations on three 

c i S a finite non abelian group w.r.t. P^murn- 
symbols a, o,c is a jn /Rpnares M. Sc 63 

L multiplication as compost„on. ^ ^ 

We can arrange the three letters a, 4. * » < he follow,ng 
six ways. 

6 c). (2) (a c *). (3) O’ a c) (4) (6 « fl >« 

...c * :: ;)- m 
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-e: n ; 3-<*‘« 


2 3-0') 

^ = { a l> a 2r 

We shall prepare a composition table as under 
is identity permutation 

aj o aj—oc lt a x o « 2 =a g ....,a, o a 6 =« 6 . 

; £)•(: ‘ 3-c; 3-C; 3 

-c 5 :)- 


a b c\_ 
fi c a 


«4 


--C;3-C")-CJK:3 


/a 6 c\ 

=U« 


«a o Oi = 


a /) 
a c b 

a b c 


a ( a C h \- [ a b c \- 

\c b a) \c b a) 


= a* 


>a b c\ 

°* 0 U c /,] ° t 



# 

1 


a b c _ 
c a bl~ <X6 


Similarly we can find other composite permutations and 
He have the following composition table 
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0 1 

a i 

«2 

a 3 

*4 

_a-, 

*G 

*1 

<*i 

a 2 

«3 

“4 

«5 

a,; 

«2 

a 2 

a i 

a l 

«3 


as 

a 3 

as 

a 5 

at 

*0 

7.0 

a 4 

a 4 

<*4 

a.; 

«2 

*S 

«i 

a .3 

*s 

a.» 

as 

<*6 

*1 

a 4 

jCo 

a.-. 

«c 


«5 

a 2 

®3 

a t 


Axioms of group 

I. Closure. All the composite permutations are again 
permutations which belong to set G which therefore is closed 
for the composition ‘multiplication of permutation’. 

Associative. We know that multiplication of permutations 
is always associative. Consider from the table. 

(a 2 o a 3 ) o a 4 = (a 4 o a 4 )=a 5 
a 2 o (a 3 o a 4 )=(«2 0 c O = a & 


row 


(a 2 o * 3 ) 0 a.i = «2 0 (*3 o a 4 ) 

Identity. Clearly «, is the identity permutation, 
as a,o « 5 =«s 0 «i = a 5 

Inverse. Since identity permutation a, is present in each 
of the table showing that the inverse exists. 

The inverse of a 4 is aj, of a 2 is a 2 of « 3 i s a 3. °f a »' s 


of 75 is <? 4 , o. oo is an. 

Rule. To find the inverse of say a& look to the row hea¬ 
ded by a 6 and see the identity clement a, then the element at 
the head of this column which is « 4 is the inverse ol c & from 

the table. 


Cf.5 0 r J\ — 7]—C 4 O 7-6 • 

Not Commutative. From the table. 7 2 0 7 3 = / 4 wnercas 
a 3 o as—as so that x 2 0 a 3 ^a 3 0 «2- 
Hence G finite non-abclian group of order 6 with res¬ 
pect to permutation multiplication. 
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§11. Integral powers of an element : 

Let G be a group with binary operation o (ordinary mul¬ 
tiplication) and a be any element of the group, then by 

general associative law the product a o a o a o a . ci to m 

factors is independent of the manner m which these factors 
be grouped. This product of in factors will be denoted 
by a m . 

Thus lor multiplication composition : 

(1) aoao a . a, m factors=a TO . 

Also we define 

(2) a°=e wnere e is the identity element. 

( 3 ) Again when in is a —ive integer say m = —n where 
n is -five integer then we define a m =a~ n =(a n )~ l and using 
this deflnion we shall prove that a”"=(a"' l ) n . 

Now a~*=(a n ) +l by def. = (fl o a o a . n factors) -1 

by def. 

= ((/ -1 o a~ l oa~ l . n factors) = (a -1 )". 

7 [a b c) - 1 =t -1 b~ l u~ l . Prop. 9 Page 49 

or a m —a~ n — (a n )~ l = [a~ l ) n where m=—n. 

Again for additive composition : 

U) . in factors — mu. 

Also we define. 

(2) o a =u (identity of additive group) where 0 on the 
left is the zero integer) 

( 3 ) when m is — ive say — n then 

ma——(na)-n (-<,). 

Hence we have defined both a’* and nm when in is 0 , -five 
or — ive integer : 

Laws of Indices. Multiplicative composition 

(/) a r o a' ^a r \ (//) a rl --[u r )\ V a 6 G and r, s £ / 
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Laws of multiples. Additive composition 

(m+n) a=ma-\-na, m ( na) = (nw) a, V a £ G, m, n £ / 

§ 12. Order of an element of a group. 

Definition. Let G be a group and a be any element of 
it. The order of this element a is defined as the Ieast4-ivc 
integer n such that a"=e. 

In case no such-\-ive integer n exists strh that a n c 
then we say that the element a is of infinite or of zero order. 

(K npur 69: M ?.*rut 70, B. H. U. 70; Gorakhpur 70; 

Lucknow 66, 67, 69; Marthwada 70; Raj. M. Sc, 69) 

Notation. The order of a is m is expressed as o ( a)=m . 
i.e. a m =e where ni is the least + ive integer satisfying the 
above, relation. 

For additive notation. We shall say ma = e in place of 
a m =e. 

The order of identity element. 

The order of identity element e of the group is 1 and 
in fact this is the only element of the group whose order is 1 
because if ay^e be an element of order 1 then a l =e by def. 
which is a contradiction. 

Cor. Let o (a) = m then a n ‘=e. Also if a 9 =e then 
m<.p as m is the least +ive integer such that a'"=e. 

Illustration. 

1. Consider the group (I, <o, o> 2 ) for multiplicative 
composition. 1 is the identity and its orJer is 1. Abo 

1 (identity). Therefore order of element «* is 3. Again 
( w 2)3 = ,««=! (identity). Therefore order of element or is 3 

as 3 is the least +ive integer such that («r) J =l. 

2. Again consider the multiplicative group consisting of 

four fourth roots of unity, i.e. (1,-1, ( Fa - 9 
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The identity is 1. Also (H l =U (—1) 2 =1, (0 4 = 1> 

(— 1 ) 4 = 1 . 

Hence the order of the elements 1,-1,/ and — i are 
1, 2, 4, 4 respectively. 

3. Again consider the cyclic group (To the discussed 
later) (a , a\ a\ a\ a\ a 8 ), where a*=e (identity). 

(a)«=e, (a 2 ) 3 =a n =e, (a 3 ) s =a°=e, (a*) 3 =a l -=e, 

( fl 5)«=fl3°=e, (a a ) l =a*=e. 

Hence the orders of the elements are respectively. 

6, 3, 2, 3, 6, 1 

4. Find the order of each of the element of group 

G={0, /, 2, J, 4, 5} [Ex. 25. P. 33J 

the composition being addition modulo 6. 

In additive notation the order of an element is that least 

-five integer m such that ma = e i 

Here 0 is the identity and its order is 1. 

Now 6 (l) = 6-0 under addition modulo 6 .*. o (l) = 6 

3 (2) = 6 = 0 lt „ „ :.o(2) = 3 

2 ( 3 ) = 6 = 0 „ „ „ oO) = 2 

3 ( 4 )= 12=0 „ „ „ :.o( 4)=3 

6 (5) = 30=0 „ „ o (5)=6 

5. Consider the infinite multiplicative group of non 
zero rational numbers. In this group the order ot 1 is l 
and of—I is 2 as (— l)- = l (identity). But the order of 
rest of the elements is infinite because tor any other element 
a there will not exist a least -j-ive integer n such that a n =e = l 
(identity). 

Hence we conclude that in an infinite group there may 
exist elements whose order is finite and the order of the r st 
be infinite. But in a finite group the order of each element 
is finite, as is proved in the following theorem, 
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§ 13. Certain Theorems on the order of an element of a 
gr ° U Theorem 9. The order of every element of a finite group 

IS ^Let G be a finite group and a be any element of it. Now 
consider all ihe+ive integral powers of a, i.e. 

Each one of fee" powers is again an element .of the 

integral powers’oTa cannot b^different.^ Henee we suppose 
that an element a*, where r; is greater tha^ p 
the element t e. tf-aP, 9 > P ° r j”' 

How fl *=a» *• a* a->'=a> a '» => «* 

putting another integer whtch is +ive. 

Thus there exist a +ive tntager r such that 

Now if o (a)—n then a"=e where by ^ abose 

definition n is the least positive integer satisfy = 
relation „ 

Since a'=e :'• " < r . or . 7-» is also finite and 
But 9 and p are both finite . • 9 P Hencc 

consequently /. being less than q-p is also fin t 
orderof every element of a finite «^ ^ a of 

Theorem in. The order of p or der of a‘ cannot 
a group cannot exceed the order of a, ■ - {U J MW „ 7 69) 

be greater than the order of a- bc an integral 

r:rrrsr + «'«» 

relations. 


How 


ri" = e. 
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Also ( a*) m =e where m is the least -five integer as m is 
the order of a*. 

Hence we conclude that n > m or m < n. In other 
words m the order of a* can not be greater than n the order 
of a. 

Theorem XI. The order of an element a of a group is the 
same as the order of its inverse element a~ l . 

(Lucknow 68; Meerut B. Sc. 68) 

Let n and m be the orders of a and a -1 , so that a n =e 
and (a~ l ) ,n =e. 

We shall show that n=m by establishing that n < m and 
m ^ n and both these results will imply that n=m. 

o ( a)=n => a n =e => [a n )~ l =e~ l => {a~ l ) n =e. 

But ( a~ 1 ) ,n =e where m is order of a' 1 
m < n (cor. P. 79) 

Again o (a~ l )=m => {a~ l ) m =e =$>■ {a m )~ 1 — e =>a"'—e. 

[V d~ l =e^d=e) 

But a n = e where n is the order of a 

n < m •••(2) 

Hence from I and 2 we conclude that m=n. 

Also if the order of a is infinite then the order a~ x can 
not be finite because if o(a~ 1 ) — finite =m say 
then (r/ _1 ) n, =c => (a"') _1 =-e => a m =e. 

and hence n ^ m or o (a) < m where m is finite or 
o {a) = finite which is a contradiction. Hence if o (a)=infimite 
then o (a~ x ) is also infinite. 

Theorem 12. If the element a\s of order », i.e. a n =e, 
then a'"=e ifj m=nq. (Lucknow 69) 

Now since a n =e, a m =e therefore m > n because n 
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being the order of a is the least+ive integer satisfying the 
relation a n =e. 

Let m=nq+r where 0 < r < n. 

Now a m =e => = * => (a n )ra r =e 

=> a r =e[’: a n =e ]. 

But this is not possible because r is less than « the 
order of a and we know that there can not be any integer 
r less thann such that a T =e. Hence r must be zero so that 


Again if m=nq \ then a"=a" = (n")’-e«=e. |V 
Hence a' n =e iff m=nq 

Theorem 13. The order of any element a of a group is 

the same as that of x- ax where x is any element of the 

(Gorakhpur 70) 

group. 

Let the order of element a be n , so that 

••• \ ' / 


a"=e. 


Now consider 

(,-1 fl x) s =(x-* ax) (X- ax) =x'‘ a (xx ‘> ax 


=x _1 aeax=x~ 1 a 2 x. 


In general we have 

( Y -i ax) n =x~ l a n x~x~ l ex by ( ! ) 

Hence n will be order of .x ” 1 ax if we show that n is the 
least +ive integer satisfying the above relation. 

Now if m is any other +ivc integer less than n then 
(x-‘ axr=x- 1 a ,n x^e 

because as /> is the order of a and there cannot be any 

other +ive integer m less than n such that a'"-e. 

Therefore n is the least -Hve integer such that 

(x ' 1 ax) n =e 
and hence its order is n. 
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Cor. Prove that order of ab and ba are the same. 

Now ab=b~ 1 (ba) b and as such by Theorem 13, i.e. 
orders of a and at 1 ax are same we conclude that the order 
of ab and ba are the same. 

Theorem 14. If a is of order n and p is prime to n then 
the order of a* is also n. 

Let us suppose that the order of a p is m, then by 
Theorem 10. 

m^n. ...(I) 

Again since p is prime to n there exists integers x and 
y such that 

px+ny= 1. 

a=-a** + ”’= a * x M nV =(a’)*.(a n )' f =(a 1 ’) x , 7 a n =e. 

Hence we have expressed a as a power of a p so that by 
Theorem 10, order of a is less than order of a v 
1 e > n < m. ...(2) 

From(l) and (2) we conclude that m-n, e.g. if the 

order of a be 3, i.e. cP =e, then the order of d 1 will also be 
3 because (a 7 ) :i =(a 3 ) 7 =e 7 =e. 

Exercise 4 

1. If G is a group of even order , prove that there 
exists an element a^e s.t, a 2 =e. 

The number of elements in G are even as it is of even 
order. Also in a group each element is inversfble and its 
inverse belongs to the set. Thus n elements and n inverses 
will make 2 n elements. Out of these n elements e~ x =e and 
thus we will have only 2//—1 elements which would mean 
that the group is of odd order. Hence there must exist at 
least one more element (In general odd elements) whose 
inverse is the element itself so that we have in all even 
number of elements. 


Groups 




Hence 


r l =a => a a~ 1= a a => e=a 


ncnw « M ** ~ — . 

2. Give an example of an infinite group each ele¬ 
ment of which is of finite order (Poona 70) 

Let(/={rtth roots of unity V n£ N } 

In other words elements of G are square roots, cube roots, 

fourth roots nth.roots of unity and so on. It is an 

infinite group with 1 as identity. If <■< be one of the elements 
then «.•-!, w 3 =l, »‘= I. »*■=>••• according as w is square 
root cube root, fourth root and so on of unity and clearly 
the order of «. is finite. But w is arbitrary and hence order 

of every element of the set is finite. 

3. Distinguish between the order of a group and 

order of an element of a group. 7#; 7Q) 

The order of a group stands for the number of elements 

in it whereas the order of an element a of a group C is 
least +ive integer « such that a"=e where « is the identity 

If the order of every element of a group (except the 
identity element) be two then the group ts abelian, 

If every element of a group is its mv« faver^C « 

Mi Z a and b be any two elements of a group of order 2 

SUCh No a w uWili again be an element of the group >therefore 
(ab f=e also and we have to show .that ab-ba t.e. 0 

8bell ( abf=e * (ab) =* “ W A=e 

=>a [a (ba ) b] b~aeb*(aa) ( ba) (bb)-ab _ = ^ 

(ba) b 2 =ab =*• e (6a) e=ab 
&ba=ab. 
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Hence G is abelian. 

Alternative Method. 

n 2 =e=> a.a=e^> cr 1 =a. ...(1) 

Similarly b 2 =e => b~ l =b. ...(2) 

Again abEG .*. (ab) 2 =e => ( ab)~ 1 =ab 
&b~ 1 a~ 1 =ab ba=ab =>■ G is abelian. 

5. If b~ x ar 1 ba=e V a, b £ G then the group G is 
abelian. 

b~ l oT x ba=e =* (6 -1 a -1 ) (6a)=e 

=> (b~ l a~ l )~ l ~ba V ab=e & a~ 1 =b. 

=» V (a6)-i=6“i a- 1 

=► ab=ba V (a~ 1 )“ 1 =a. 

Hence (? is an abelian group. 

6. Prove that (ab) 2 =a 2 b 2 o G is abelian where 
a, b EG. 

1st. Case, {ab^^a 2 }? to prove ab=ba i.e. G is abelian. 

(ab) 2 =a 2 b 2 => {ab) ( ab)=(aa ) ( bb ) 

=► a ( ba) b=a (ab) b by associative law. 

=> ba=ab by cancellation laws, 

Hence G is abelian. 

2nd Case. G is abelian i.e. ab=ba t to show that 
(ab) 2 =a 2 iP 

(ab) 2 =(ab) (ab)=a (ba) b=a (ab) b V ba=ab 

=(aa) (bb)=a 2 b 2 . Proved. 

7. a 2 =a => a~e V a G. G 

a 2 —a => aa=a => (aa) a~ 1 =aa~ 1 
=► a (aa~ l )=e => ae=e => a=e. 

8. Prove that if in a group the elements a and b. 
commute then 

(/) a l , b l , (//) a , b~ l , (Hi) a~ l , b also commute . 
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(i) Given aft = fta => (ab)~ 1 ={ba) 1 => b 1 a J —a 1 ft 1 
i.e. a~\ ft ' 1 commute. 

(//) aft=fta => ft -1 (aft) ft'^ft" 1 (6a) ft -1 

=> (6-M (bb~ l )=(b-'b) (aft" 1 ) 
z> (6 _1 a) <?=e (aft" 1 ) =► ft" 1 a=aft- 1 . 

/.e. a, ft -1 commute. 

(i/7) aft=fta => a" 1 (aft) a-^a -1 (fta) a -1 
=> (a- 1 a) (ft a- 1 )=(a" 1 ft) (a a" 1 ) 
o e (ft a" 1 ) = (a“ 1 ft) e o b a' 1 -a" 1 ft 


i.e. a -1 , ft commute. 

9. If a and ft are any elements of a group G then 
(ba ft" 1 )"=fta" ft -1 for any integer n. 

Case I. n=0 then (fta ft" 1 ) n =(fta ft" 1 ) 0 ^ by definition. 

Also fta" ft " 1 = fta 0 ft _1 =fte b~ l =bb~ 1 =e 

(ba ft -1 ) n = ft a" ft -1 

Case II. n > 0 (fta b~ x Y=ba ft~ 1= fta 1 ft ' 1 

Hence the result is true for n=l and let us suppose that 

result is true for n=p. 

i.e. (fta ft -1 ) p =ft a p ft * 1 

then (fta ft" 1 ) 1>+1 =(fta ft" 1 ) 11 (fta ft“ 1 )=(ft a’ ft" 1 ) (fta ft" 1 ). 

= ft a p (ft -1 ft) ab~ l =ba p ea ft 1 

= ft a p .a ft _1 =ft a pfl ft " 1 

Thus we observe that the result is true for n=p +1 also 
and it was found to be true for n=l. Therefore by induction 
the result holds good for all values of n which arc greater 


than zero. 

Case III. « < 0 say n=~m where m is +ive 
{b a b -i r =(b a ft- 1 )—=[(ft a ft- 1 )"*]- 1 =(ft b~*) 


~ l by 
case II 


«=(ft-i)-i (a m ) -1 ft" 1= ft a m ft l =b a n b l . 
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Hence ( b a b~ 1 ) n =b a n b~ x for all integral values of n. 

10. Prove that if G is an abelian group then for all 
a, b E G and for all integers n, [ab) n =a n b n . 

Case I. n=0 (ab)*=(ab)°—e. by definition. 

Also a n b n =a° b°=ee—e. .*. ( ab)*=a n tA 

Case II. n > 0 and G is abelian. 

( ab) l =ab=a 1 b l . i.e. the result holds good for n= 1 and 
let us suppose that it holds good for n=p so that {ab) v ~a v b v . 

Now (ab)*»=(ab)* [ab) = {a* 6*) {ab). 

( hv a ) b=aP (a A p ) b. V b*a=a b as G is abelian. 

~{a v a) (b v b)—a vM b** 1 . 

Hence the result is true for n=p+l and it was found to 
hold good for «=1. 

Therefore by induction result holds good for all +ive 
integers n. 


Case III. n < 0. Let — m when m is -five. 

(ab)*=(ab)~ m =[(ab) =[ fl » £«]-i by case II 

= (b m a m )- 1 v G is abelian i.e. a* b m =b m a m 
= b~ m =a n b n . 

Hence the result holds good for all values of n. 

11. If G is a group such that [ab) n =a n if for three 
consecutive integers n for all a, b in G, show that G is abelian 


yirjvvtui m. oc, lyoy) 

Let us choose the three consecutive integers to be p p+ 1 
P+2 so that (ab)*=a> b*>, (ab)*+'=a’» b *+» (ab)**J a »t h v*z 
Now (ab) m * 2 =(ab ) m+1 (ab) 

=> a m+z b n+ 2 =(a m+l b m+1 ) ( ab ) 

=> a m+1 (a b m+l ) b=a m+1 (b”>+* a) b 

=> a b m+ 1 =b m+1 a. by L and R. Cancellation Laws, 

=> a m (ab m+ ' 1 )—a m (b m+1 a) 

=> o m " rl b m n =a m b m ba 
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=► (ab) m+i = : a' A b m ( ba ) 

=> ( ab) m {ab) = {ab) m (ba) 

& ab=ba => G is an abelian group. 

Ex. 12. Prove that any group of elements 


less than or 


eaual to four must he abelian. 

(Allahabad 67; Delhi Hons. 69; Kanpur 69) 


If the group contains only one element then that must be 
Identity element e and it is clearly abelian. 

Now let the group contain two elements one of wh.ch 
must be e and let the other be a then fl e=ea=a and hence 

Is abelian. 

Again let e. a s b be the only three elements of the group. 

We shall form the composition table. 

e.e=e, e.a=a=a.e, e.b=b-b.e. 



Let US fill in all the enters written above, weta« W 

fi ” ^ ^i.^ shomd be distinct and 

each column of thecompos^^ ^ ^ ^ ^ ? be 

because ^in "hat case column no. 3 will have two elements 
same and hence q*b »=« and hence p-b 
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Each row is identical with corresponding column and as 
such the group is abelian. 

Now consider the group of order 4 say G= { e , a, b, c } 

We know that inverse of e is e and the group being 
of even order therefore by Q. 1 there must be an element say 
a which should be its own inverse i.e a=a~ 1 and a 2 —aa~ y =e 
and in this case the remaining two elements b and c could be 
such that either b~ 1 =b, or c -1 =c i.e.b 2 =bb~ 1 =e > or c 2 =cc~ 1 —e 
and hence each element except the identity is of order 2 or 
we can say that each element is its own inverse and hence by 
Ex. 1. P. 84 the group is abelian. 

The second possibility is that b~ 1 =c and c~ 1 =b> 

then bc=bb~ i =e i cb~c c~*=e. Also a 2 =a * a—e. 

Now let us form the composition table with the known data. 

i.e. e. e=e> e ' a=a, e ' b=b , e * c=c\ a'e=a , a.a=e\ 

b.e=b t b.c=e ; c.e=c t c.b—e 
. | e a b c 


e 

e a b c 

a 

a e p q 

b 

b r s e 

c 

c t e u 


We have to find out the unknown elements p, q , r, j, /, w. 
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Keep in view that each row or each column should con¬ 
tain four distinct elements. 

Now a.b=b or c, but if a.b=b it would mean that a=c 
which is not true hence a.b=c so that p=c and hence q=b 
Kowb.a=coTabutifb.a = a then b=e wh.ch is not 
true and hence b.a=c so that r=c and hence s-a. 

Therefore t=b as second column should have all the ele¬ 
ments distinct and u=0 as the fourth row should have all the 

elements distinct. 

Therefore the composition table novv is as shown e ow 

I e a b _ c 

a 1 P d b C 


C ' t. ^ 

Since each row is identical with the corresponding 
Column hence the composition is commutative. 

S14 General law of commutatirlty of the elements of a 
I 14. Genera. (Pun j ab 70 ; Meerut 70) 

® r0U * > r n n a n is any system of n ele- 

If in any group G,a u a i} -> y 

ments commutative in pairs and 

(\ 2 3 n \ 

U h i* - in} 

is any permutation of the set of n objects then 

01 o% 0 a ... ° n '~ a i i a i % °h b* 

o. p»r "i.»; - “ t'*.-. 

The given theorem holds good f theorcm holds 

ments commutative in pa.rs). Suppose 
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good for the products of «— 1 or less elements. Then the 
following two cases arise. 

Case. I. If i„=n then 

fli a 2 ... a„=(a l a 2 ... a„-x) a n by associative property 
= ifl . fl. ... o, ) fl. i» n /a 

*1 1% In -1 In 

and also because by assumption the law holds good for n— 1 
or less elements. 

—a. a. ... a. a. by associative law. 

/l h Jfi-i 

Case II. If i„=k where k<n then 

fll 0 2 ... Clic-i at Ok +1 ••• o n 

— (aI 0% ... Qk-l) (Ok Ok+l • On) 

=( 0 x 02 ... Ok~ i) Ok (Ok+i ... On) Associative 
= [ox a % ... Ok- 1 ) (Ok+i ••• On) Ok by assumption 

= [(3i Ca — Ok-x) (Ok+\ ... Ofl)] Ok 
= 0 2 ... Ok -1 Ok+l a n) Ok 

= {a. a. ... a. ) a 
h It In -1 l n 

= • A. ••• A, 

^ *« 

Hence the theorem is true by induction. 

§ 15. One-one-onto mapping preserving group compost* 
lions 

Introduction. 

Let G and G' be two groups and / be a mapping /: G->G\ 
One one mapping. 

The mapping/is said to be one-one if different elements 
of G have different f images in G' 
i.e. f (x)^f (. y ) =» x=fcy 

or f(x)=‘f(y)*x=y. 

Onto mapping. 

The mapping / is said to be onto if every element of G' is 
the / image of certain element of G. In other words if corres* 
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ponding to every element a of G' 3 an element a EG such 
that / (a)=a'. 

Mapping preserving group composition. 

We shall illustrate this by the following example. 

L e tG=(/, +),>. the set of all integers with additive 

’ r _( _-> _• _| o 12, 3 ..} and 

composition i e. G —1 • —3, , '» . 

C , = {2 fl :< 7 =0, i I, ± 2, ±3..} with multiplication com¬ 
position. _ c . 

Let/be a mapping from G to G i.e.f: ee ne 

by / (a) = 2° V a G (7. 

r is one-one f(a)=f<b) =» 2«=2‘ => o=A 
f is onto. Let y E <? *■ y=2«=/(«) where a E G~ 

Thus for each element y in G'3 an element «£C s.t. y-f(«) 

Hence/ is onto. . , , r 

Again a+bE G and/(«)=2“ and/(A) = 2» by defim- 

t * n ofy 

• y( a ^./,) = 2 0+& by def. = 2 a .2 & =/(«)./( / ’) 

ie f -image of the sum of two elements of G goes to the 
product of their /images in G\ the mapping/preserves 
the compositions in the two groups which are addition an 

multiplication. 

Here the two groups were having different compositions. 
They may have the same compositions as well. 

if we choose G'={ma : «=0, ±1, ±2, ±3-) "“h 

additive composition. 

/: G-*G' defined by f(a)=ma V a G O. 

then fis clearly one-one and onto mapping. 

Now a + b E G and f(a)=ma and f(b)-mb. 

/(<,+*) =m (a+A)-'»«+'«* by dlstrlbut ' v0 laiv 

the image oT^mtf So element, of G is sum of the 
images of the two elements U. mapping / preserves 
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compositions in the two groups which are both additive 
groups. 

§ 16. Isomorphism of groups. 

(Allahabad 68; Meerut 68, 69; Lucknow 68,69; B.H.U. 70) 

Definitions. Let G a-id G' be two groups with binary com¬ 
positions denoted as o and o' respectively. If there exists a 
one-one mapping f of G onto G' such that 

f (a o b) —f (a) o' f(b) V a, b £ G. ...(1) 

then h’<? say that the group G is isomorphic to group G' and is 
denoted as G^G'. 

The mapping / is said to be an isomorphic mapping or 
simply an isomorphism of G onto G'. (Meerut 68) 

We may as usual write the condition (I) by using simply 
the multiplicative notation as 

f {ab)=f (a)f(b). ...(2) 

The condition (I) emphasizes that the mapping/preser¬ 
ves the group compositions. 

In multiplicative notation it says that image of poduct — 
product of images and in additive notation it says that image 
of sum=sum of images. 

Let a, l\ c £ G and their corresponding images in G' be 

a\ b\ c' i.e.f{a)=a',f(b)=b'J (c)=c'. 

Now if ab=c then / (ah —f(c) 
or f(a)f(b)=f(c) by (2) or a'b'=c' 

i c. each relation between elements of G is carried over to 
a similar relation between elements of G'. 

Isomorphism. A one-one onto mapping preserving group 
composition is called an isomorphism. 

Note. If Gg?G' then there may exist more than one 
omorphism of G onto G'. Further if G is a finite group then 
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G' should also be finite having the same number of elements 
as in G otherwise the mapping/: G-*G' will not be one-one 
and onto. 

Exercise 5 


1. G=(r,+) 

G' = { 2° : a G /} with multiplicative composition. 

We have already shown on P 93 that the mapping f.G-+G' 
dehned by /(a) = 2° is one-one-onto and preserves group 
composition and hence G is isomorphic to G i.e. G^zG 

2. G-(I, + ) 

G' = (ma : a G /) with additive composition. . 

We have already shown on P. 93 that G^G . 

3. G = {set R + of -hive real numbers} with multiplication 

as its comosition. 

0'={set R of real numbers) with additive compose 


f : G-+G' defined by f (x) = I os x. x G G. 

To show that f is an isomorphism and hence GzzG . 

In order to show that/is an isomorphism we have to 
show that/is one-one onto and preserves group composi¬ 
tions. 

f is one-one 

Let -x, y EG i.e. R + then 

f(x)=f(y) => log x = log v=* *-r 

and hence /is one-one mapping. 


For onto we have to show that each element beloneing 

to G' i.e. R is the/image of some element £ Gre. < • 

Let z G G' and we will show that it is i t / 
some -five real number belonging to G. 
real number and as such G G 


Now c y is a -\- ive 
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f(e*) =log ( e *) by definition of/ 

—— T 

Thus 2 E Gis the /image of e* G G. Hence the mapping 
is onto. 

Again let x,y E G so that xy EG. 

Also /(.*)=log -y and / O’) =v 
/ (at) = log (at) = log .Y f log y = f (a-) +/ O’). 

Thus the mapping / preserves the group compositions. 
Hence it is an isomorphism and the two groups are isomor¬ 
phic i.e. G ^ G' 

Ex. 4. G={set R of real numberss } with additive compo¬ 
sition. 

G = {set R* of -f ive real numbers) with multipli¬ 
cative composition. 

Show that f: G ->G' defined by J (x)=e\ x E G is an 
isomorphism (Gujarat M. Sc. 70; Delhi 70; Meerut 68, 69) 

The mapping / is one-one because 
/(*)=/O’) => e x =e’=> x—y 
Also /is onto also because corresponding to each -five 
real number z £ G' there exists a real number log r G G 

such that 

/(log z)~e 109 *=z. 

Thus z EG' is the/image of some real number log r 
£ G. Hence the mapping is onto. 

Again let a\ v EG so that x-\-y E G. 

Also / (.v)=e x and f(y) = e v . 

/ (.v-fT)= e x+y =e x .e* =/(.y)/O’). 

Thus the mapping/preserves the group compositions. 
Hence/is an isomorphism and the two groups are isomorphic 
i.e., G a* G'. 

Ex . 5. Prove that thset of all complex numbers under 
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addition is a group which is isomorphic to itself under the 
identity mapping as well as under the mapping which takes 
every number into its conjugate. 

Let f: C -* C : f (z)=z V zG C 

ie.,f is an identity mapping which is clearly one-one and 
onto. 

Again f(z t -f z t )=Zi+z t =/(zi) +/(z*) by def. off. 

Hence the mapping/preserves group composition and 
hence is an isomorphism from C to C. C = 

Let g: C->C :f (z) = 2 VzGC 
If Zi=A'i + />i, zr 2 =X’ 8 +/y 2 E C then 

g (zi)=g (z a ) =* 3 i= 3? 2 => ■Vi-/> 1 =.v 1! —/>, => a,=.y 8 

and => Z\—Zi. 

Hence g is one-one. It is also onto. 

Again g (Zi+z 2 )==(r 1 + r 2 ") = -»+ 3 2 =g (=i)+g (z*) by def. 

of g. 

Thus the mapping g preserves group compositions and 
hence is an isomorphism from C to C, C ^ C. 

6. Prove that the group ; 

G—{Iy—l t i,—i} with multiplicative composition is 
isomorphic to the group. 

Gi=\0, 1, 2, 3) with addition modulo 4 as composition. 

(Raj. M. Sc. 69) 

It should be understood that only elements of equal order 
can be mapped on each other through an isomorphic mapp¬ 
ing. . 

Here the orders of elements 1, —1, /, — / are respectively, 

1,2,4, 4 [a»=e] 

whereas the orders of 0, I, 2, 3 of <7 under addition modulo 

4 composition arc 1,4, 2, 4. 

Hence we define a mapping/: G -> G' such that 
/ (D=0,./(-l)=2,y (/) = !,/(—0=3. 
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Clearly the mapping is one-one and onto. 

Again (/) (—/)=-,*2 = i. 

/(/.-/)=/(l)=0=H-3=/(/)+/(-/) 

+4 

‘■ e -> f(xy)=f(x)+f(y). 

Thus the capping f preserves group composition and 
hence it is an isomorphism and therefore G = G'. 

Note We could define the mapping/as under also 
/(!)=0,/(—1)=2,/(/)=3,/(—i)=l 
and arguing as above we can show that/ is an isomorphism. 
7. If G={1, — 7, /, — /} with multiplication as 

composition 

G'={set of residue classes mod 4} 

composition as addition of residue classes, 
show that ; G is isomorphic to G\ 

^'={{0}, {!}, {2}, {3}}. 

{ 0 }=set of all those integers which are congruent to 
0 modulo 4 

ie - *—°=4k V k € / A {0}=...-12, - 8 , -4, 0 4, 8 , 12... 
{l}=set of all those Integers which are congruent to 1 
modulo 4 i.e., x-l=4k V k G / 

i.e.y all those numbers which when divided by 4 leave 
a remainder 1 , 

• * -7, -3, 1,5,9, 13. 

Similarly { 2 } =.-10, -6, -2, 2, 6 , 10, 14. 

{3}=.-9, -5, -1, 3, 7, 11, 15. 

Also fr I }-(-{r 2 }=| ri t r j 

.*. {2R{3} = J 2 +:^={1} 

{!} +{33 = |*"t 4 j = { 0 } etc. 







Groups 


99 


Just as in last example we define a mapping/as under 
keeping in view that elements of equal order can be mapped 
on to each other through an isomorphism 

/0)={0}, /(—1) = {2),/(/) = {!},/(—<) = {3} 

The above mapping is evidently one-one onto. 

Again i.—i=—i 2 = 1 

/(/.—/)=/(l)={0}={l}+{3}=/(/)+/(—/> 

/.<?., / (xy)=f (*)+/(>’) ,he mapping preserves 

the group compositions and hence it is an isomorphism. 
Therefore G^lG'. 

8. Prove that the multiplicative group G consisting 
of three cube roots of unity /.<?., 7, u\ w* is isomorphic to 
group G’ of residue classes mod (3) under addition of residue 

classes. 

Define a mapping f:G-+G' such that 
/ (I) = {0}, / (w) ={1}, / (w*)=(2) etc. 

9. Show that the group : 

G={0 , 1, 2, 3} Addition modulo 4. 

is isomorphic to the group. 

C' = {/, 2, 3, 4\ multiplication modulo 5. 

order of 1 in G is 4 1 +1 + 1 +1 =4=-0=identity 

+4 

order of 2 in C is 4 2 . 2 . 2 . 2 = 1 6 = 1 = identity 

X 5 

order of 2 in G is 2 2-K2~4—0 

order of 4 in G' is 2 7 4x4=16=1 

X5 

order of 3 in G is 4 *.* 3 + 3 -f 3 + 3=j2=0. 

order of 3 in G' is 4 7 3x x 3x3=81 = 1 

X*» 
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Hence we define a mapping/: G -> G' such that 
/(0)=l,/(l)=2,/(2)=4,/(3) =3. 

This is done so as we know that the elements of same 
order are mapped on to each other through an isomorphism. 
The mapping is clearly one-one onto. 

2+3=5=! 

+4 

.*• /(2+3)=/(5)=/(l)=2=4.3=/(2)./(3) 

+4 X5 

i-e, f(x+y)=f{x). f(y). 

+4 XS 

i.e., the mapping preserves the group compositions. G^G' 

Note. We could also define the mapping / as under 
keeping in mind that elements of same order are mapped on 
to each other. 

/(0) = l,/(l)=3,/(2)=4,/(3)=2, 

Here /(2+3)=/(5)=/(l)=3=4.2=/(2)./(3) 

"*"4 X5 

i.e., f (x-\-y)=f{ x ) .f (y). 

10. Show that the multiplicative group 

[l, -1, i, -/] 

is isomorphic to permutation group. 

{/, (a b c d), (ac) (bd), {a d c b)} 

on symbols a, b, c, d with product of permutations as group 
composition. (B> H> u> 70) 

The order of elements in the first group are as under 

o (1) = 1, o (—1)=2, o (/)=4, o (-0 = 4. 
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Clearly order of /= 1 so we define/such that / (1) 

bed 
c d 

b c d\la b 


=/...! 


Again (a b c 


M; 


3 


• • 


(a b c d)' 


% • 


{a b c d) 


fe • 


(a b 


-c 

-c 
-c 
=(: 
=(: 
-c 

«*-G 
=( 
-c 

order of (a 6 c 
f(i)=(a b 

Again ( ac) (bd)=^ c 
[(fle) (bd) ] 2 =^ 

-c 

-t 


c d 
b c 


a 

d 


c 

b 

d 

b 

d 

b 

d 

b 

a 

b 

a 

b 

a 

b 

b 


d 

c 

a 

c 

a 

c 

a 

c 

b 

c 

b 

c 

b 

c 

c 


X 
) 


a/\b 

i 

3 

x 


c 

c 

d 


c 

d 

d 

a 


d 

a 

a 

b 


t 
i 


b 

c 

d 

a 


c 

d 

a 

b 


dt 

a 

b" 


b 

c 


c 

d 

b 

c 


d' 

a 


c 

d, 


• • 


d\(d a 
cj\a b 

d 

d, 

d) is 4, so we define that 
c d) 


• \ 
;)- 


% • 


a 

a 


c 

a 

b 

d 

b 

d 

b 

b 


b 

d 

c 

a 

c 

a 

c 

c 


n 
x 

)C 


bed 
dab 


) 


d 

b 

d 


b 

d 

d 

b 


c 

a 

a 

c 


3 

3 


= / 


.. ( 2 ) 
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order of ( ac) ( bd) is 2 and so we define that 

/(—l)=(ac) {bd). —(3) 

It can be verified that order of (a d c b) is 4. 
so that / (-/)=(fl deb) ...(4) 

Hence f: G -*■ G' such that 

/<!)_/-(« J c c J 

/(,')=(<: * c d)-(j J £ J 

/M) . W («,-(»<; 3 

/(-,•)=(« rf C i)=(j d c l 3 

Evidently the mapping is one-one onto : 

Again r=l. 


/(/.—0=/(l)=/=|* J 

Again /(/)./(-/)=» (£ ^ ^ 

/a 6 c 
\6 c d 


la b c 
\a b c 




Thus f {xy) =f (x) f (y) ana hence it preserves group 
compositions. Hence G^G' 

you can choose any two elements "of G and show that 

f[x.y)=f(x).f(y). 

11. Show that the permutation group 

G={I, [a b c d),(ac).{bd),{a d c b)} 

with multiplication of permutation as the composition is iso* 
morphic to the group. 
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G'~{1, 5, 7, 9) wiZ/i multiplications modulo 10 as 


com - 


o (3) is 4 because 3 4 =81-1 


position. 

As shown in last example the orders of the var.ous per- 
mutations are 1* 4 > 2 > 4 * 

Again order of elements in the second group are as 
under. 

o( 1)=1, 

( 7) = 4 •/ 7 4 = 1 under multiplication modulo 10 

o (9)__2 •• 92=81 = 1 under multiplication modulo 10. 

Keeping in mind that elements of the same order are 
mapped on to each other through an isomorphism we def.n 
a mapping/*- G G' such that 

/•(/) = !, f[[a b c < i)]=3,/l(«c).(W)] = 9 
f[{a d c b) ]=7. 

Now (a b c dio [(ar) o {b,l)} 

' c b 

a d 

c d\ n lb 
d a)° U 
c d\_(a 
b cr\d 

c b). 

d).{(ac).{bd)}] 

=/ (a d c b) = 7. 

... j\ th/tW= 39=7 

Also 


a 

h 


-c 

={a 

f[(a b 


c 

b 

c 

b 

c 

b 

a 

d 


3 O C Ul v / - 

3 - C 


C 

a 

d 

c 


d 

b 

c 

b 


d' 
I) 

°) 

cj 

b' 

a 


f(a b c </)./{(ac).(M)}=3;9 


... /(*,)=/(x)J {?)■ Hence the mapping preserves 

group compositions 



104 


Morden Algebra-1 


Also o (/)== 1, o (a b c)=3, o (a, c, b)=3 

12. Prove that the group 

G=\I t to, to 2 } under multiplicative composition is isomor¬ 
phic to the permutation group. 

G ={/, (a b c), (a c £)} under multiplication of permuta¬ 
tion as the composition. 

o (1)—1, o (to)=3, o (co 2 )=3 
Define f:G-*G' such that 

f (oj)=(a b c) t f (to 2 =(a c b). 

13 . If G={0, 1, 2, 3, 4} +5 

and G' is the cyclic group {a, a 2 , a 3 , a 4 , a s =e) 

Show that the mapping f: G^G f such that f[n)—a n Vn £ G 

is an isomorphism of G onto G'. 

/(3+4)=/ (2)=a 2 . 

f (3)-f [4)=a 3 .a*=a 7 =a*’a-=a 2 V a s =e 
f(x+y)=f(*) .f(y) etc. 

14 . Prove that the following groups are isomorphic 

G=[{z:U6 C}, *] 

<?'=[{0, 1, 2, 3, 4, 5}, -f 6] 

The elements of G are given by 

2^(l)i/e = ( CO s2wr+/sin 2 wr)i/« 

or 2 = ^cos -f / sin = 

where n=0 , 1; 2, 3, 4, 5 
.\ z'=e°=l, Zi =e**P z 3 =e*'*/*, z 4 =e*‘=- 1 , 

Z 6 = C- 4t< ' 3 , Z 6 = e 5T</3 

Now we shall find the order of the various elements in 
the two groups. 

For group G . 

0(2,)= 1, 0 (2o)=6 V z 2 n =e 2v< =l = Identity 
o (2 3 )=3, o (zt)=2 f o (z 5 ) = 3, o (z 6 ) = 6 

For group G'. 

Order of element in group G' the composition being 
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addition modulo 6. 

o (0) = 1, o (1)=6 V 6 (l)=6=0=identity 

+6 

o (2)=3, o (3)=2, o (4)=3, o (5) = 6. 

Keeping in view that elements of same order are mapped 
on to each other through an isomorphism, we define a mapp¬ 
ing/: G -> G' as under. 

/ (*i)= 0, / (z 2 ) = 1, /(z 8 )= 2, / (z 4 )=3, / (z 6 ) = 4, /(zc) = 5 • 

The mapping is clearly one-one onto. 

Now we shall verify whether this mapping preserves 

group compositions or not. 

Let us choose any two element say z 2 and z f . 

Then Za .Zs=e'“ 3 .e"“ 3 =eS'« 3 =Zc. 

/ (z 2 . z b) ~f ( z o) = ^ = H" 4 =/ ( z a^ "h/* ( z &)- 
Hence / preserves group compositions which therefore is 

an isomorphism G s G . 

15. Prove that the group G=\f it /a,/a»/il com ~ 

posite compositions where 

/, (z)=z,/ 2 (z)" z, (z) = l/z,/i (z) = -l/z, 

isomorphic to the group 

G' = {a u ° 3 , 

w/rere a/ are //re permutations 

Oj = /, <J a =(^)» = («/), =(<*&) (“/). 

In groups,/! is the identity transformation and its order 
is 1. 

Also /a 2 (z)=/a/ 2 (z)=/a (-z)=Z=Z=/i (z) 

/. /a 2 = /i = identity. 

Hence order of/ 2 =2. Similarly we can show that the 
orders of/ 3 and/ 4 are each two. 

Again in G\ is the identity permutation and its order 

is 1. 
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We may verify that order of each of the remaining permu¬ 
tations is 2. 

We know that elements of same order are mapped on to 
each other through an isomorphism and as such we de6ne a 
mapping. <t> : G -* G' 

such that <f> (/i)=<?i, <f> ifi)= c 2 , 4* (/a)= CT 8» 4> (A) =<J v 

This mapping is clearly one-one onto. Let us verify if it 
preserves group composition or not. 

fzf* (*)«=/. (l/*)=-l /*=/ 4 (*) .% AA=A- 

4> (fA)=4> (A)=°i=(ob) (cd)=G z a z =4 > (A) * 4> (A)- 

Hence group compositions are preserved. 

Note. If we form the composition table for the two groups 
as under 

For G For G' 


1 

A A A A 

0 

(J x <t 2 ff 4 

A 

A A A A 

°! 

a i a 3 a 4 

A 

A f A A 

a 2 

a 2 a 4 a 3 

A 

A A A A 


<*3 ^1 ^3 

A 

A A A A 

<*4 

^4 a s ^2 


We observe from above that if we replace A* Ay Ay A 

the table for G by a lt a 2 , <r 3 , a 4 respectively we get the com* 
plete composition table for G'. < 

i.e. 4>[AA\ == 4> (A)=v*= c 3 c t = 4> (A) 4> (A) 

Hence the mapping preserves the group composition 
in G and G'. 

16 Prove that every group of order 2 is isomorphic 

to every other group of order 2 . In other words abstractly 

speakingy there exists only one group of order 2. Prove the 
same result for groups of order 3. 

G={(ay b), o] 
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Since G is a group, one of the elements say a must be 
identity. Hence we have the following composition table 
for the operator o. Keep in mind that in the composition table 
for a group, each element of the groupoccurs only once in 
any row or column. Also p o e=e o p=p V p € G. 

n \ a b o I a b 


ah a a o 

% 

b b X b b a 

We have filled in three places because a is identity. The 
fourth place is filled by keeping in mind the observation 

made above. 

Now consider two groups. 

(G u 0i)={( fl i> °j)» (G* . 02 ) = ((<*2, ' 2 )’ 

We have the following composition tables. 



If we define f \G i~* ^2 suc h that 
f(a i)=a t f(b l )=b i 

Then clearly / is one-one onto. 

Also / (< 7 , 0 ! w =/ (W =b,=a, 0 , b,=f (fli) O , / (M 
Thus the mapping / preserves the group compositions 
and hence / is an isomorphis i.e. G x = ^a- 
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Composition table for G={(a, b> c), o} where a is 
identity. 

o . a b c 

i 



Now b o b^b as b already occurs in 2nd row. 

Also b o h^a because then as b o c will be c which will 
not be possible as c already occurs in 3rd column. 

b o b=c P=c and naturally b o c=a=Q 

Having found P—c we can say R=a from column 2 
and as Q=a we can say S=b from column no. 3 



Rest is as above. 

§17. Important properties of isomorphic mappings. 

If the mapping f :G -+G' is isomorphic then 
(0 Identities correspond i.e. t if e is the identity of G 
then f {e)=e' is identity of G' i.e., image of the 
identity ofG is the identity of G'. 

(Meerut M. Sc. 67; Alld. 65, 68, 70; B, H. U. 65; 

Kanpur 70: Luck. 68) 
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(/<) Inverses correspond /.<?., the image of the inverse 
of an element of G is the inverse of the image of 

that element i.e.,f (a~ 1 ) = [J (a)]” 1 - 

(Kanpur 70; B. H. U. 65; Luck. 1 8; Meerut M. Sc. 68; 

Alld. 65; 68, 70) 


{Hi) The order of an element and its image are the 
same i e . o (a) = o [f {a)]. 

Proof. Since / is one-one onto mapping therefore 
corresponding to any element a E G' 3 an element a E G 
such that/(rt)= a'. 

If e be the identity of G then/(*)-<? say G . we 
shall show that c is the identity o! G . 

Now ae=a because e is identity of G 

f(ae) =/ (a) 

or / {a) /(<?)=/ (a) 7 / is an isomorphic mapping 


Similarly ea=a f(ea)=f(a) 

f{e)f{a)=f{a) or e'.a'=a' 

Hence from (1) and 2, we get 

a' e'- e a'—e' V a' EG' 

Hence by definition e' is identity of G' 

But e'=f (e) = identity of G' 

or Image of tbe identity of G=identity of G' 


(//) Let a E G and a~ l be the inverse of a , 

so that a a~ x =e and a~ l a=e V a E G. 

/. f(aa-')=f{e) or /(a)/(a" , )=^ where e' is 

identity of G'. 


Also or f ia~') f (a)=c' 

From above we conclude that inverse of/ (a) is f(a ) 

i.e. y [f[a)r=f((T') 

or image of inverse of an element of G 
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i.e.y f ( a x ) = Inverse of the image of that element 

i.e., [f (fl)P 

(Hi) Let n be the order of a £ G so that a n =e 
where n is the least -five integer satisfying this relation and 
we have to show that the order of its image / (a) is also n 
i.e. [f (a)] n =e\ 

Now a n =e => f(a n )=f(e)=e' say where e' is the identity 
of G'. 

or / (a . a . a .... n times) = e 

or f (a) ./ (a) .f(a)... . n times=e' by def. of/ 

or [f(a)Y=e' 

Hence the order of / (a) is less than or equal to n. 

Let us suppose that m is the order of / (a) where m < n 
so that [/ (a)] m =f (e) 

or / (a) ./ (a). m times=/ (e) 

or f(a .a . a . m times) =/ (e) by def. of / 

or f(a m )=f(e)^> cf'—e 

where m < n but this contradicts the definition of order of 
a being where n is the least 4-ive integer such that a n =e. 
Hence there can not be any other integer m less than n such 
than a m =e. 

Therefore m—n. 

or order of f (a) = order of a, 

or order of the image of an element —order of that element 
Theorem. 15. The relation of isomorphism in the set of 
all groups is an equivalence relation. 

(Agra 70; Punjab 70; Gorakhpur 70; Luekhnow 68; 

Meerut B. Sc. 68. 69; M. Sc. 69) 
Let Gj, G 2 , G 3> .. be the elements of the set of groups. 
In order to prove that the relation of isomorphism is an equi¬ 
valence relation we have to show that it is reflexive, symmetric 
and transitive 
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1. Reflexive. To prove that Gi ^ G t . This is clearly 
true because there exists an identity mapping / : G x -+ G x which 
is one-one onto and preserves group compositions and hence 
is an isomorphism. 

2. Symmetric. If G x = G z then <7« ^ G x i.e. we h ave 
to show that there exists a one-one onto mapping from G 2 to 
G x preserving group compositions. 

As G x ^ G z therefore there exists a one-one onto map¬ 
ping/: G\ —>G 2 . which is an isomorphism. Since/is one-one 
onto therefore there exists a mapping / -1 : G 2 -+G x > which is 
also one-one onto. 

Now we have to show that this mapping/ -1 is an isomor¬ 
phism, i.e. it preserves group compositions. For this we have 
to show that if a 2 . b,. be any elements of G» then 

f-i (a s lh)=f~ 1 (<7 2 ) ./ -1 (bo). ...(1) 

Let f~ l (a 2 )=a l and f~ l (h .)=--/>,. where a 2% b 2 G G* 

and a u b x £ G y . 

f (a x ^=a 2 and / (b x )=b 2 . 

Now r l (at bo) =/ -1 f f(a x ) fib,)) •• (2) 

=/-'[/ (a x ft,)] 

V / is an isomorphic mapping 

= 0, ft,*/ -1 (a % ) .n 

Hence we prove the relation (1) showing thereby that 
f~ x is an isomorphic mapping from G t to G x . 

3. Transitive. Let G u G z , G 3 be any three groups such 
that G t ^ G 3 , i.e. there exists an isomorphic mapping 

f : G, -*■ G 2 

and G 2 ^ Ga , i.e. there exists an isomorphic mapping 

g:G 2 -*Ga. 

To show that <7, ss Ga i.e. there exists an isomorphic 
mapping from G x to (7 a . 



112 


Modern Algebra-1 


Since both/and g are one-one onto mappings therefore 
the resultant mapping gf is also one-one onto i.e. 

gf-Gi Ga¬ 

in order to show that gf is an isomorphic mapping we 
have to establish that 

(gf) (a b) = (gf) a . (g f) b ...( 1 ) 

a, b E C, 

Now (gf) (a b)=g\f (a b))=g(f(a) .f(b)) 

/ is an isomorphism 

=g\f(a)).g[fm 

Y g is an isomorphism 
= (gf) a . (gf) b. 

Thus the relation (1) is proved and as such the resultant 
mapping g f is also an isomorphic mapping. 

.*. G x s <7 3 . 

.. Gi = G a and G% s ^ Gi ^ Gz 

Hence the relation of isomorphism in the set of all groups 
is an equivalence relation. 

Note. We can now say that the set of all groups is 
partitioned into mutually disjoint classes, such that any 
two groups belonging to the same class are isomorphic to each 

other whereas the groups belonging to different classes are 
not isomorphic. 

In an equivalence classes, one member of a class charac¬ 
terises the whole class so far as the group properties are con¬ 
cerned. It mears that by studying the properties of a single 

group of one class the propert es of all the groups of that 
class can be determined. 

§ 18. Transference of group structures. 

Theorem 16. If G is a group and G' is a set with a com¬ 
position denoted multiplicat iveiy and there exists a one-one 
mapping of G onto G' such that 
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f{a b)=f(a) ./(b), V a, b e G, 

then G' is also a group isomorphic to G. 

In order to prove that G' is also a group we have to 
establish the postulates of a group, i e. associative, Identity 

and inverse for the given composition in G'. 

Let a', b\ c' be any three elements of G\ so that 

f(a)=a',f(b) = b' J f(c)=c', 

where a, b,c G G because/is one-one onto mapping from 
G to G'. 

Associative. We have to establish that 

(a' b') c'=a' ( b' c'). 

Now (a b') c'=(f (a) ./ (b)\f (c) = [f (« l>)\ f (c) 

by given condition 

=f[(a b) c]=f(a (/>c)] 

V G is a group. (a b) c=a (b c) 

=/ (a) . (f (b c))=f (a) [f(b).f(c)\ 

= a ( b' c'). 

Hence the relation (I) is proved. 

Identity. Let e be the identity of G , so that 
a e=e a = a V a & G. 

Consider [/(e)] o'-/ M .f(a)=f(c a) by def. of/ 

Y e a=a. 

Similarly a' . (f (e)]=f (a) .f(e)=f(a c) =/(«)= a‘. 

Hence [/(e)] a' = a' (f(e)\=a . 

/. / (e) is the identity of<7' and this f (e) is the image 

of the identity of G. 

Inverse. S nee G is a group we have 

a a -1 =a _1 a=e V a (£ G. 
f(aa~ 1 )=f(e) or f (a)./(a~ 1 )=f G’) 
a' f (a~ J ) =/»=identity of G' 


or 


...( 2 ) 
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Similarly a~ x a=e .*. f( a -^a)=f{e) 

or f(a-')f(a)=f(e) 

or /(cr 1 ) a'=f (e )=identity of <7 ...(3) 

Relations (2) and (3) show that the inverse of a' E Gr 
is /(cr 1 ), ie. (aY^ffa- 1 ). 

or lf(a)]-'=f(a-'). 

Hence all the group postulates are satisfied showing 
there by that G' is a group and it will be isomorphic to G 
because G is isomorphic to G' under given conditions and the 
relation of isomorphism is an equivalence relation and as 
such.symmetric property is satisfied. 

//. Theorem 17. 

Cayley’s Theorem. Every finite group G is isomorphic 
to a permutation group. 

(Utkal 70; Rai. M.Sc. 67; Allahabad 64; Meerut B-Sc. 68, 69; 
Kanpur 69; B.H U. 70. 67, 62; Lucknow 70; Aligarh 65; 

Delhi Hons 69; Punjab 69) 

Let G be a finite group of order n, i.e. 

G fflj. a 3 , (7^,... ...f7n). 

We shall form the n permutations as under. Let b E G 
be any of the n elements of G, then the products 

Q\b, Qnh, o$b, ..., Gnh 

will all be distinct and shall be elements of G which is a 
group For if not let any two of the products say 

a ( h=aib, 

then bv cancellation law it implies that which con¬ 

tradicts the Tact that the group G is of order n. Hence we 

conclude that a x b % afi . a n b are again the n elements of G 

in some order, where h is one of these a\ 

Therefore at-^a.h is one-one correspondence of G onto 
to itself and hence 
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( Q\ #2 \ 

Q\b a*b..M n b J 

is a permutation on n symbols. 

For convenience sake we denote this permutation as 

(%>) or 

where h is any of the n elements of G. In this way we shall 
get n permutations like n b for n different values of b. Let G 
be the set of these n permutations, 
i.e. G'=[n : b C G]. 


Let us now first establish that G' is a group. 

Closure property. Let and *r> be any two elements ot 

G' then for each £ G 

we have 7r 0 (tf<)=7r 6 ( fl <)] ==7r 6 a ) 

-(a, a) b=a t ( ab ). V G is a group. 

or n a Kb () =7r ob (tfi) V Oi £ G 


• Va 77b —7 Tgb. 

Since a, b £ G and C is a group .\ a b ^ G 
and hence belongs toff. Thus C is closed formula- 
plication of permutation as the composition. 

Associative. Multiplication of permutations is always 

associative. 

Identity. Let e be the identity of G and a G G 

then o tt, ( cii)=TT , [n a («»)]=«’• ( a < °)- 

= (a ( a)e = Oi {a e)=a t a 

or 7T a o 7r„ «=«■„ (n<) V ^ 


77a 0 7 T s = 7Ta. 

Similarly tt, o 7r fl =7Ta. 

Hence tt, is the identity in G' 

Inverse, t r a 0 tt/* 1 *** fl _1 = 7 r,=identity o 
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■na 1 o TT a =7t a * 0 =^=identity of G' 
77 fl -1 is the inverse of element *r a of G 


Hence G' is a group. 

Again let us define a mapping /: G-+G' such that 




=TT b (b G G). 


This mapping is clearly one-one for 

/(W-/W *(:;*)=(t 



=> aib=OiC h~c. 

Also it is an onto mapping for each permutation in G f 
has its pre-image in G. 

Now if we establish that /is an isomorphism, i.e. 
f(b c)=f (b) of (c), 

then by the last theorem of transference of group structure 
we hall be able to say that G' is a group which is isomor¬ 
phic to G. 


now h :; b )( x ). 


Now 


( iH Sc )• It is the same permuta- 

tion as [ Qi ]with CDlumns different as a ( b and a t are the 

\ a t r. ) 

same elements arranged in a different manner. 

•’ f W = ( Zb ) 0 ( a?c )-*>**• 

=f(b) of(c). 

Hence there exists a one-one onto mapping/: G->G* 
such that 


/ (bc)=f ( b) of{c). 
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Therefore the set G' is a group isomorphic to G by 
Th. 16, P. 112. 

Note. The permutation group G' to which G is 
isomorphic is called the regular permutation group. 

Excercise 6 


1. Find the regular permutation group isomorphic 
to the multiplicative group { 1 , <v, o> 2 }. 

The three permutations are obtained as under by 
Cayley’s Theorem. Multiply 1, w y cu 2 by 1, then by a> and 
then by to 2 and you will obtain three permutations whose 
first line will be 1, w 2 


• • 


for 1 


for oj 






It will be convenient to form a composition table of 
this group. 



i i 

j 

to 

m 2 

1 

i 

to 

OJ 2 

u> 

OJ 

to 2 

1 

or 

OJ 2 

1 

to 


The three permutations P x , P 2 , Fa are obtained by 




Modern Algebra -/ 


taking first row of composition table with each of the other 
three rows. 

The permutation group P—{Pu P a , ^ 3 } and given group 
G are isomorphic by cayley’s theorem. 

2. Find the regular permutation group isomorphic 
to the multiplicative group {1, —1, /,—/}• 

Let us form the composition table 


• 

1 

-1 

4 

1 

• 

—1 

1 

1 

-1 

i 

-/ 

-1 

-1 

1 

-i 

/ 

# 

l 

i 

-/ 

-1 

1 

• 

—l 

-i 

i 

1 

— I 


Each of the four lines denotes the first line multiplied 
by 1 , — l,i and — / respectively. 

Hence by cayley’s theorem the regular permutation group 
is of the four permutations which are obtained by taking 
first row with each of the four other rows. 
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The permutation group P=\P U P it P 3 > Pa) an d given 
group G are isomorphic to each other by Cayley’s theorem. 

3. Find the regular permutation group isomorphic 
to the g^oup G={a , b, c , d] with the composition table. 


0 

abed 

a 

abed 

b 

bade 

c 

c d a b 

d 

d c b a 


Proceeding as in Ex. 2 the regular permutation group 
consists of the following four permutations Pi, P 2 , P 3 , P it 
which are obtained by taking the first line of composition 
table with each of the other four lines. 

i : a-' 

4. Find the regular permutation group isomorphic 
to the group. 

C7=[{/i> faf *» /i}» 

Where /x (z)=2, /2 (z) = —z,fc {z) = l/z,f i (2) = — 1/^. 

The composition table has already been found on Page 29 
It is same as of Ex. 3 if we replace a , b, c, d by /„ /*> /s, 
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A respectively. Hence the regular permutation group consists 
of the following four permutations. 

A=/, P*=(AA) (A A), Ps=(fiA) (AA), and 

p*=(AA)(AA)< 

§19. Cyclic groups. (Punjab 65) 

Def. A group capable of being generated by a single 
element a is called a cyclic group and this single element is 
called its generator and the group is denoted as {a}. 

(Lucknow 66; Pb. 65; Bombay 70; Meerut 71; 

Marthwada 71; Kanpur 69) 
Alternatively we can say that any element of a cyclic 

group can be expressed as a n or na , n being any integer acc¬ 
ording as it is multiplicative group or additive group. 

{o}={...—3a, —2a, —a, 0a=0=e, a, 2a. 3 a ..} 

for additive composition 
or {a}={...a“ 3 a -3 , a* 1 a 0 =e, aT x , a~ 2 , <r 3 ...} 

for multiplicative composition. 
Theorem. 18. To show that if a is a generator of a cyclic 
group then inverse of a is also its genera or. 

If a is a generator of the cyclic group then a n is some 
integral power of a and it can be expressed as (a -1 ) -1 * show¬ 
ing that it is some integral power of aT l and as such a~ x is 
also its generator. 

Similarly for additive cyclic group generated by a any 

element na can be expressed as — n (— a) i.e. it is some 

multiple of —a and hence —a is also a generator of the 
group. 

Theorem. 19. If the order of an element of a group G be 
n i e.a n =e then the set H={a, a 2 , a\ a n =e) form a group 
w.r.t the composition in G. 

Let a*, G H then a*.a*=a*** = a' G H 
when p+q=s (mod n) as a n =e given. Hence closure 
property. 
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Again (a J, .a a ).a r =a p+0 .a r 

* =fl <P+8) +r 

t=a pHQ+')=a p .a <l+r =a p (a^.a') 

Hence associative. 

Also (flP)“ 1 =a-P=a n - p V a n =e 

Thus inverse exists and belongs to the set. Identity is 

given to be e. Hence the set H forms a group. Again as 
all the elements of H are generated from a therefore H is a 

cyclic group. 

Exercise No. 7 

1. Prove that the group [{/, — /,/,—/}.] is cyclic 
and find its generators. 

We observe that (/) 1= =/, (/)*=■ (0 3=— (') 4 =1. 

Thus all the elements can be expressed as integral 
powers of i and as such it is cyclic group whose generator 

is /. . . . 

Again i‘ l =—i i.e. inverse of / is —/ 

7 /(_/)=(-/) (/V =— i i= 1 = Identity, 
Therefore —/ is also its generator by Th. 18 as can be 
verified 

(_/>»—/, (—/)*—hi. (-/)*-/, = 

The above group consists of 4, 4th roots of unity. 
Similarly we can show that the group {!»"»"/• 
consisting of three cube roots of unity is also cyclic whose 
generators are « and a, 2 . Also the multiplicative group 
consisting of //, «th roots of unity is also cyclic whose 
generators are and (Allahabad 70) 

2. Prove that the additive group [{0, U 2, 3, 4) +b ) 


is cyclic and find its generators. 

Clearly 1 is a generator of this group as each element is 

a multiple of 1. 


Again 1 +4=4+1 = 5--=0 identity 

+ 5 +6 -H> 
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Therefore 4 is inverse of 1 and as such it is also its 
generator by Th. 18. as can be verified below 

0.4=0, 1.4=4, 2.4= 8 =3, 3.4=12=2, 4.4=16=1 

+5 +5 +6 

Thus all the elements are multiples of 4 under the given 
composition. 

It may also be verified that 2 and its inverse 3 are 
also its generators. 

We can similarly prove that the group 

<7={(0, 1,2, 3, is a cyclic group whose 

generator is 1 and the other generator is m— 1 . 

3. Prove that the multiplicative group 

[{/, 2, 3, 4}k 6 ] is cyclic 
and find its generators. 

2°=1,2 1 =2,2 2 =4, 2*=8=3. 

X5 

Thus all the elements are integral powers of 2 and hence 
2 is its generator. 

Also 2x3=3x2=6=l=identity. 

X6 

3 is the Inverse of 2 and as such 3 is also its genera¬ 
tor by Th. 18 as shown below 

30 = 1 , 31 = 3 , 3 2 =9=4, 3 3 =27=2 etc. 

*5 X5 

4. Prove that every Isomorphic Image of a cyclic 

group is again cyclic. (Punjab fi5 ?g) 

Let G be a cyclic group generated by a so that a » be its 
element. G is its isomorphic image under an isomorphism /. 

a n G. G and / (a n ) £ Q' 
f{a n )=f(a'a,a . n factors) 
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=[f {a)./{a).f {a) . n factors] by def. of/ 

= [/(*)]”• 

Hence every element/(fl*) € <? can be expressed as an 
integral power of its element / (a) which therefore is a gene 

rator of <7 Hence <7 is cyclic. 

5. If G be the group {0, U 2, 3, 4} under^ addmon 

modulo 5 and G' the cyclic group of order ’ 

=e)then prove that the mapping/: G -+G :f{m)-a , n G 

is an isomorphism of G onto G . 

The mapping/is clearly one-one-onto. For isomorphism 
we have only to prove that /preserves the group compositions. 

3+4=7=15+2. 2+4=6=15+1 

in general if then m+n= 3 p+r herc0!£r<5 

Hence m+n=r .\ f{m+n}=f(r) " ,(1) 

+5 +C 


Again / (m) /(-)-<-•-=«" + ”=<»*»’■ 

•• a 5 =e 


...( 2 ) 


or /(m)/(«)=/(r) 

Hence from 1 and 2 we get 

f(m+n)=f{m)f{n) 

Hence /preserves group compositions which therefore 

is an isomorphism. 

Certain Theorems on cyclic groups 

Theorem. 20. Every cyclic group is ahelian. 

Let C be a cyclic group being generated by a and let X 

and y be its two ele ments then 

x=a r , y=a ' 

xy=a r a*=o f+, =fl 5+f a* aT== y x 
Hence xy=yx Vx.ySC .*• G is abelian. 
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Theorm 21. If the generator of a cyclic group G is of 
infinite order (or zero oder), then G has exactly two genera¬ 
tors and is isomorphic to the additive group of integers. 

(B. H. U. 69; Punjab 65, 67) 

Since the order of the generator a is zero, then no two 
powers of a shall be same because if possible let a r =a a where 
r > s. 

a r .a~ a ~a a .a~ a =a Q =e. 
or a r ~ 8 =e. 

But this is not possible as the order of a is zero and as 
such r must be s which is a contradiction 

a r a 3 

Hence the cyclic group G contains infinite number of 
terms. 

G={...a~ r . a~ 2 , a- 1 , a 0 , a, a 2 ...a r ...} 

If a r is an element of group G then a r =(a~ 1 )-*. Thus a~ l 
is also a generator of G and as shown above no two powers of 
of a shall be same, Therefore a and a~ l are two distinct gene¬ 
rators. In order to show that it has exactly two generators we 
have to show that it cannot have any other generator except 
a and a -1 . For if possible let us suppose that a m (m^L\ y — l) 
is a generator of G, then there must exist an integer k such 
that (a m ) k =a. i.e. a nk =a. But since mjt\ 9 — 1 therefore 
mk 1 and hence a mk =a => that two distinct (mk =<t ]) 
powers of a are equal which is a contradiction as we have 

proved that no two powers of a shall be same. Hence a m 

(m ^ 1, --1) cannot be a generator of G. Hence G has exac¬ 
tly two generators which are a and a~ l . 

Let ) be the additive group of integers 

^ r * ••• 2, 1, 0,1, 2. r .} 

We have to show that Cs / and for this we have to show 
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the existence of one-one mapping/of G onto / which preser¬ 
ves the group compositions. 

Let us define f:G-*-I :f{a r ) ==r , r E l. 

The mapping/is clearly one-one because 

f{a r )=f(o‘) => r=s 

and it is also onto. 

Now f(a r .a')=f(a r+, )=r+s=f (fl f )+/(«*)• 

/>., the mapping preserves the group compositions. 

Hence G =1- r . 

Theorem ; 2. If a generator a of a cyclic group i 
of order n > 0 , then G has exactly n distinct elements . Also 
prove that G is isomorphic to the additive gioup of res ' c ' 1 ^ 
classes modulo n. 'Meerut 71; Poona 70; Punjab 65, 67 70) 

I Part. Since n is the order of generator a then a e 
where a H the least -five integer satisfying the above relation. 
Now we shall show that the group G consists of exactly 

n elements namely a, 0 2 » .. a ”~ c * 

Let .1 be any integer greater than » and G contains the 

element a". . 

Then by division algorithm J=«7+ r wher ^ ^ " 

• n*=a nq+r=r a nq .a r = (a n ) 9 a r =a r . (l e 

but r is less than » and a’ is contained in (/) and hence the 
set shall not contain more than n elements. ts 

Now we shall establish that it “ ntamS C for if 

by showing that no two elements of U) are 

possible let 

cf=a Q where 0 <r< ( l< n - 

a r .a~ , =a 9 .a~ r =>o°=a Q ' r , 

or a*-'=e where q-r is + ive integer less t an n. 

But this is not possible because n ' s ^°J r ^ than n 
as such there can not be any other m g l 



126 


Modern Algebra-1 


such that a q ~ r ~e. Hence a n ~ T ^ e and consequently 
showing thereby that all the elements listed in (/) are distinct. 
Hence the group G consists of exactly n elements. 

II. Part. G=[a, a-, a 3 . ,a n =e]. 

G'=[{ 1}, {2}.. {n' = {0}] 

addition of residue classes mod. n. 

Let us define a mapping/: G -> G' such that/ ( a r ) = {r} 

The mapping is clearly one-one onto 

/ (a '. a>) =f (a'+») = {r + s) ={r}+ Is) 

by the definition of sum of residue classes 
«/(*)+/(*•>. 

Therefore the mapping/preserves the group compositions. 

Theorem 23. A cyclic group G with a generator of finite 
order n, n > 0 has exactly n elements and is isomorphic to the 
multiplicative group of n, nth roots of un ty. 

As in last theorem 22 we shall establish that the set G 
consists of exactly n elements 

G = {a, a 2 , aa n =e} 

As shown in Ex. 19 P. 24 the //, nth roots of unity form 
a group 

f 4 *n i 2fWi 2flfl \ 

G' = <e " , e n ,... e n . e n =1> 

2 rni 

Let us define/: G -> G', f(a')=e " 

The mapping is one-one as / (a r )=f ( a *) => 

2TTTi 

Q n — (f H 

=> r=s=> a r =a t . 

Also it is clearly onto. 

Now f(a r .a')=f(a r ~ t ) = e " 
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2 2 »»» 

e n .e n =/(a r ) •/(«*)• 

Hence the mapping/preserves the group compositions. 

. G ~ <7. 

^Theorem 24. Jf a cyclic group is generated bv an ele¬ 
ment a of order n then a m is a generator iff (m, n)=l i e- 
g. c. d. of m and n i s 1 )l (G orakhpur 70; Bombay 70) 

o \a)=n => a n =--e — 

g. c. d. of m, n=l => 3 two integers p and q such that 

pm+qn= 1 - 

Let H be the set which is generated by a m then as any 
element of H is (a m ) k =a mk which belongs to G the cyclic 

group generated by a. 

HCG - (3) 

Again a' m+9n =a by '2) 

• avm a Qn =a => (a m ) p .e f =a by (I) (a m ) r —a 

Above shows a G G is expressible as integral power of 

a m and as such it belongs to H 

G C H 

• • —“ 

Hence from 0) and (4) we get G=H 

Conversely : Given a m is a generator of G, to prove that 
g. c. d. of m, n is 1. 

Let g. c d. of m, n be d , therefore d divides both m and 
n i.e. mid and nld are +ive integers. 

Now (a m ) nld =(a n ) m,d =(e) m ' a =e 

o {a m ) = -j < n. 

and hence a m cannot be a generator of G, which contradicts 
that a m is a generator of onder n. 

Hence d= 1 
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Therem 25. Any two cyclic groups of the same order are 
isomorphic. 

Let Gi and Go be two cyclic groups of the same finite 
order say n so that both of them have exactly n elements. 
In other words the order of generator in each is n. Hence 
by theorem 22 P. 125. each of them is isomorphic to the 
additive group G 3 of residue classes modulo m 

.'. G\ == (j 3 , C/o = (7 3 =» C/a = Go (symmetric). 

Both the above imply that G v Go (Transitive) as we 
know that the relation of isomorphism is an equivelence 
relation i e. reflexive, symmetric and transitive 

Again if order of G x and Go be infinite then order of 
generator of each is i finite and by 21 P. 124 each is isomo¬ 
rphic to additive group G 3 of integers 

G x s <j 3 , Go ^ G 3 =» G 3 G 2 (symmetric) 

Both the above imply that G { = Go (Transitive) as above 
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CHAPTER II 
SUB GROUPS 

§ 1. Sub groups : 

Let H be a non empty sub set of a group G in which the 
group composition is denoted multiplicatively Again let a 
and b be any two elements of H which are also the elements 
of G. Since G is a group ab must belong to G but it is not 
necessary that ab may belong to H also, when a and b EH. 

Stable. In case when a, b £ H =$■ ab £ H then we say 
that H is stable for the composition in G i.e , the composition 
in G has induced the composition in H, i.e., II and G have 
the same binary composition. 

Sub group. A non empty sub set H of a group G is said 
to be a sub group of G if 

[1) His stable in G i.e , composition in G induces com¬ 
position in H ie ,ab E H V a, b E H. 

(2) H satisfies all the postulates of a group for the indu¬ 
ced composition. 

(Lucknow 67; 68, 691 Meerut 69) 

Proper and improper sub groups : 

Every group G has two trivial sub groups i.e., G itself 
and the identity group consisting of single element e and 
these two are called improper sub groups and the rest all are 
called proper sub groups. 

Complex. Any non empty sub set H of a group G 
whether it is a sub group or not is called a complex. Thus 
every sub group H of G is a complex but every complex is 

not a sub group. 
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Examples of sub groups : 


1 . 

(7=[All vectors in three dimensions 

+] 


/f=[All plane vactors 

+] 

2. 

<7—[All integers 

+] 


7/=[Even integers 

+] 

3. 

(7= (non zero real numbers 

X) 


tf=(+ive rational numbers 

X) 

4. 

G=(2n, 2/ith roots of unity 

X) 


H=(n, nth roots of unity 

X) 

5. 

G=(A11 real numbers, +) 



77=(AH -five real numbers 

X) Gujrat 70 


Not sub group. 

Here in Ex. 5 H is though a sub-set of G and is a group 
of its own, but it is not a sub group because the composition 
in G and H are different. 

§ 2 The identity, inverse and order of an element of a 
sub group H. 

(a) The identity of a sub group H of G is the same as 
that of G. 

( b ) The inverse of any element of H is the same as 
the inverse of that element regarded as an element of group (7. 

(c) The order of any element of H is the same as the 
order of that element regared as an element of group G. 

(a) Let a £ H and e' be the identity of H * 

Then a e' £ H by def. of H. 

Also ae=a ...( 1 ) 

Again a £ H => a £ G and if e be the identity of G. 

Then a e=a (2) 

Hence from (1) and (2) we get 
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a e'=a e => e' = e by L. can. Law. 

(b) Let e be the identity of both G and H by (a) 

a £ H => a £ G and suppose b is the inverse of a in H 
and c is the inverse of a in G then by def. 

a b—e and a c—e => a b—ac =$«• b=c by L. C.Law. 

(c) Since the identities of both H and G are same, we 
can easily establish that the order of element a £ II is the 
same as the order of a regarded as a member ol G. 

§ 3. Criteria for a sub group 

Theorem 1. A non empty sub-set H of a group G is a 
sub group of G if and only if 

(i) a £//, b £ H => a be H 

(//) a £ H => a- 1 £ H where a' 1 is the inverse of a 
in G. (Lucknow 68, 70; Allahabad 66, 69) 

The conditions are necessary. H is a sub group and 
hence it must be closed with respect to the composition 
in G. 

a £ H t b £ II => a b £ // 

which proves condition (i) 

Let a £ H then its inverse a~ l is the same as the inverse 
of a regarded as an element of G. Since H is a sub group 
therefore inverse of a £ // i e. a~ l must also belong to H. 

The conditions are sufficient Given the conditions (i) 
and (ii) hold, to prove that H is a sub group of group <7. 

Closure property. 

By (i) a £ //, b £ // => a b £ II. Hcn:c H is closed 
with respect to multiplication composition. 

Associative. 

Again II being a sub set of G in which the composition 
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is associative and hence it follows that the induced composi¬ 
tion in H isalso associative. 

Identity. We know that identity of the sub group H is 

the same as the identity of G. The only thing we have to see 
that the identity belongs to H. 

By (ii) a £ H => a" 1 £ H. 

By (i) a £ II, a' 1 £ H => a a' 1 £ H => e £ H. 

Inverse. By (ii) a £ //=> a' 1 £ H. Hence each ele¬ 
ment of H has an inverse which is in H 

Thus all the postulates of a group are satisfied and hence 
H is a sub group. 

Theorem 2. The necessary and sufficient condition that 
a rum empty sub set H of a group G he a suh group is 

a £ H.h £ H =► ah' 1 H 

(Delhi Hons. 70; Aligarh 65: Allahabad 65; Punjab 70; 

Meerut 71; Utkal 69; Marthwnda 70) 

The condition is necessary. 

% 

i.e., //isa subgroup, i.e. it satisfies the postulates of a 
group and a, h £ II and we will show that ah~ l £ II, 

Since h £ H h~ l £ H V H is a group by itself, 
therefore inverse of every element exists and belongs to H. 

Now a £ II and £ II => ah ~ 1 £ II by closure pro¬ 
perty in II which is a group. 

The condition is sufficient. 

Here we are given 

a £ ii, h £ // => ab~' £ If. 

we have to show that II is a sub group, i.e. it satisfies all 
the postulates of a group for the induced composition, i.e. 
closure, associative, identity and inverse. 
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a£ H,b£ ab- 1 £ H (given). ...(1) 

Choosing b=a , a £ H, a £ H =*>• aa~ l £ H > e £ H> 
where e is the identity of G. Hence identity exists. 

Again e £ H and a £ H ea~ l =a~ 1 £ H by (1). 

Hence the inverse of every element exists and belongs 
to H. 

Again b £ H and b~ l £ H as shown above. 

Also a £ //and b~ l £ H y a {b‘ l )~ x £ H by (1) 

or ab £ H, i.e. closure property. 

This establishes that H is stable for the composition 
in G, i.e. H and G have the same composition. Since 
composition in G is assosiative, G being a group therefjre 
composition in // is also associative. Thus all the group 
postulates are satisfied and hence H is a sub group. 

Note. In multiplicative notation the condition for a 

sub group has been proved to 

a £ H,b£ H* ab~ x £ H. 

In additive notation we shall express it as 

a £ H y b £ H=>a—b £ H, 
as - b is the inverse of b in additive notation. 

Ex. 1 Let G be the additive group of integers , then 
prove that the set of all multiples of integers by a fixed integer 

m is a sub group of G. 

<7={...,—3, —2, —1, 0, 1, 2, 3,.} + . 

//={...-3m, —2m, -m, 0, m, 2m, 3m.} + . 

Let A=rm, B=sm be any two elements of H where r 
and s are integers. Also B~ l =—B=—sm as G is additive 
group. 

AB~ x =A—B=rm—sm=(r-s)m=pm where p is an 
integer. Hence by Theorem 2 t\ 132 H is a sub group. 
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Ex. 2. Let a be an element of a group G. The set 
H={a n : n G /} of all integral powers of a is a sub group 

of G. 

//={..., a~\ ar\ cr\ a\ a\ a\ a 3 ,.} 

Let A=a r ,B=a s be any two elements of H. Where r 

and 5 are integers. 

Also B- l = (a s )- 1= ^ 

AB-'=a r a-’=a r - 3 =a p when p is some integer and 
as such belongs to H. Thus A G II, B G H => AB 1 G H 
and hence II is a sub group by Th 2 P. 132. 

Theorem 3. For finite groups. 

The necessary and sufficient condition for a non empty 
sub set II of a finite group G to be a sub group is 

a G H, b G H => ab G II 
i e. closure property is satisfied. 

(Lucknow 67; B. H U 70; Meerut M. Sc. 68; B. Sc. 69) 

The condition is necessary. 

Given that // is a sub group to show that 

a € IL b G H => ah £ H. 

Since // is a sub group, it is stable 
U., a € //, b £ H => ah G H. 

The condition is sufficient. 

Given that a G H, b G If => ah G //, to prove that Id 
is a sub group, i.e. it satisfies the postulates of a group. 

Let a G //, then a G G also which is finite and hence 
its order must be finite, say it is n, so that < 2 n =e, where n is 
the smallest -five integer satisfying the above relation. 

Now a G II, b G II => ab G II given. 

Choosing o=a, .'. a G II, a G H => a- G H, 
a G H, a- G H => a.a-^a* G H. 



Sub groups 


135 


Continuing like this we can say that 
a n £ H , i.e. e £ H. 

Identity exists and belongs to H. 

Again as shown above. 

a" -1 £ H& a n .a~ 1 £ H 

or ear 1 £ H => a -1 £ H. 

Thus inverse of an element a £ H exists and belongs 
to H. 

Therefore the sub set H satisfies the closure property 
as given, possesses identity and inverse also exists for every 
element belonging to H. The associative property is implied 
as the composition in G being associative and H has the same 
composition as of G. 

Hence H is a sub group. 

Note. The above theorem holds only for finite groups 
and not for infinite groups. 

Ex 1. G=[A ll integers -f] 

H=[All -\-ive integers +] 

Clearly H is a sub set of G and also the closure properly 
is satisfied i.e. sum of two +ive integers is again a -five 
integer but still it is not a sub group as the inverse of -five 
integers will not exist for additive composition in H and also 
the identity element 0 ^ //. 

Ex. 2. (?={..., 2~ l , l, 2, 2-,2 i ...x) y G is a 

multiplicative group. 

H—{ 1, 2, 2 2 , 2 3 , ...} is a sub set of G in which closure 
property is satisfied but still H is not a sub group as the 
inverse of elements of II does not belong to the set II 
i.e. (2 2 ) -1 = 2 -2 $ H. 
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Exercise 1 

Ex. 1. The set of\.n ! even permutations on n symbols 
is a sub gr oup of the symmetric group S„ on n symbols as we 
know that the product of two even permutations is again an 
even permutation thus the closure property is satisfied. ( Th , 
3). This sub group is called the alternating group A„ on n 
symbols and it is of order n I. (Raj. M Sc. 66) 

Ex 2. Show that in a group G all those elements x 
which commute with every element of G form a sub group of 
G called the centre of G i.e. 

^T={.r : x E G and xa=ax V a E G}. 

Criteria for a sub group H is 

a E H,bE H=> ab~ 1 £ H. (Th. 2 P, 132) 

X is a sub set of G and let x it x 2 6 X and any arbitrary 
a E G then ax x = x x a, ax % —x 2 a given. In order to prove 
that X is a sub group of which two elements are chosen to be 
■Vi, .v 2 we shall establish that Ai.v a _1 E X and hence it will be 
sub group. 

We are given that x 2 a=ax 2 V a E G 

=> * a ~ J (* 2 <*) x i - 1 =x i ~ 1 (ax a ) XjT 1 
=> (xa~ 1 Xf)(ax a ~ 1 )=(x a ~ 1 a) (x^x^ 1 ) 

=> e (axi~ l )= (.v a -1 tf) e => ax 2 ~ l = x^a. ...(I) 

i.e. A a _1 also commutes with a V a E G and hence 
A,’ 1 E X. 

Now (x x xr 1 ) a=x x (x 2 ~ l a)—x x (a * 2 _1 ) by 1 

-=(*1 a) x % ~ l =>{a Aj) .Ya" 1 


=a (x x xr 1 ). 
Thus (x x a 3 -1 ) a=a (.v, Ay 1 ). 


V x x a=a Xi 


Sub groups 


137 


Above shows that x x x a -1 also commutes with a V a £ G 
and as such it belongs to X. 

Thus x u x 2 £ X => Xjxr 1 £ X and hence ^ is a sub 
group. 

Ex. 3. Let N (a) be the set of all those elements x of a 
group G which commute with a fixed element V of G then 
N (a) is a sub group of G i.e. N (a)={x : x £ G and ax=xa}. 

(Delhi 70; Punjab 70; Lucknow 69) 

Clearly N {a) is non empty as e £ G and e a=a=ae=a 
i.e . e e N {a). 

Let x u x 2 £ N (a) so that 

a a and a x 2 =x 2 a ...(1) 

Now x 2 a=a x 2 =>■ x 2 -1 (x 2 a) x 2 1= x 2 1 {a x 2 ) x 2 

=> (xf 1 x 2 ) a xr 1 =(xr 1 a) (*a x» _1 ) 

a x 2 ~ 1 =x 2 ~ 1 a. ...(2) 

Above implies that xr 1 also commute with a £ G and 
as such x 8 _1 also belongs to N (a). 

Now vx, xr 1 ) (*a -1 (a xr 1 ) by (2) 

= (xj a) x a ~ l ={a x x ) (x-f 1 ) 

V a Xi=*Xi a by (1). 

(*i xf 1 ) a=a (Xj x a -1 ). 

Hence X\ x a _1 also commutes with a and as such it 
belongs to N (a). 

Thus x j, x 2 £ N (a) =► x, x 2 _1 £ N {a) 
which therefore is a sub group. 

Ex. 4. Prove that those elements of a group G which 
commute with the square of a given element a of G form a 
sub group H of G and those which commute with a itself form 

a sub group of H . 

H={x : x £ G and a 2 x=xa 2 }. 
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In order to show H is a sub group of G we have to 
proceed exactly as in Ex. 2 and 3. 

Let N={x : x £ G and a x=x a}. 

Note. In Ex. 3 we had proved the above set to be a sub 
group of G but here we have to prove it to be a sub group 
of H 

Method. We shall show that N is non empty. N is a 
sub set of H and lastly if x u x a £ N then x x x a “ l also be- 
longs to N. 

Since ae=e a=a. 


e £ N and as such it is non empty. 

Now let x £ N x a=a x 

(x a) a={a x) a e* x a 1 —a (x a) 

=► (x a 2 )=a (a x) => x a 2 =a 2 x. 
l.e. x commutes with a 2 and hence x £ H. 

xen=> xetr nqh. 

Hence N is a non empty sub set of H. 

Now we should as in Ex. 3 prove that when x u x a £ N 

* a -1 also belongs to N which therefore is a sub group 
of H. 

Ex. 5. Let H be a sub group of G and 

T={.x : x £G and xH=Hx}. 

Pr ove that T is a sub group of G. 

It is exactly as Ex. 3. 

Let x u x 2 £ T. then x x H=Hx lt x a H=H x a . '...( 1 ) 

Now x a H=H x a =► x a -i (at 2 H) xr^xr 1 {H x % ) x % ~ x 

* (*a _1 *a) (H H) (x a x*" 1 ) 

=> H x% 1 H, * *(2) 

Above relation implies x^ 1 e 7\ 
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Now (xi x a -*) #=*! (**“* H)=X! (H xr 1 ) by (2) 

=(jd i/) x%~ l =(H Xi) x a _1 by (1) 

=// Ui *r 1 )- 

Above relation implies (x x x a _1 ) 7/=// x a _1 ). 

xixr 1 also belongs to T when x lt x a G L and hence 
L is a sub group. 


Another form. 


T={x : x E G and x H=H x) 

={x :x£G and x Jl x H=x~ 1 H x} 

={x :x£G and x -1 //x=//}. 

Ex. 6. Let H be a sub group of a group G and let for 
X £ 0,’x H x-Mx hx^:hE H). Prove that x ti x" 1 /i 

a group of G . 

Let a and b £ x H x" 1 . 

. fl=x f h x -i f b=x h% x" 1 where h u // a G H 
and since h is a sub group h x h % ~ 1 E H. ...(i) 

Now in order to show that x H x" 1 is a sub group we 
shall show that a b~ l E x H x“ l when a, b E x // x *. 


a b~“ l —{x ^ X" 1 ) (xlh x - 1 )- 1 

= (x hi x- 1 ) (x- 1 )- 4 {h t )- l {x)~ l 

= (x hi x“ 1 )(x Aa _1 x ~ l ) 

=x /i! (x- 1 x) /ir 1 * _1 =* ^ x 

-* (Ax V 1 ) *“ l -xAx-* , 

where h=hi // a G 



But x /» x _1 G x // x- 1 . 

Hence a b^ 1 Ex IP x' 1 

which therefore is a sub group. 

Ex 7 Let G //><? set of all ordered pairs {a, b) of real 
numbers for which a^O. Let a binary composition o be defined 


in G 
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{a, b) o (Cy d)—{ac , bc-\-d) 

Show that ((?, o) is a non-commutative group . 

Prove further that the sub set H of all those elements of 
G which are of the form {l, b) form a sub group of G. 

(Raj. M.Sc. 69) 

We have proved the first part in Ex. 17. P. 22 and where 

we have shown that (a. b)~ x =[— , 1 

\ a a ) ...(I) 

Let x,y£H *=(1, a), y={ 1, b) 

••• ^‘=(1. a) o (I, *)-»=(l, a) o (l, by I 

=(1, a—b) by definition of o 

e H 

Hence by theorem 2 P. 132. H is a sub group. 

§ 4. Intersection of two sub groups. 

Theorem 4. The intersection of any two sub groups of a 
group G is again a sub group of G. (Meerut B.Sc. 70) 

Let Hi and H 2 be any two sub groups and H x n H 2 be 
their intersection. In order to prove that H t D H 2 is a sub 
group we shall use Theorem 2 P. 132 

i.e.y a, b £ Hi n H a z> ab~ l £ H x D // a . 
a £ Hi n H 2 =*• a £ H u a £ H 3 
b £ Hi D H, => b £ H u b £ H 2 

a £ Hi, b £ Hi => ab~ x £ H_ *.* Hi is a sub group 

a ^ ^ 2 » ^ ^ ab~ x £ H 2 y H 2 is a sub group 

ab~ x £ Hi, ab~ x £ H 2 o ab- x £ H t n H 2 . 
Hence Hi 0 H 2 is a sub group. 

Note. Hi n H 2 is the largest sub group contained in ff l 
as well as in H 2 . 

Also the intersection of sub groups can never be null as 
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there is at least one element i.e. identity element which is 
common to both the sub groups. 

Generalisation of the theorem on intersection of two sub 

groups. 

The intersection of any family of sub groups of a group G 
is again a sub group. 

(Luck. 66, 69: Meerut 70: Raj. M Sc 66) 

Let A={H h H 2 , H z ,.} 

where each H ( is a sub group of G. 

Again let H*= n {Hi : Hi £ A i.e. H t is a sub group). 

We have to show that H* is a sub group for which we 
shall use the criteria of theorem 2 P. 132 
i.e. a£ H,b£ H=> ab~ l £ H 
Let a % b£ H* then bv definition of intersection 
a £ Hi, b £ Hi V Hi E A. 

But each H t is a sub group. 

a£ Hi.be H<=> ah~ l £ H t V £ A. 

Hence ab -1 £ H*. 

Thus a £ //*, b £ H* => ab - 1 £ H*. 

Hence H* is a sub group. 

§ 5. The union of sub groups. 

The union H x U of two sub groups is generally not 
a sub group. 

For example : <7= (... — 3, —2, —1, 0, 1, 2, 3.) + 

//,=(...-4, -2, 0 , 2, 4,...) + 

— -3,0, 3,6.) + 

/. H x U 6, -4. -3, -2,0,2, 3,4,6...) 

But Hi U H 2 is not a sub group as it is not a group for 
induced composition 

as 3, 4 G Hi U H 2 but 3+4=7 ^//,U H 2 

i.e., Closure property is not satisfied. 
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Theorem 5. The union of two sub groups is a sub group 
ij and only if one is contained in the other . 

Given. H x , H 2 are any two sub groups such that 

H x C Ho. 

To prove. Hi U H z is a sub group. 

Clearly Hi U H«=H, as H x C H 2 . 

Since Ho is a sub group therefore Hi U Ho is also a sub 
group. 

Converse. Given Hi U Ho is a sub group. 

To prove that either Hi C H 2 or H 2 C H x . 

Let us suppose that neither H x C H, nor H 2 C H x . 

Since H x $ H z => 3 a £ H x but a $ Ho. ...(1) 

Similarly H t £ H x => 3b£ H* but b $ H x . .. (2) 

Therefore from (I) and (2) we get 

€ Hi U H 2 , b £ Hi U H 2 . 

But Hi U Ho is a sub gr -up and h.'nce 

ab£ Hi U Hi. Th. 3 P. 134 

From above it follows that a b £ H x or ab £ Ho. 

Let ab £ H x then a~ x ab G b G Hi 
which contradicts (2). 

Hence either H x C Ho or //, C H x . 

[When a G H x then a -1 G Hi and hence a~ l [ab) G Hi 
as H x is a sub group], 

§ 6. Algebra of Complexes of a group. 

(a) Multiplication of two complexes Hi and H 2 (not sub 
groups) of a group G. 

Hi Ho—{hi ho : l h G Hi and //, G Ho} 

Since hi G Hi and H x is a complex of G. h x G G. 
Similarly // 2 £ Ho => J h £ G. 

.. hi ho £ G. 

Hence every element of H x H 2 is an element of G. 
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Therefore H x H, is also a complex of G (not a sub group). 

(b) Multiplication of complexes is associative 

i.e. Hi (H 2 Hz =(Hi HS H a , 

Let hi G Hi, hi G Ho, hz G Hz. 

h u h z , h a also belong to G , then 

ht hz G Hz Hz, lh G H x . 

h (hi hz) G Hi (Hz Hz). 

Similarly (h x ho) h 3 G (H x H z ) Hz. 

But as h x , h z , hz are elements of H in which the com¬ 
position is associative. 

.*. h x (h-z hz)=(h x h^ hz 

Hence H x (Ho Hz) and (H x //>) Hz consist of the same 
elements. H x (Ho Hz)=(H x Ho) Hz. 

(c) Inverse of a complex. 

If H be a complex of H then the inverse of the complex 
of H is the set consisting of the inverses of the elements of 
H and is denoted by H~ x . 

H~ 1 ={h~ 1 :h e H). 

(d) Inverse of the product of two complexes. 

(Hi Hi)’ l =Hz-' Hr' 

Hi H,={hi hi: hi G H u ho G /M- 
(^ Hi)-'={(hi ho )- 1 : hi G Hi, h 2 G H a}. 

But hi£ Hi* h } G G, ho G H 2 => h a G G. 

(hi ht)~*=hr l hr 1 . 

:. (Hi H 2 )~ 1 ={h t - 1 hr 1 : hi G H u h G Ho). 

= (Ho )~ 1 (Hi )- 1 by definition of multi¬ 
plication of two complexes. 

Theorem 6. If H is a sub group of G then H~ 1= H but 
the converse is not true. 
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Since II is a sub group. h £ H h 1 £ H 

=> (/r 1 )' 1 G H~ x => h £ 

H C //”». ...(1) 

Again /r 1 £ IT 1 =>//£//=> /r 1 G H as // is a sub 
group. 

//-’ C H. ...(2) 

Hence form 1) and (2) we get H~ x — H. 

Converse. Let (7={1, — 1, x} and //={ — !} be a 
complex of G. 

Now ( - 1)-»= — 1 /. //-i=f-l} = // but {— 1) 

i.e. If is not a sub group of G. Hence the converse is not 
true 

Theorem 7 Tii? necessary and sufficient condition for 
a non empty sub set H i.e. a complex // of a group G to be a 
sub group is that U fl~ x C //. 

Hence deduce that the above necessary and sufficient 
condition can also be written as If H~ 1 — /I. 

Necessary : Given. H is a sub group. 

To prove. // //"' C II. 

Let x £ HH~ l => x —air 1 for some a, b £ If 

=>■ x £ H because H is given to be a 
sub group and we know from Th. 2 P. 132. that a, b £ //=> 
air 1 £ If, where II is a sub group. 

Hence /III 1 C If. 

Sufficient : Given. // //** C II. 

To prove that II is a sub group 

Let a £ II, b £ II then air 1 £ // H 1 ab~ x £ H 

as H I!' 1 C H. 

Since a £ H, b £ H => ab 1 £ H therefore II is a 
ub group by theorem 2 P. 132. 
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2nd art. 

Sufficient: Given. H is a sub group. 

To prove. H H~ 1 =H. 

Since H is a sub group. /. H H' 1 C H by'1st part. 
Again let a 6 //then a=ae=ae~ 1 £ H H~ l 
HCH H~ l 
Hence H=H 
Necessary : Given. H=H H~ l . 

To prove. H is a sub group. 

Since H=H H~\ /. H H~ l CiH and hence by part 
1 H is a sub group. 

Theorem 8. If // ond K be two sub groups of a group G 
then H K is a sub group if and only if HK=KH. 

(Agra M.Sc. 69; Meerut M.Sc B.Sc. 69) 


Necessary : Given. H K is a sub group. 

To prove H K=K H. 

Since H and K are sub groups. 

H~ l = H, K~ l =K. Th. 6. 

Again H K is a sub group. .'. {H K 

K~ l H~ l =H K or K H=H K by (1) 

Sufficient: Given HK=KH. 

To prove that H K is a sub group. 

By 2nd part of theorem 7 H K is a sub group if 
(HK) (H K)~ l =H K. 

Since H and K are sub groups. 

/. H K K~ l =K. 




( 2 ) 


• • 
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Now (// K) (H K)~ l — (H K) (.KH~ l )=H(fCK’ 1 ) H’ x 

= (H K) H~ x by (2 ) = (K H) H~ l 

V HK=KH 
=K(H H~')=K H by (2) ...(3) 

But A' H is given to be H K. 

(//A) (It Kr 1 =H K and hence H K is a sub group. 

Deduction. If It and K are sub groups of an abelian 
firoup G then IIK is a sub group of G. 

As H and K are sub groups then we have 
U=N~ 1 , II H~ 1 = H ) 

A'-A' 1 , A' K~ l = K j 6 & Th. 7 .. {A) 

Also G is given to be abelian and hence H K=K H ...(B) 

Now II k will be a sub group if we establish that 
(UK) (II A')-* = H K 

We ^ ave al ready proved this relation above in Th. 8 by 
the help of conditions A and B. 

§ 7. Sub groups of a cyclic group. 


Theorem«. A sub group H of a cyclic group is also 
, chc am! ts generated by a ™ where a is a generator of G and 
m - s ' cast + /ir integer such that a m E If 

(Bombay M. Sc. 70; Lucknow 66, 68; Meerut 68, 70; 

Pb. 65. 70; Raj. M. Sc. 69; Utkal 69) 

Let (j = ffl) i.e.y a cyclic group generated by a then the 

anil also ^ ^ Powers of a ll a . 

and also its inverse as II is a sub group. We have to 

show that II is cyclic and is generated by where m is the 
least ive integer such that a "» E If [ n ot u . 

have got to show that // contains elements of the ty V l\a^ 

Let a* E II where s > m 


s—niq + r where 0 < r < m 
a* — a rnl+r — a m ' ! a r . 
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Now (a m ) q £ H and hence its inverse a~ mQ £ H as H is 
a sub group. 

Now a* £ H by supposition and a~ mQ £ H. 

' £ H ox a , -' nq £ H or a r £ H. 

7 s—mq+r. 

But r is less then m and hence it contradicts the fact that 
m is the least -five integer such that a m £ H. 

Therefore r=0 and hence s=mq. 
a , =a m9 =(a n )'. 

Therefore every element a * of the sub group II is of the 
form (a m y and hence H is generated by a m i.e., H={a n '}. 

Theorem 10. If the order of a is zero i.e., G is an 
infinite cyclic group , then every proper sub group H of G 
is infinite except {<?}. 

Let H be a sub group of an infinite cyclic group (7={a) 
then H is again a cyclic group being generated by a m 
i e f H={a m } by Th. 9, where m is the least -f-i\e integer 
such that d m £ H. We have to prove that H is infinite. Let 
us suppose that II is finite. Also since H^{e} we can assume 

that m > 0. 

Since H is supposed to be finite and it is being generated 
by cT 

( a m y = e for some s > 0 
or a m, =e 

From this we conclude that a is of finite order or in other 
words it implies that G is finite which contradicts that G is 
infinite. 

Theorem 11. Every sub group of a finite cyclic group of 
order n isM finite cyclic group of order ^ where a m is the 
generator tif sub group. 
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Since the group G is finite and hence the order of a is 
n > 0 such that a»=e a n G H as e G H. Since H is a 
sub group generated by a m (theorem 9) and let its order be 
so that {a m Y~e=d n . 


,mQ — 


=a n 


mq=n => q= — 
1 m‘ 


Hence the subgroup H consists of q elements a m , 

o~ m . a”' where <7=— 


m 


Ex. Let G~{w, io 2 , ai 3 , cu 4 , w 5 , a> 8 =e}. It is of order 
6. its proper sub groups are 

Hi = {ujr, O) 4 , co° = e}. 

The sub group H x is generated by to 2 i.e., m =2 and its 
° rC * er ,S te > conta i ns three elements. 

Again // 2 ={co 3 , co«=<?}. 

The sub group H z is generated by <o* i.e., m = 3 and its 
order is — i.e., | =2, /.e. it contains two elements, 

§ 8. Cosets. 

Definition. Let H={h x , l h . h n } be a sub group of a 

group G and a be any element of G then the set. 

{bia. hsfl. . f, n a} denoted by Ha is called the right coset gene¬ 

rated by <7 i.e., Ha = {ha : h £ H) and the set 

ahn - . ah ^ denoted by aH is called the left coset 

generated by * i.e., aH={ah : h G H} (Lucknow 69) 

In additive notation. 

right coset = H-\-a={h -fa : h e H} 
left coset=a -f- H— {a 4- //: h £ H}. 

Note. Tn case G be abelian then right coset=left coset. 
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Exercise 2 

Ex. I. Let G be the symmetric group of permuta¬ 
tions on four symbols a, b, c, d and let the sub group. 

//={/, ( ab ), (cd), (ab) (cd )} 

Choose x £ G as (a d c b) then the right coset 
Hx={hx :/»£//} 

={/ o {a d c b ), (ab) o (a d c b), 

(cd) o (a d c b), (ab) (cd) o (a d c b )} 

«={(a b c d), ( bdc ), (adb), ( bd )} —(1) 

••• W 0 b a c d)°[ d c b a ) 

la b c d \ I b a c d \J a b c d\ 

b a c d) °\a d b c ) \a d b c ) 

la b d c j j c) etc 

\ a d c b J 

Similarly the left coset, 

x H={xh : h £ //} 

M(a d c b) o I, ia d c b) o (a b), (a d c b) o (c d), 

(a d c b) o la b) (c d)) 

={(a d c b), (a d c), (a c b), (a c)}. •••(2) 

From / and 2 we observe that Hx^xH. 

Ex. 2. Prove that H itself is a right coset as well as 
left coset. 

We know that the identity element e of G is also the 

identity element of sub group H. Hence choosing a=c we have 

Rjcht Coset He={h e : h £ H)—{h :/»£//} 

* 7 he=h V h £ H. 


He=H 

Left Coset e H-{e h: h £ H}={h : h £ H) 

V e h=h VhG.fi 


or 


e H=H 
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Hence // is a right as well as a left Coset. 

Ex. 3. Prove that a £ a Hand a £ H a 

a H={a h : h £ H). 

Since e £ H therefore one of the h* must be e and 
hence the set a H contains a 

Y a h-a e=a, Also h a=e a=*a 
a £ a H. and a £ H a 

Hence both the left and right cosets a H and Ha are 
non empty as at least the element a belongs to both of them. 

Ex. 4. Li t G—4, —3, -2 , -7, 0 , 7, 2, 3, 4 + 

H- Sub group consisting of multiples of a given 
integer say 3, / e. 

H ={ -9,-6,-3, 0.3,6, 9..} + 

To show that G=H U (//+]) U ( H+2) 

We know that H+0=-H={... -9, _ 6 , _ 3> 0> 3 , 6, 9,...! 
The Coset H+\ -8, -5, -2, 1, 4, 7, 10, .. } 

The Coset H+ 2={.., -7, -4.-1, 2, 5, 8, 11, ...}. 

The Cost H+ 3 = { .. -6, -3, 0, 3, o, 9, 12, ...} 

and it is same as H- f-0 

Similarly 77+4, Coset is same as Coset 7/4-1 7 / 4-5 i« 
same as //-f-2 and so on. 9 

Thus there are only three distinct Cosets 

H 4 1, 77+2 

and C =H U (H+l) u (tf +2 ). 

tx. 5. G={a, a 2 , a 3 , a*=l} 0 (G)=4 

r>. , . . is a sub group of G 

cosets are either disjoint or identical * 

1 • H= {I, a 2 ) — H 
a . 77= {a, a 3 } 
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a\H={a\ a')={a\ \}=H 

a 3 .H={a 3 ,a 5 }={a 3 ,a}={a,a :i }=a.H V a*=\ 
Thus there are only two distinct cosets namely H and 
a H which are disjoint. Also H is identical with a 2 H and 
a H is identical with a 3 H 

Again HU a H={ 1, a 2 } U {a, <r>}={ 1, a 2 , a*} = G 

§ 9. Theorem on Cosets. 

Theorem 12. If h belongs to sub group H of G, then 

h H=Hh=H. 

I e. right and left Cosets corresponding to any element h £ H 
are H. 

h<L y •••lu • ••) 

/;//=(/» h u h ^, ...h h it ..) where h £ H. 


Since H is a sub group. 

/. h £ H , In £ H => h In £ H V i. 

Thus all the elements of h H are again elements of//. 

h H C H. ;••(!) 

Now we shall show that any element h ( of H is an 

clement of h H which would imply H C h H. • (2) 

From (1) and ( 2 ) we shall prove that h //=//■ 

Now choose lu any arbitrary element of H 
hi=e h t = (h hr x ) h t —h (/r l h t ) £ h H 
h £ H, .*. Ir 1 £ H, hi £ H, h 1 hi £ H. 

H C h H etc. 

In order to prove H h = H, we shall establish as above 
that H h C H, 

and then h ( -=hie=ht (h~ l h) = (ln /i" 1 ) h £ H h. 

7 h £ H , h-' £ H, In £ H , hi h~ l £ H 

H C H h and hence //=// h. 

Theorem 13. H is a sub group of a group G and a is 

any arbitrary element of G, prove that 

Ha=H o a £ I I 
a H=H o a £ H 
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...( 1 ) 


‘••( 2 ) 


1st Case. Ha=H 
to show a EH 

e EH, a EH eaEHa 
or a E H a or a EH by (1) 

Converse. a E H 

to show that H a—H 

Le t x e H a =>• *=//* where li E //and a € //(given) 
Since H is a sub group therefore 

h EH, a EH* ha EH 

Hence x E H a => x=li aE H Ha C H ...(3) 

Again let y E H then y=y a~* a y a~ l a=*e 
°r y={ ya ^) a 

Now a E H a~ l E //as //is a sub group. 

Also y E H, a~' EH±> y a" 1 EH 
} ,= {y a~ x ) a E H a 

H c Ha ...(4) 

Hence from (3) and (4) we get H=H a 

Similarly we can prove the other part. 

Theorem 14. Any two right {left) cosets of a subgroup 
H of G are either disjoint or identical. 

Let H={h lf // a , h 3 , ...} ard a, b EG, then 

H a={l hQy ) h a , h 3 a, ...} 
and h b={h 1 b, h,b, h 3 b, ...} 

are two right Cosets. 

Let us suppose that Ha and H b have some elements 

common and with that supposition we shall prove that all 
the dements in H * and H h are common. This wm eMab.ish 

f a fi l l are ' dent . ical or the y are disjoint, i,e. either 
H a n H b~4> i.e. disjoint or Ha=Hb 
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Let hia=h 2 b be the common elements of the two Cosets. 

he 1 hi a=hf l h % b=e b=b. 

Now hi £ //, h a- 1 £ H. V 1 It 1 £H as it is a 

sub group. 

Let // a -1 h x be //<. 

/. hi a=b. Take cosets of both sides. 

/. H (hi a)=H b or (Hh t )a=Hb —( 1# 

But In £ H (H hi) = H by Theorem 12. 

Ha=Hb. by (l) 

Hence the two right Cosets are identical if they have 

some elements in comm )n or else they are disjoint. 

Similarly by taking a h^b lh we get a=b lh lh l =b lit 

say or ali={b hi) H ox a H=b [lu H)=b H, 

V lu H-H when //, £ H. 

We can prove that left cosets are either identical or 
disjont. 

Deduction. The only right or {left) coset of a sub group 
Ii of G which is also a sub group of G is H itself. 

Ha is a right coset and if it is a sub group then e £ Ha. 
But e £ H which is a sub group as well as a right coset by 
Ex. 2. Thus e is common to both right cosets H and H a. 
But right cosets are either disjoint or identical (Th. 14). 

Ha=H. 

Cor. I, If the elements a , b , c, ... of G be so chosen 
that the cosets Ha, H b, He, ... are all disjoint then 
G=H U Ha U Hb U He,... 

//being the cosct corresponding to identity element 
or G=H u a H U b H U c H,... 

Theorem 15. If a, b are any two distinct elements of G, 

then 

H a=H b o ab~* £ H 
a H= b H o b~ x a £ H 
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Let H a=Hb, H a b^=H b b~ x =H e=H. 

But H h= H only when h E H Theorem 12. 

Hence a b~ l E H, 

Conversely, a b~ l E H. To prove that H a=Hb. 

Since a b~ l E H, H a b~ l =H t 

V ti h=H when h E H. 
Hab~ l b~Hb or Ha—Hb. 

Left Cosets, a H=b H> 

b-i a H=b~ l b H=e H=H. 

But h H=H only when h E H. b~ l a E H. 
Conversely b~' a E H. b' 1 a //=//, 

V h H=H, when // E H 
or b b- 1 a H=b H or a H=b H 

Exercise 3 

1. It a and b are any two distinct elements of a group 0 
and H is any sub group of G then 

a E H bo Ha=Hb 
and a E b H o a H=b H 

Let a E H b ab' 1 E H bb' 1 

or a b~ l E He or a b~ l E H. 

H a b~ 1 =H V h E H H h=H Th. 12. 
or Ha b~ l b — Hb 

or H a e=H b or H a=H b proved. 

Converse. Let H a=H b 

But we know that a£ H a and since Ha^Hb and 
hence it follows that a E H b 

In a similar manner we can prove the other part. 

2. Prove that the two right cosets H a, H b are distinct 
if and only if the two left cosets a~ l H , b~ x Hare distinct. 

Let H a t H b be distinct then we have to show that 

a 1 H , b- 1 H are also distinct. If they are not distinct then 
they are identical. (Theorem 14). 
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ar l H=b~ 1 H =» there exist //,, hi £ H, such that 

a" 1 /i<=6" 1 hi) 

=> a a~ l lu=a b~ l hi & fu=a b~ l hi 

=>■ hi hr l =a b~ l 

=> H (h< hr') = H (a b~') 

But hi hr 1 £ H and H h=H when h £ H. 

=> H=Hab~ l 

d> ab~ l £ H as above, 

r >Ha=Hb, (A) 

Thy Theorem 15, i.e. M a=H b o a b' 1 £ H 1 
[ a H=b H o b~ l a £ H .J 

Result (A) is a contradiction to the supposition that H a 
and H ftare distinct. Therefore a~ x H, b~ l H should be 
distinct. 

Converse. Let a -1 H, b' x H be distinct then we have 
to show that Ha and H b are distinct. If they are not distinct 
then they are identical, .\ Ha = Hb=> that there exists 

h lf hf £ H, 

such that hi a=hi b. 

=> hi a a~ 1 =hi b a" 1 => /»< = //> b a~ l 
z> hr 1 h t =hr 1 hi b a~ l = b a' 1 

=> (hr 1 hi) H=(b a - 1 ) H but hr 1 h t £ H 
=► H=b a _1 H V /;//=// when h £ H 

* ba~ l £ H 
z> (b- 1 )- 1 a- 1 £ H 

^ xT l //= b ~ 1 //. 

by Theorem 15, i.e. a H=b H o b~ l a £ H 
or a~ x H=a ~ 1 H o (b~ x )' x a~ x £ H , 
which is a contradiction to the supposition that a~ x II and 
b~ x H are distinct. Hence Ha, Hb are distinct. 

3. Prove that the set of the inverses of the elements of 

a right coset is a left coset i.e. (Ha)~ x =a^ H 
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Let H be a sub group of group G and o£(? then the 
right coset 

H a={hi a , h 2 a .hi a...) 

(Ha)~'={(h x a)‘\ (/i a , a) fc \. }^A 

a~ 1 H={er 1 h ly a" 1 h 2i . }=B 

Any element of A i e. (H a) -1 is hr 1 =a~ 1 hi 

say 

But a* 1 hi is an element of left coset or 1 H i.e. B. 

A C B —(!) 

Again any element of B i.e. a~ l H i.e. a -1 hi=d“ l (hr 1 )' 1 

= (hr 1 a)~ l =(hj a)- 1 say 

Since hi a £ Ha (hi a) -1 G (H a)~ x =A 

.*. 2? C A ♦••(2) 

Hence from (l) and (2) we get 4=Zf or (H a)~ 1 =a~ 1 H. 

4. G/vefl that G=H U H a\ U H a% U »*U #0* 
is the right coset decomposition of G relative to sub group H 
show that G—H U tfi -1 H U a{~ 1 H U ...U at' 1 H 
is a left coset decomposition of G relative to the sub group 
H. 

We have proved in Ex. 3. that (Ha)* 1 —ar 1 H 

Then a~ l H is a left coset consisting of the inverses of 
the elements of the right c. set Ha. Hence corresponding to 
each right coset Hat we have a left cosel a* -1 H. Therefore 
G=H U ar 1 H U a 2 ~ l H U ...Ua*" 1 H 
is a left coset decomposition of G relative to H. 

Theorem 16. If H be a sub group of the group G, prove 
that the number of left cosets of H in G is equal to the num» 
ber of right cosets of H in G. (Benares B. Sc. 67) 

Here we shall prove that corresponding to each left coset 
we have a right coset and if two left cosets are identical then 
the corresponding right cosets are also identical. 

We know that a H is a left coset 
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and a £ a H, and b & b H 

and if a, be to same left coset then a H=b H. Because 

two left cosets are either identical or distinct. 

Bu taH=bHo b~ l a E H Theorem 15.P.155 •• U) 

Similarly if a y b E same right coset then 
H a = H b o a b~ l E H- 
Now let us define a mapping /: G -*■ G, sue 

f(a)-a , a E G inverse of each 

/ is a one-one mapping of G onto usen 

element exists and is unique. n » 

Now if «. b belong to the same left coset then by (1) 

b ~ 1 a G H. -n-i c H 

This relation can be written as dr ) ( a > 

From this we get Hb~ l =Ha-' by (2) f 

Therefore and 6- belong to the same right 

" '"Thus we observe that if a, b belong to the same left co S e‘ 
then their images under the mapping /belong to the same 
right coset of H in G. 

Therefore the mapping/ induces a one-one correspon¬ 


dence 

a H -+ H a 1 

between the set of left cosets of H in C and the set of right 
cosets of // in G. 

Hence proved. . 

Theorem 17. The mapping f defined by f (a II)—H a is 

one-one mapping from the set of all left cosets of H in G onto 

the set of all right cosets of H in G. 

Let us first establish that the given mapping is well 

defined. Now if a H is a left coset then H <T‘ is right coset. 
Now if a H and b H represent the same Jelt coset then we 
have to show that/ [a H)=f(b H) or H a l -IIb 
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Now a H—b H* b~ l aGH Th. 15 P. 155 
Hb~' a—H V Hh=H if h G H 
=> Hb- 1 a a~ 1 —H a' 1 => H b~ l =H a ~ 1 
i e. f (bH)-f (aH) 

In order to establish that the mapping is one-one we shall 
show that 

f {ft H)—f{bH) => a H=b H. 

Now/ (a H) =/ (b H) H a~'=H b - 1 

=» fl- 1 (b~')-' e H Th. 15 i.e. H a=H b =* a b~ l G H 

=> a- 1 b e H. 

=> a a~ x b E a H =>- b G a H. 

But b also belongs to b H as H is a group and e is its 
element b e-b is an element of b H. 

Hence b belongs to both bH and aH, But we know 
that two left cosets bH and aH are either disjoint or 
identical. Since they have a common element and as such 
they are identical 

b H=a H Proved. 

For onto. Let Ha be any right coset then a~ l H is a 
left coset 

Also/ ( a - 1 H) = H {a" 1 )~ l =Ha by def. off 

Thus each right coset Ha is the /image of the left coset 
n -1 H and hence the function/is onto. 

F.x 1 . If H is a sub group of G then there exists a one- 
one correspondence between any two right cosets of H in G. 
i.e their exists a bijection from Ha to lib. 

Let Ha and Hh be any two right cosets of H in G. 

so that h a G Ha, hb G Hb V h G H. Let us define a 
mapping/: Ha -> Hb such that 

f i ha)—hb. 

The mapping is one-one. f{l h a)=f(h g a) => /*, Z>=// 2 b. 
=> /ti=// a by cancellation law 

=> h x a=h % a .*. /is one-one. 

Clearly the mapping is onto because for each element hib 
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in Hb there exists an element h t a in Ha. Hence the mapp¬ 
ing / is a bijection. 

Ex. 2. Prove that there exists a one-one-correspondence 
between H and aH 

Let f : H -> a H defined as f ( h)=ah V h £ H. 

f Is one-one ;/ (ln)~f ( h >) o ah i =ah J olu-hi by 

cancellation law. 

f Is onto : Corresponding to each alu £ aH there exists 
hi in H such that / (//<)= a h { . 

Hence the mapping / is a bijection. 

§ 10. Coset Decomposition. 

From theorem 14 we observe that the two right (left) 

cesets of a sub-group H in G are either disjoint or identical. 

Hence the set of all right (left) cosets of a sub group H gives 
a decomposition of G into mutually disjoint classes. 

Congruence relation. 

Let H he a sub group of a group G and a, b be any two 
elements of G then we define a congruence relation in G 
ex peressed as 

a=b (Mod H). 

i e. a is congruent to b modulo H if and only if a b~ l £ H. 

We may recall from theorem 15 P. 15 5 that 
H a=H b => ab~' £ H 

Theorem 18. To prove that the relation of congruency 
modulo H is an equivalence relation. (Meerut M. Sc. 68; 

Luck. 69; Agra 70; Utkal 70; B H U 70) 

In order to prove that the relation a~b (Mod. H) is an 
equivalence relation we have to establish that it is reflexive, 
symmetric and transitive. 

From definition a=b (Mod. H) if a b~ l £ H. 

Reflexive. a=a Mod. H) if a a~ l £ H 
which is ture as // is a sub group. Hence reflexive. 
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Symmetric. a=b (Mod. H) => a b~ l £ H. 

Since H is a sub group and a b~ l E H 

(a b- 1 )- 1 e H. 

or (b' 1 )- 1 a- 1 £ Hot b a’ 1 £ H. 

b=a (Mod. H) by definition. 

Hence Symmetric. 

Transitive. a=b (Mod. H), b=c (Mod. H) 
i.e. a b- 1 E Hand be' 1 E H. 

Since a b~ l and b c _1 E H and H is a sub group. 

.\ (a b~') (b c- 1 ) E H 
a ( b - 1 b) E H 

a (e) c- 1 E H. 

ac- 1 E H a=c (Mod. H). 

Hence transitive. 

Therefore the congruency relation is an equivalence rela¬ 
tion and it decomposes the group G into disjoint equivalence 
classes which are the right cosets of H in G. In order to 
obtain such disjoint right cosets we proceed as below. 

H is a right coset of H in G. 

Now if a does not belong to H then it belongs to H a. 

V a=e a E Ha as e E H. 

Next if b does not belong to H or Ha then the next 
right coset is H b and so on. 

In this way we obtain the disjoint right cosets as 

H, H a, H b, H . . 

It may be shown as above that the relation b' 1 a E H 
is an equivalence relation in G 

[b- 1 a £ Ho a H=b H\ Th. 14] 
such that the corresponding equivalence classes coincides 
with the set of the left cosests of H in G. 

Index of H in G. The number of distinct right (left) 
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cosets of H in G is called the index of H in G and is denoted 
as [G:H], (Punjab 66) 

§11. Lagranges Theorem. 

Statement The order of a sub group H of a finite group 

G is a divisor of the order of the group G. 

(Gorakhpur 70; Luck 66, 68; Utkal 70; B H.U. 68; 
Allahabad 69; Rajasthan 69; Meerut M Sc. 67 68; 
Raj. M.Sc. 69; Delhi 70; Fb. 66, 67, 69, 70) 
Let the order of the finite group G be n and the order of 


its sub group H be m. r . • 

We consider the right coset decomposition of G relative 


to H 

H={h\, hi, . thm\ 

H a={lh a, h t a ,. X, a} are the m members of the 

right coset H a, where a G G. 

All the m elements of right coset H a are distinct for it 

not then 

h t a=hi a => hi aa' l =h f aa 1 => h t -h, 
which is not true. Hence all the members of the right coset 

H a are distinct. 

Again since the group C is finite the number of such 
right coscts will be finite. Let the number ot disjoint right 
cosets be k. [It should be noted that the number of cosets 

will not be n the number of elements of G. 

a £ H // a—H V a & H 

ie. all those members of G which are also members of 
H will give only one coset //. Also we know that the rig it 
cosets are either disjoint or identical. This explains for 
our taking the number of distinct right cosels to be k ins¬ 
tead of n. 

Again since all these right cosets are disjoint. 
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G=H U Ha 1 U H a z .U H a k . 

Hence the total number of elements of G=number of 

elements in the k cosets =mk, as each coset consists of m 
elements 



n 


• • 


n=m k or m= — 

k 


order of H~ 


order of G 



or order of sub group H i.e. m is the divisor of the order of 
the group G which is n. 

Converse of Lagranges Theorem 

The converse of Lagranges Theorem is not true i.e. if G 
be a group of order n and m is any divisor of n then it is not 
necessary that G may have a sub group of order m. we shall 
illustrate the same by an example. 

5^=Symmetric group of permutation on 4 symbols consisting 
of 4 !=24 elements. 

Alternative group consisting of even permutations 
which will be 12, so that its order is 12 
But there is no sub group H of A x whose order is 6 even 
though 6 is a divisor of 12 the order of A x . 

Cor. I. The index k of a sub group H of a finite group 
G is a divisor of the order of G. (Raj. M.Sc. 67) 

Above is clear from (1) and the definition of index of a 

suh group i.e. k=—. 

m 

Cor. 2. The order of an element of a finite group is a 
divisor of the order n of the group , In particular a n =e. 

(Punjab 70; Meerut 70; B.H.U. 70; Poona 70; Luck. 67) 
Let n be the order of a finite group G and a £ G be its 
element whose order is m i.e.a'^e, where m is the least 
-hive integer satisfying the above relation. 
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Consider the cyclic group 

a, a 2 , a 3 ,. ,a m =e. 

It is a sub group of G because 

a £ H, b£H=>ab£H, 
by the help of a m =e. 

Also the order of this sub group is m. 

Hence by Lagrange theorem = order of a sub 

group i.e. m is a divisor of the order of G i e. n. Or order 
of an element a of a group G i.e. tn is c divisor of the order 
of G i.e. n. Again a*=a mk ={a m ) t =e k =e. 

Cor. 3. If a finite group of order n contains an element 
of order n, then the group must be cyclic. 

Let a £ G where G is a finite group of order n. 

Also o ( a)=n (given) 

Consider the cyclic sub group H of G which is generated 
by a i.e. H={a T r £ 1} 

Clearly the order of H is n as the order of its gener¬ 
ator is n. 

Thus H is a cyclic sub group of G whose order is the 
same as that of G. Thus H=G and because H is cyclic 
therefore G is also cyclic. 

Cor. 4. Every group of prime order p is cyclic. 

(Gorakhpur 70; Kanpur 69; Luck 66; Delhi Hons, 69; 

Raj. M.Sc. 67; Meerut B Sc. 70) 

Let G be a group of order p where p is prime. 

Let a be any element of G whose order is m i e. 

a m =e. 

Consider the cyclic sub group // generated by a. 
i.e. H-{a % a 2 , a 3 ,. 
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The order of this cyclic sub group i.e. m is a divisor of 
the order of the group G which is p and /> is prime. This is 
possible only when m=p. 

Hence the given group G of order p will consist of 

elements which will be powers of a, and hence it is cyclic. 

[Elements of sub group H are elements of G] and we have 

shown that m=p. Hence H=G when m—p and therefore 
G is a cyclic. 


Cor 5. Every finite group of composite order possesses 
proper Sub groups. (Meerut 70; Delhi Hon’s 70) 

I-et G be a finite group of composite order mn where 

»=£ 1 . 


Case I : Suppose that G is Cyclic and a is a generator 
of G then clearly o (a)—mn as order of G is mn 
.*. o (a n ) = m. 

Now consider the cyclic sub group H={a n } 

The order of // is order of its generator which is m 
where mz£\ and m<mn. Hence H is a proper sub group, 
because if m=l and m=mn, 

then H would be improper sub group. 

Case II. Let G be not-cyclic. In this case the order of 
each element of G must be less than mn. Hence G will cont¬ 
ain at least one element say b of order p where p^£ 1 and 
P<mn. Hence //={6}isasub group of G whose order is 
/»=£ 1, P < mn. 

Thus H is a proper sub group of G. 

Cor 6. A group G having no proper sub group must be a 
finite group of order n where n is either 1 or prime (Punjab 70) 

Let G be an infinite group and a=£e and a £ G 

Case I. If o (a) — finite, then H— f ,a } i.e a cyclic group 
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generated by a is a proper sub group of G whose order is 
same as o (a). But we are given that G has no proper sub 
group Hence G must be finite. 

Case II. If o (a)=infinite then {a} is a sub group of G. 
If G={a) then G is an infinite cyclic group and hence G must 
have propjr sub groups. On the other hand if G^{a) then 
{a} is a proper sub group of G. But we are given that G has 
no proper sub group and hence G must be a finite group. 
Again the order of G must be prime or 1 for otherwise order 
of G will be composite and we know that every group of 
composite order has proper sub groups. 

Theorem 19. If G={a} be a finite cyclic group of order n 
then for any divisor d of n there exists a unique sub group of 
G of order d. 

Proof. Existence : 

G={a } is a finite cyclic group of order n a u =e. .. (1) 

Also d is a divisor of n =>• n=dm for some m. .. (2) 

From (1) and (2) we get 

a n =a d "' = (a m ) i =e. 

Hence order of a m < d 

Now let us suppose that s (<d) is the order of a"' and 
hence (a m )‘=e or a m, =e where ms < md or <n by (1) 

This is a contradiction to the fact that order of a is n 
i* e a n =e, and here we have sho.vn that there exists nis<n 

such that a m =e. 

Therefore it follows that order of cannot be less than 
d and it is equal to d. 

Now a ,n £ G and order a m =d , hence {a m } is a cyclic 
sub group of G of order d. 

Uniqueness. Let us suppose that there is another sub 
group {a*} which is also of order d where d=nm. 
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We shall establish that { a k }={a ' n }. 

By division Algorithm there exists integers q and r such 
that k=mq+r where 0 < r < m. 

kd=mqd+rd where 0 < rd < md i.e. n. 

Now a kd =a mqdJrTd =a md . a rd = ( a md ) v . if d 
or a kd =e Q .a rd =a rd Y md—n and a n =e. •• (3) 

But we have taken sub group {a 1 } to be of order d and 
hence its generator is of order d such that 

(a k ) d =e i e. a kd =e, 

Hence from (3) we get e=a rd where rd < n and order of 
a is n i.e. a n =e. 

Above will not hold good unless rd= 0 or r=0. 

Putting r=0 in k =mq+r we get k=tnq 

a k =a mQ = (a ,n ) q . It follows that a* £ {a" 1 }. 

M C {w' 7 *}. 

But the order of both the sub group, {a k 1 and { a m } was 
supposed to be d i.e. they have the same number of elements 
so the relation {a k } C { a m } can be strengthened to {a k }={a m }. 

Theorem 20. Prove that the index of every sub group of an 
infinite eye He group is finite and thus to each positive integer m 
there corresponds one and only one sub group of index m. 

O' is an infinite cyclic group and let H be its sub group 
then by theorem 10 P. 147 H is also infinite cyclic group being 
generated by a m where nt is the least -Hive integer such that 
u' n 6 H. 

By index of a sub group we mean the number of distinct 
right cosets or left cosets 

H={a m , a 2m , a 3m , by def. 

Ha={a n,+i ,a- m + 1 . a 3m + l , 

Ha 2 ={a""-- y a- m+ ‘ y « 37n+2 ,...,} 


Ha m ~ l = {d lm ~\ ,} 
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Our assumption is that these are the only distinct right 
cosets because 

Ha m ={a 2n , 

which has elements in common with H and hence Ha m =H 
Similarly Ha' l ={a m ~\ d Zm ~\ a 3 "- 1 ,...,} which has ele¬ 
ments in common with Ha m ~ l and hence 

Ha m ~ l —Ha~ l 

[any two right (left) cosets are either disjoint or identical]. 

Thus the number of distinct right cosets of H is m i.e. 
finite, also this decomposition for a given m is unique so 
that there is one and only one sub group of index m. 
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CHAPTER III 

RINGS 

§ 1. In the last chapter we had defined group as a non 
empty set equipped with one binary composition and satis¬ 
fying certain axioms. Here in this chapter we shall deal 
with an algebraic structure equipped with two binary com¬ 
positions denoted additively and multiplicatively i e., by 
-band . It will be known as Ring. 

Definition : Ring. (Meerut M. Sc. 67, B. Sc. 70; 

Lucknow 69; Marthwada 70; Raj. M. Sc. 67; Kanpur 69; 

Gujarat 70; Allahabad 67) 
A non empty set R with two bina-y compositions to be 
denoted additively and multiplicatively by symbols A-and . is 
called a ring (7?,+,.) if it satisfies the following axioms. 

R i The set R is an abelian group for the additive composition. 
R 2 Multiplication is a binary composition which is associa¬ 
tive. 

7?a Multiplication Is both right and left distributive with 
regard to addition. 

We shall refer as R., Rj and /? 3 the above axioms of a group 
which arc explained as below. 

Ri The set R Is an abelian group for the addition composition. 

(1) Closure property i.e ., a, b E R => a+b £ R. 

This is implied because addition is a binary operation. 

(2) Associative le., (a +b)+c=a+ (b+c) Va, b, c & R 

(3) Identity i.e.. a+0=0+a=a V a £ R 
0 is called the additive identity. 

(4) Inverse. For every element a G R there exists an 
element b £ R such that a+b --0 (identity) = 6-f-a. 
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Then b is called inverse of a. The inverse of any element 
a will be denoted by (—a). 

(5) Commutative i.e., a + b=b-\-a V a, b £ R. 

Thus for R x we should show that the additive composi¬ 
tion is both associative and commutative, Identity and 
inverse exist and closure property All these would establish 

that (/?,-+-) is an abelian group and it is called the additive 
group of the ring. 

R 2 Multiplication composition is associative, 

ie. t ( a.b).c=a.[b.c ) V a, b t c £ R 

It may be noted that for ring there is no necessity for the 

existence of multiplicative identity and inverse and also mul¬ 
tiplicative composition to be commutative 

/? 3 Multiplication is botn right and left distributive with 
regard to addition. 

i.e. a.{b+c)=a.b+a.c Right Distributive Law 

and (b+c).a=b.a+c.a Left Distributive Law 

The two compositions in the ring arc interrelated to each 
other by the axiom R 3 . 

Note. Since -f-and. are both binary operations in R it 
follows that R is closed with respect to both addition and 
multiplication. 

i.e. V a, b £ R. a+b and a.b both £ R. 

Exercise 1 

1. (a) Prove that the set / of all integers with ordi¬ 
nary addition and multiplication as the compositions forms a 
ring, i.eis a ring. 

Ri The set I is an abelian group for additive composition. 

(1) Sum of two integers is again an integer. Closure. 

(2) We know that addition is associative in / 

i.e., (a+b)+c=a+(b+c) V a, b, c £ I 

(3) The integer 0 is the additive identity. 

7 a-f 0=0+a=a V a £ I 
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(4) For each integer a there exists an integer —a such 

that (— fl+a) = 0=a+(—a). Hence inverse exists. 

(5) a-\-b=b-\-a. V a, b £ /. Commutative. 

/? 2 Multiplication is a binary composition and is associative. 

(ab) c=a ( be ) V a, b, r £ /. 

Because multiplication is an associative composition in /. 
R z Multiplication distributes addition 
i.e. a.{b+c)*=a.b-\-a.c (R. D. L.) 

( b-\-c).a=b.a+c.a V a, b, c £ I (L. D. L.) 

Hence the system (/, +, .) forms a ring. 

Exactly in a similar manner we can prove that the 
following sets of numbers are rings for addition and multipli* 
cation as the two compositions. 

(b) The set of even integers with zero. 

(c) The set of all real numbers. 

(d) The set of all rational numbers. 

(e) The set of all complex numbers. 

(f) The set ml of those integers which are multiples of 
some given integer m. 

Note. The set of odd integers will not constitute a ring 
for addition and multiplication as the two compositions. 

The sum of two odd integers — even integer 
i.e., addition is not a binary operation or closure property 
is not satisfied. Similarly the set of natural numbers is not 
a ring under the above two compositions as {N, +) will not 
form a group because inverse of any element in N will not be 
in N. 

2. Show that the set of numbers given by a-\-b\/2 
where a and b are integers is a ring with ordinary addition and 
multiplication as the two compositions. (Allahabad 65; 

Let the given set be denoted by I (\/2) and a 1 + b l y/2 
and o % -f l\ v /2 be any two elements of this set. 
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i?i The set [l(\/ 2 ), +] is an abelian group. 

Closure (01+61 \/2) + ( 0 a+ 6 a V 2 ) = ( 0 i+ 0 a) + (6i+6 a )\ 2 

= /* + £ v ’2 € 1 (V 2 ) 

Associative. {(01 + 61 \/ 2 ) + (02+6a V2)}+(03+6 3 V 2 ) 
={(0i+0 a ) + (6i+6 a ) \/2}+(03+6a V 2 ) 

= ((7x4* o 2 + 03 ) + f 61 + 6 a + 6 3 ) V 2 

*=(ai+6i \/ 2 )+{( a a+ a 3 ) + (^2 + ^ 3 ) V*} 

= (01 + 61 \Z 2 )+{( 0 a+ 6 a y/ 2 ) + (03 + 6 3 \/ 2 )} 
Identity. 0+0 y /2 £ 1 (V 2 ) is the identity. 

Inverse. The inverse of any element 01 + 61 y /2 is 

—fli —bi y /2 and it belongs to the set / (y' 2 ) 

Commutative. (01+61 V 2 ) + ( 0 a+ 6 2 \/ 2 ) 

= (03+63 \/2) + (0i+6x \/2) 

7 (01 +0a)+ (61+6 2 ) V2 = (02+0i) + (6a+6i) \/2 

The set (/ y'2, +) is an abelian group. 

R 2 Multiplication is a binary operation and is associative 
The set / (\/2) is closed w.r.t. multiplication composition 
or (01 + 61 y / 2 ) (o a + 6 a \/ 2 ) = ( 0 i 0 a + 26 1 6 o) + (fl, 6 a + 6 x 0 a)y '2 

= a+/ 3 v /2 6 I W 2 ). 

Also it is easy to verify that 

{(01 + 61 \/2) (0a+6 a \/2)}. (03 + 63 \/2) 

= (0i + 6i v / 2). {(0a+6 2 v // 2) (03 + 63 \/2)} 
l.e. ( A.B). C=*A.(B.C) i,e ., Associative. 

R a Multiplication distributes addition 

i.e. t A.(B+C)=A.B+A.C. 
of (01+61 \/2).[(0g+6 a y/ 2 ) + (03+63 \/2)] 

= (0i+61 -v/2).[(0a+0 3 ) + (6 a +6 3 ) y / 2 ] 

* r -{0i (0 a +0 3 ) +26x (6 2 + 6 3 )}+^2 {6j ( 02 + 03 ) 

+0i (63+63)} 

= (0i0a + 26 i 6 a ) + \/2 {6x0.3+0162} 

+ (0103 +26x6 2 )+ \/2 { 6 , 03 + 0163 ) 

= (o, + 6,\/2).(03+63 y/ 2 )+ (01+ 61 \/2).(0 3 + 63 \ / 2 ) 
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Similarly we can show that 

(B+C).A=B.A + C.A 

Thus both right and left distributive laws are satisfied. 
Hence the set [/ [y/2), +,.] is a ring. 

Ring of Matrices. 

3. Prove that the set M n of all nXn mortices is a 
ring w.r.t. addition and multiplication of matrices. The ele¬ 
ments of matrices are numbers belonging to any of the rings 
of numbers of Ex. 1 . (Kanpur 69; Lucknow 69; Delhi 70; 

Meerut B. Sc. Summer 69 ; Allahabad 67 ) 

Rj The set (M„, + ) is an abelian group. 

Closure. The sum of two nXn matrices is again a 
matrix of nxn type. 

Associative. {A + 5)-f C= A -f(B-l-C) V A, B, C £ M n 
because addition of matrices is associative 

Identity. O nxn i.e. the null matrix is the identity. 

Commutative A-\- B~ B-\- A V A, B £ M n . 
because matrix addition is commutative. 

/. The set (A/„, -f) is an abelian group. 

R a Multiplication is a binary operation which is associative. 

We know that the product of nXn matrices is again a 
MX n matrix and hence closure property for multiplication 
is satisfied. 

Also we know that (.4. B) .C=A.(B.C) V A. B, C £ Mn. 
We know that matrix multiplication is associative provided 
the given matrices are conformable for matrix multiplication 
and hence in this case since all the matrices are nxn type 
they are comformablc for matrix multiplication. 

R 3 Multiplication distributes addition. 

It is true because matrix multiplication distributes 
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addition i.e i A .{B-\-C) = A.B A.C 

(B+C).A = B.A + C.A 

Hence the set (M, +, .) is a ring. 

Ring 01 residue classes modulo m 

4. Prove that the set of residue claves modulo the +ive 
integer m is a ring with respect to addition and multiplication 
of residue classes [mod m) (Allahabad 66, 70) 

Let the set ft = [{0}, UK {2},.* 01 

and {r,} and {r,} be any two elements of R, 

R, The set (R. -f j is an abelian group. 

We have proved in Theorem 3 P. 43 that (R, +) is an 

abelian group. 

The entire procedure should be reproduced here. 

R, Multiplication is a binary operation which is associative 
This we hive proved in therem 5 P. 44 
R 3 Multiplication distributes addition. 

{r,} [{r 2 }4-{r 3 }]-fr,Ur 2 +r 3 } 

={rjr 2 +^rs} 

={rir 2 ) 

=W + 

If rjr 2 and r,r a are greater then m and 

reduced mod m. . 

Similarly we can prove left distributive la . 

Hence the set (R, -f*.-) ,s a r ‘ n S» ... , 

5 Prove ,hot the «, {». 1. 2. I 4 ! » « r«f 

addition and multiplication modulo 5. 

Let the given set be denoted by R t 

R, The set (R, +6 ) is an abelian group 

We have proved this in Ex. 25. P. 33. 

R 2 . Multiplication modulo 5 is a binary operation which 

associative. 


then they are 
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Preparing a composition table for multiplication modulo 
5 we can easily establish that the set is closed under the 
operation of multiplication modulo 5. 

Also (axb)xc=ax(bxc) V a, b, c £ R 

3 5 5 0 

As a , />, c are numbers they obey the associative law. 
R 3 Multiplication distributes addition 

ax(b + c)=axb+axc 
5 0 5 5 

and ( h-\~c)xa = bxa + cxa V a, b, c £ R. 

5 5 5 5 

you may show it by actually computing the result from 
the composition tables by taking a, b, c to be any three ele¬ 
ments of the set. 

Hence the set (R, +.<■„ *&) is a ring. 

Similarly we can show that the set 

(/?. +o, xo) is a ring where R = { 0, 1, 2, 3, 4, 5} 

Ring of functions. 

6. Show that the set R of all real valued continuous 
functions of x d fined over the interval [0,1] form a ring 
»v r.t. addition and multiplication d fin; l at follows 

( f+g) x=f (v) + g (,v) 

(f-g) v= f(x).g (.v) (Raj. M. Sc. 66) 

R, The set (R, 4-) is an abelian group 

1. Closure. The sum of two continuous functions is 
again a continuous function. 

2. Associative. [(/4-g)4-/il *=(/+£) x-\-h (.v) by def. 

= [f (*) + £(*)]+/» (•*). 

But / (.y), g (.y), h (a) are real numbers and addition of 
real numbers is associative and hence 

=f(x)-\-[g(x)-\-h (*)] 

=/(.t)-f[(g4-/») x] 

= [/+(£ + /')] -v. 
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(/+g)+^ — /+(g+^)- V/, g, /j E /?, 

Hence associative 

3. Identity. The function 0 defined as 0 (x)=0 is 
the identity of the set R. 

V (0+/) x=0 (x)+/(*) = <>+/ (*)=/(*). 

Similarly f+0=f 

4. Inverse. The function —/ 

such that (-/) *=-[/(*)] is the additive inverse of/ 

7 [(-/)+/] =(-/) (x)+f(x)=-f(x)+f(x). 

=0=0 (x) 

(-f)+f=0 the identity. 

5. Commutative, (f+g) x=f {x)+g (x) = g (x)+f (x) 

= (g+/) x as addition of real 
numbers is commutative. 

f+g=8+f 

R 2 Multiplication is a binary operation which Is associative. 

The product of two continuous functions is again a 
continuous function and hence closed for multiplication. 

Now [(f.g).h) x=[f. g] (x) h (x) by def. 

=[/(*) g (*)] h 

But/(x), g (x) and h (x) are real numbers and they are 
associative 

=/(*)•[*(*>•* wi 

=/w Ugh) x] 

=lf(gh)]x 

••• </«) h=f(gh) V f g, h, € R- 

Rs Mulliplicalion distributes addition 

[/(?+W ] x =/(*).( f +« w b y def - 

=/(x).[g (x)+M*)l 

=/(x).g (x)+/(x).A (*) 
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=(fg) x+(fh) x 
=(/ g+M x. 

/ (g+h) =fg+fh Vf,g,h £ R 

Similarly (g+ h) f=gf+hf. 

Hence the set {R, +,.) is a ring 
Null or zero ring 

7. The singleton, {0} is a ring w.r.t. addition and 
multiplication. 

0-}-0=0 and 0.0=0. 

The above ring is celled null ring. 

§ 2. General properties of rings 

If R be a ring with respect to addition and multiplication 
and a, b, c £ R then prove the following. 

(A) a.0=0.a=0. (Lucknow 69; B. H. U. 68; 

Meerut B. Sc. 68, 70, M. Sc. 70) 

Proof. 0=0+0 

a.0=a. (0 + 0)=a.0+a.0. (R. D. L.) 

/. -(a.0)+tf.0=-(a.0)+tf.O+a0 

0={—(a.0) +a.0}+fl.0. Associative 

0=0+a.0=o.0 

Similarly 0 .a =(0+0).a=0.a + 0.o L. D. L. 

we can show that 0.a=0. 

(B) —a. (—b) = — (a.b) = (—a).b. 

(Bombay 70; Meerut B. Sc. 68; M. Sc. 67; Allahabad 64) 
We know that a.0=0 

or a [(— 6)+/>]=0 ^ a{—b)-\-a 6=0 R. D. L. 

[a (-6) + a.6] + f-(a.6)}=0+{-(a6)} 

=> a (— b)-\-[a b(a. b)}] = — (a. b) Associative 
=>• a (—6) + 0= — (a.b) => a (~b)=— (a.b) 
Similarly 0.6=0 => (—a+a). 6 = 0 
=> ( a).b+a.b=0 

=> [{-a).b + a.b] + {-(a.b)}=0 + {-( a .b)} 
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=> {—a).b-\-[a.b-\-{— [a.b)}]—— (a. b) 

=> {-a) .b+0= — (a.b) 

=> (-a).b— —(a b). 

(C) (—a).(—b)=a.b. (Meerut 67, 68) 

We know that a.(—b)=—(a b) by B 

writing ~a for a in the above. 

(~-a).{ — b)= —[( — a) .b]= —[~{a.b))—a.b. 

Because we know that inverse of an inverse of an element 

is the element itself />., (a~ l )~'=a for multiplicative 
composition 

and — (— a)=a for additive composition. 

(D) a.(b—c) = a.b —a.c, (b—c).a = b.a —c.a 

(Benaras 68; Meerut B. Sc. 70; ARahabad 64) 

a. {b-c)=a[b+{-c)]=-a.b \-a.{-c) / R. D. L. 

=a.b+[—(a.c)] ( by B. 

— a.b — a.c. 

(b—c).a=[b+(—c)]a = b.a + (—c).a L.D.L 

=b a+[— {c.a)] by B 

= b.a-c.a 

Note. From D we conclw.lt that both right and left dis¬ 
tributive laws hold good for subtraction also. 

§ 3. Types of rings. 

1. Commutative rings. (Kanpur B. Sc. stat 68) 

The ring (R, -|-,.) is said to be a commutative ring if its 
multiplication composition is also commutative, 
i.e. ab = ha V a, b £ R. 

Refering to Ex. 1—6 on P. 169-1 76 we say that all the 
rings of numbers of example (I) are commutative rings as the 
multiplication of numbers is commutative. Similarly the 
rings of Ex. 2, 4. 6 arc also commutative. But the ring ol 
matrices of Ex. 3 is not commutative because matrix multipli¬ 
cation is not commutative in general i.e. AB is not equal to 
BA in gene/al. 
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2. Rings with unity, (Kanpur M. Sc. stat 68) 

The ring (/?,+.) is said to be a ring with unity if if con¬ 
tains an element denoted by 1 such that a.) = \ a=a V a £ R. 

The unit element 1 is called multiplicative identity. It 
should not be confdsed with integer 1 though both are deno¬ 
ted by the same symbol. 

In the ring of integers the element 1 is the integer 1 
whereas in the ring of matrices the unit element is the unit 
matrix of suitable order. In the ring of all even integers 
there is no unit element and as such it is a ring without unity. 
Similarly in Ex. 6 P. 174 the function e defined by 
e (x)=1 V x £ [0, 17 is the unit element because in this 
case (ef) x=e (x)f (x)= 1 f (x) =f (at) . 1 =/ (x). ef=f 

Similarly (fe) x=f (x).e (x)=f (x)A=f (x). 

fe=f 

Fx. Give an example of each o f the following. 

(a) a commutative ring without unitv. 

(h) a non commutative ring with unity. (Delhi 1970) 

(a) Ring of even integers is certainly a commutative 
ring hut it is without unit element. See Ex. I (a, b) P. 170 

(b) Ring of nXn matrices is certainly a ring with unity, 
the unit element being the unit matrix of suitable* order but 
it is not commutative ring. Ex. 3 P. 172 

?. Inversible elements in a ring with unity, 

Tf a ring ( R , -f.) be a ring with unity then an element 
a £ R is called inversible if there exists an element b £ R 
such that a.h=\ =h.a. In this case we write b=a~ 1 . 

In a ring of all integers which is a ring with unity the 
on1y M inversible elements are 1,-1. The element 2 is not 
inversible*because l.|=l=i.2 but i does not belong to the 
set of all integers. 
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Similarly in a ring of all n*.n matrices with real numbers 
as elements whose unit element is the unit matrix, all the 
matrices are not inversible. Only those matrices which are 
non-singular /.£., whose determinants are not zero are inver¬ 
sible as in that case AB=BA = I then B—A -I . 

4. Rings with zero divisors. 

A ring (R, +.) is said to be a ring with zero divisors if 
for a, b G R we have ab =0 though a^i), b^ 0, 
i.e., product of two non-zero elements of R is zero without 
any of them being zero. 

In this case a and b are said to be proper divisors of 

zero. . c 

Such divisors can not arise in the rings of numbers lor 

as we know the product of two non-zero numbers can never 

be zero without either or both of them being zero. 

But in the ring of matrices we can have the product of 

two non- zero matrices as a zero matrix. 

For example £] [" °]“ [° ,,] 

G :] b :b 3 

i e AB=0 (null or zero matrix) 

Here neither A nor B is a zero matrix but their product 
is a zero matrix. Hence A and B are divisors of zero and the 
ring is said to be a ring with zero divisors. 

Similarly we have shown that the set 

R={ 0, 1,2, 3,4, 5} is a ring. 

+8X6 

Here also 3 2=6=0 (mod 6) 

4-3 = 12=0 (mod 6) 

ie 3’2 or 43 = 0 or a.b=0 without any of a and b being 
zero. Henze th; ring («, «, x,) i< also a ring with zero 
divisors. 
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5. Ring without zero divisors. 

A ring {R, -f. ) is said to be a ring without zero divisors 
if the product of no two non-zero elements of the same is zero 
i.e. ab=Q => a —0 or b =0 or a=0 and b=0. 

Read the following example no I carefully for the sake of 
clarification. Exercise 2 


Ex. 1 The set R={a , b, c, d) with addition and mul¬ 
tiplication operation defined by the given tables is a ring. Find 
its zero and unity and classify it. 


+ 

a 

b 

c 

d 

• 

a 

b 

c 

, d 

a 

a 

b 

c 

d 

a 

a 

a 

a 

a 

h 

b 

a 

d 

c 

b 

a 

b 

c 

d 

c 

c 

d 

a 

h 

c 

• 

a 

c 

c 

a 

d 

d 

c 

b 

a 

d 

a 

d 

a 

d 


Howto read the table. r+<f=element at the intersec¬ 
tion of row headed by c and column headed by d and it is b 
i.e. % c-\-d=b, similarly d+b=c, afc=c etc. 

Similarly from the second table rf.c=element at the 
intersection of row headed by ^/and column headed by c and 

it is a i.e., d.c=a and in a similar manner c.d=a, d.b=d 
and so on. 

To prove that the given set is a ring. 

Ri The set (R, +) is an abelian group. 

(1) Closure. From the table it is clear that sum of any 
two elements is again an element of the set. 

2 Associative. (a + h)-\-c=b+c=d a-\-b=b 

a+(b+c)=a+d=d. 7 b+c=d 

3 Identity. a-\-a=a, a+b=b=b+a f 

a-\-c=c=c J r a. a+d=d-d+a. 
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Hence the element a is the additive identity of the set 
and it is called zero of the ring. 

(4) Inverse. From the table it is clear that 

a+a=a, b-\-b=a, c + c=a, d+d=a, 
where a is identity, Hence each element is its own invetse. 

(5) Commutative. Since c+d=b and d-\-c=b 

i.e ., c+d~d+c Similarly we can verify that V x>y £ R x+y 
= 7 +x and hence commutative. 

3Ro Multiplication is a binary operation which is associative. 

From the second composition tabic it is clear that product 
of any two elements is again an element of the set. 

Also {b.c) .d=c.d=a. 7 b c—c 

b (c.d)=b.a=a. 7 c.d—a 
(b.c).d=b.(c d) and hence associative 

)R 3 Multiplication distributes addition. 

b . (c + d) = b.b = h. 
b.c+b.d=c+d=b 
b. (c+d)=b.c + b.d 
Similarly (<■ + d) .b=c .b-rd.b 

Hence the given set is a ring under given compositions. 

The ring is commutative. 

From the table it is clear that 
c.d=d.c—a\ a.b=b.a=a\ b.c=c.b=c etc. 

Unity of the ring [i.e., multiplicative identity.]. 

From the table it is clear that b is multiplicative identity 
i.e., unity of the ring 

7 a . b=b . a=a\ b . b—b, c . b=b . c=c, d . h—b . d^-d 
i.e. x . b=b . x=x Vx £ Ring. 

Zero of the ring [i.e ., additive identity] 

From the first table a+a=a; b+a=a+b=b; 

f-t-u=a + c = c: d+a=a-\-d=d 



Mofden Algebra-3 



and hence a is the additive identity or zero of the ring. 

V a+x=x+a=x V x G Ring. 

The ring Is with zero divisors. 

We have from the table c . d=a, i.e t , zero of the ring 
i.e., product of two non zero elements is zero and hence it 
is a ring with zero divisors, c and d being the divisors of 


zero. 

Inversible elements of the ring. 

The element a is inversible if there exists an element b 


such that a . 6=unity of the ring. 

Here b is the unity of the ring and from the table we 
observe that only b . b=b=* unity, so b is the only inversible 
element and its inverse being itself. Product of no other two 
elements is equal to unity i.e., b of the ring. 

Do the above question taking the composition tables as 


under. 
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Ans. Yes a ring, a is zero and b the unity of the ring. 
by c, d are inversible elements, a is not inversible because 

6 . b=b, c . d=by d .c=b. 

The unity element b is not present is the first row and as 

such o is not inversible. It is commutative. 

It is a ring without zero divisors because the product 

of no two non-zero element by c or d is zero i.e., a 



Yes, a ring, a is zero. It is a ring without 

not commutative because r . d-a and d . c-c. 

2 (a) Find the multiplicative inverse o) 


unity. It is 
the element 



of the ring 



all matrices of order two over the 


integers. 


Le, any 2x2 matrix [* ' ] be the inverse of given 
matrix where x,f, z, a ali belong to /. The unity of the 


ring 


-li n 


b z -H" a 

[2x+5z 2y + 5wl_n Oj 
I x+3z y+3//J Lo 1 j 


1 0 
0 1 
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2x4-52=1, *4-3 z=0, 2>'4-5m=0,>4-3m= 1 
Solving we get x=3, y=~5, z=- 1, u= 2. 


Therefore 


E 


v/ uu muinicj cy t;/ucf live/ t/Kcr 

die integers of the form [ ^ ^ « ring (M f -f .), 


:] ! ? t 

(b) Show that the set M of all matrices of order two ovef 

x y 
z 

Verify the associative law of multiplication and the distributive 

law. What is zero of the ring. Verify that £ ^ is the 

unity of the ring. (Allahabad 67; Delhi 70; Meerut B. Sc. 

Summer 69) 

Proceed exactly as in Ex. 3 P. 172 for proving a ring. 

1 1 
1 0 
2 

1 

you may choose A , B , C in any manner. Now you should 
show by actual tabulation that 

(AB) C—A ( BC ). 
and A [B+C) = AB+AC 

(B+C) A = BA + CA. 

5 

;i-i Hi 

Clearly ABj^BA. So that the ring is not a commutative 
ring. The zero of the ring is and its unity is 


— . UU Mft JUA. +S X • * I M 1VI U » nil 

Verification. LeM=[_[ ‘], fl=[^ 

3 


Also 


-*-u :e th-j i] 


BA 


- 


2 

3 


;] 


n o] 

o if 


Alsu it is a ring with zero divisors because 
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[; i? :h: a 

i.e. t AB=0 when neither A nor B is null matrix i.e., zero. 

3. Classify the ring whose elements are a+b \ 2 

Where a and b are integers. 

We have already proved that the set 
{a-\-b\/2 : a, b C. /}+• 

is a ring. (P.170) 

Since (a^bxV2) \/2 ) = (a*+b 2 s <2) (<'rr/’i \ *-) 

it is a commutative ring. 

It is also ring with unity, the unit element being 1+0 V 2, 

which belongs to the set. 

AB={ai-\-b l \/ 2 ) (a 2 + b 2 \ ' 2 ) 

= (tf,a a 4- 2hib-i) + ( a ib-i + bia.) \2. 

Now AB—-Q if both a l a, + 2b l b^0 

a\b 2 -\r b l n2 = Q, 

These two will hold only if either a , = 0, b,=0 or a j = 0, 
b.. = 0 and for no other set of values both will be zero. 

Hence if a t =0, b t =0 then V 2 i.e., A = 0. 

/. AB=0 if 4=0 or if B=0, 

Hence it is a ring without zero divisors. 

4. Classify the ring formed by a set of even integers 
with addition and multiplication as the two compositions. 

Proceding as in Ex. 1 P. 169 we can show that the set 
(2/, +.) forms a ring. It is commutative. It is a ring with¬ 
out unity because in the ring of numbers the unit element is 1 
and does not belong to the set 21. It is also a ring without 
zero divisors because the product of two non-zero even 
numbers can never be zero. 

5. Show that the set of residue classes modulo p 
a -f ive integer is a ring w. r. t. addition and multi pi nation 
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modulo p. Also show that if p is prime the ring has no zero 
divisors but if p is composite then the ring is with zero divisors. 

(Bombay 70; Allahabad 70. 66, Raj. Sc. 66) 
We have already proved in Ex. 4 P. 173 the first part. 

{0} is the identity of the additive group i.e., zero of the 

ring. 

1st Case, p is prime. 

Let {r} and {$} be any two elements of the ring, 
then (r}.{5}=(0}=> {ri}^={0} 

=> rs= 0 mod p. 

Since p is prime rs can never be equal to 0 (mod p) 
unless one of them say r is p itself i.e. t r=0mod/> or 
(rj = {0}. 

Here {r}.{j}=0 only if (r}=0 /.<?., zero or {j}={0}. 

Therefore in this case it is a ring without zero divisors- 
Also it is commutative with unity element {1}. 

2nd Case, p is composite. 

Let p—rs, so that r$=0 (mod p) .“. {r$}={0} (mod p). 
Now {r).{.s}={rs}=(0} i.e., zero of the ring. 

Here neither {r} nor { 5 ) are zero i.e., {0} mod. p. 

but their product is {0}. 

Hence in this case it is a ring with zero divisors. Also it 
is commutative. 

6. Prove that the set R of ordered pairs [a, b) of 
real numbers is a ring with zero divisors, which is commutative 
and is a ring with unity under the addition and multiplication 
defined as. 

(a, b)+{c, d) = {a+c,b+d) 

(a, b ). ( c, d)={ac, bd) V (a, b), (c, d) £ R, 
Ri The set (R, +) is an abelian group. 

Closure . {a, b) + (c, d)={a+c, b-\- d) G R. 



Associative : [{a, b) + (c, d)\ + ( e, f) 

t={a-\-c, b+d)+(e, f) 

= [(a+c) + e, {b + d)+f] 

z=[a+(c+e), b+(d+f)] 

As addition of numbers is associative. 


= (a, b)-\-[{c + e), ( d+f )] 

= (a, 6)+[(c, d) + (e,f)\- 

The ordered pair (0, 0) is the identity. 

{a, b) + { 0, 0) = (tf + 0, b + 0) = (a, b). 

The inverse of any ordered pair 

(a, b) is (—a, —b) £ R- 
.. {a >)U-a,-b)~(a-a. b-b)-( 0, 0)/.e., idenfty 

Commutative : (a, 4)+(c. A-tfl+c. b+d)Mc+a, d+b) 

— (r h). 


Identity: 
• • 

Inverse : 


This is so because addition of real numbers is commu- 
tative. 

R 2 Multiplication is a binary operation which is associa¬ 
tive. 

(a, b).{c, d)=(ac, bd) £ R and hence closed for multi- 
plication. 

Also [(#, b).{c, </)]•(*,/) —( flC * bd) • (*» /) 

«[(jc) e, {bd)f]=[a (ce), b(df) 

=(a, b ). ( ce, df)=(a, b) [(c, d ). (e,f )]• 

This is so as multiplication of real numbers is associative 

ft 3 Multiplication distributes addition. 

{a, b) [(c, d)+(ej)]=(a, b) [c+e, d+f ] 

=[fl (c+e), b ( d+f))=[ac+ae, bd+bf) 
by distributive law of real numbers 
= (ac, bd) + (ae, bf) = (a, b) ( c,d) + (a , b) (ej ). 
Similarly we can prove left distributive law. 



Modern Algebra-3 


m 

Hence R is ring whose 2 ero element is (0, 0). 

It is also a commutative ring. 

(a, b). {c, d)=(ac , 6</)=(ca, db)={c, d) .(a b) 
it is a ring with unity. 

(a, b) . (1, l)=(a.l ) 6.1)—(o, 6) V (a, b) £ R . 

The unit element being (1, 1) 

It is a ring with zero divisors. 

In order to show that it is a ring with zero divisors we 
have to show that there exist two non-zero ordered pairs 
whose product is zero of ring. 

e g- (a, 0) . (0, d) = (a . 0, 0 . d)=(0, 0). 

Neither ol the ordered pair on the left is zero, but their 
product is zero and as such it is a ring with zero divisors. 

7. If two operations * and o on the Z of integers are 
defined as under 

a * b=a-\-b— 1 aob—a+b—ab 
Prove that system (Z, *, o) is a commutative ring with unity. 

(Benares 70) 

R i Refer Ex. 15 P. 20 we have already shown that the set Z is 
an abelian group for the composition * defined as given. 
R 2 The composition o is binary and associative. 

Clearly a o b=a+b—a b £ Z and hence binary. 

Again {a o b) oc={a-\-b—ab) oc 

=a-\-b—ab-\-c~(a-\-b—ab) c 
=a-\-b—ab-\-c—ac—bc-\-abc 
Again ao (6 o c)=ao (b-\-c—bc) 

—a-\-b~\-c—bc—a {b+c—bc) 

=a -\- b-\- c—be—ab—ac -\-abc 
(a o b) o c=ao (6 o c) Hence associative* 

R* o is distributive over * 

ao (6 * c)=ao (6+c— 1) 
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=a+h+c— 1 — a(b+c— 1) 

=a+b+c— 1 —ah—ac+a 

= 2a+b+c-\-ab-ac 

Again a o b=a-\-b—ab 
a o c=a-\-c—ac 

(ao b)* (a o c)=(a+b-ab) * (a \-c-ac) 

—a-\-b—ab+a-\-c—ac— 1 
= 2a+b+c— 1— ab-ac 

ao{b * c) = (a o b) * (a o c) Hence right distributive 

law. 

Similarly we can prove the left distributive law. 
Commutative. Since a h=ba V a, b £ Z 
a o b=a \-h—a b=b-\-a—ha—b o a 
Unity, a o 0=fl-f0 — a.Q—a 
0 n a — l-ra — O.a-a 
a o ()—a—0.a 

Hence 0 is the unity of the ring thus the given set is a 
commutative ring with unity for the two compositions defined 
as given. 

8 . Prove that the set 

A = {a+b 3 1/3 "+r.3 2/3 : a, b , c £ Q } 
is a ring with respect to addition and multiplication. 

(B. H. U. 70) 

9. Jf R is a system satisfying all the conditions for a 
ring with unit element with the possible exception of 

a-\-b=b-\-a V a, b £ R, 

Prove that the axiom a-\-b=b-\-a must hold in R and that R 
is thus a ring. (Delhi 70) 

Method. Here we shall make use of all the postultates 
of a ring i.e. (/?, +) is a group (though not abelian because 
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of the exception of a+b=b+a). Both right and left dtstri- 
butivc laws, multiplication is associative. Also in a ring witn 
unity the element 1 G R. By making use of the above 
postulates we shall establish a-\-b=b+a must hold good so 
that the exception given is ruled out and it becomes a ring. 

Now 1 is the unit element of the ring such that 

{a+b) (l + l)=fl (l + l)+£(l + l)t>y L. D. Law 

={a. 1+fl. l)+(£-1+6.1) 

by R. D. Law 

=(a+a) + [b+b). —(U 

V 1 is the unit element. 

Again (a+b) {l + \)={a+b).l+[a+b).\ by R. D. Law 

={a. \+b. l)+(a. 1 + 6-1) 

by L. D. Law 

=[a-\-b)+[a+b) •••&) 

1 is unit element. 

(a4 a)+(b-\b)--=(a+b) + (a+b) by (1) and (2) 

or [{a+a)+b\+b=[{a+b)+a]-rb. > . 

4- is associative. 

or ( a+a) + b=(a+b)+a by R. Can. Law. 

or a +(a+b)=a+(b+a) 7 + is associative. 

or a + b=b+a by L. Can. Law. 

Above rules out the given exception of addition being 
commutative. Hence the given system must form a ring. 

10. If R is a ring such that a 2 =a V a £ R, P rove tlte 
following 

(/■) a + a =*0 V a £ R. i.e. each element is its own 

additive inverse. 


(2) a + b=Q => a=b. 
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(j) R is a commutative ring i-c. 0.6=6' a * |hi 69 . 

(B. H. U. 70 ; Kurkbctra 69 ; Kanpur 70 , D* 69 . 

Proof (1) a £ R => o+o e R - 

... (a +a)*=o+o by given cordmon 

=> (o + o) (o+o)=o+o h V R D. Law 

=> (o+o) o + (o + o) “=a+a y L 

*. ^ + a°-) + U>"-+^= a+a „ b l 

=> ( a +n)+(o+«)=<o+o> + o~« 

* (. + .,+(-+. M «+-)+ 0 x+o _ x v x c H 

- «+ a =° , by h C LaW a+a =o 

(2) a + 6 = 0 => a + b-a+a . by (I) 

=> b=a byL.C. Law. 
n rzPljcRd>a-\-b&R 

(a+b)*=a+b by given condition. 

-**• + (« + /, ) =a + /j , o D Law 

( fl + 6) o + (oL6) 6=0 + 6 by R- D- 

^ + 60+06 + 6^0+6 
(a+ba) + (ab+b)=a-\-b 

rsirvV-™."...- 

> * c “"r “; w c. l 

=■ ft,, 1 .^ 0 ) Riehl c -L. 
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Now if a ring is with zero divisors 
i.e. ah — 0, a^b 0, b^t 0 

then a b=0=a.O, \a^Q) => b — 0 

by cancellation law. But this is a contradiction as the ring is 
with zero divisors. Thus it is not possible for us to define 
the cacellation law in a ring with zero divisors. 


Theorem I. A rin 4 R is without zero divisors if and only 
if cancel Union law holds in R. (Kanpur M. Sc Stat. 71; 

Benares 66; Lucknow 69 Allahabad 69; 

1st Case. Ring is without zero divisors 
i.c. ah = 0 => a=0 or b = 0 or both are zero. 

To prove that the ah -a: [u=£0] b =c. 

Now ab — ac a(h—c) — 0 

But since the ring is .vithout zero divisors then either or 
both ofti and A —c should be zero. Since a 0. 

b—c- 0 => A-c, 

Hence cancellation law holds. 

Converse. Cancellation law holds. 

To prove that the ring is without zero divisors. 

Let us suppose that the ring is with /ero divisors 
t.c. ab-- 0 , a f= 0 , byi(). 

Now aA=0 -a.0 =*- A-0 by cancellation law which 
is a contradiction. 


Hence our assumption th it the ring is 
is wrong and such it is a ring without zero 


with zero divisors 
divisors 


$ 5. Integral Domain. 


Definition. 1 ring (/?, -f- .) with more than one element 
is udlcd an integral d main if 
(a) It is a commutative ring. 

(A) 11 is a ring with unity. 

(0 It is a ling without zero divisors. 
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Note. The condition (c) by the help of Theorem 1 P 192 
can be read as 

(c) The cancellation law holds 
i e ab=ac => b=c and ba=ca => b=c. 

’ In short form an integral domain is a commutative ring 

with unity and without zero divisors. Wtk*\ 

Kanpur M. Sc. 70; Allahabad 64: Meerut M. Sc. 68, 70, 

Gorakhpur 69 Raj M. Sc. 66) 

The idea of saying “with more than one element” is to 
emphasize that it must have at least one non zero element 

'* The word integral domain arises from the fact that an 
integral domain has a number of properties common with the 
ring of integers which we know is a commutative ring, with 
unity and is without zero divisors i.e , product of no two non- 

zero integers is zero. 

Examples of Integral domain 
1. The ring (/, +, •) is * n integral domain. 

2 The ring t(?, +,) is an integral domain. 

3. The ring (C. +, •) is an integral domain. 

4 . The ring (R, + , •) is an integral domain 

« We have shown in Ex. 3, P. 185 that the set 
a+bV2 where a,b£ / is a ring which is commutative and has 
a unit element and also it is without zero divisors and hence 

it is sn integral domain. 

6 The ring whose elements are even integers is a com¬ 
mutative ring without zero divisors but since it is a ring with¬ 
out unity and as such it is not an integral domain see Ex 4, 

P The set of natural numbers does not form an integral 

domain because it is not a ring as it will not form an abelian 
group for additive composition. 
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8. Prove that the set of residue classes modulo p, a 
-hive integer is a ring 1 v.r.t. addition and multiplication when 
will it be an integral domain. 

We have already proved in Ex. 4 P. 173 the first part. 

Also it is a ring with unity which is commutative and as 
proved in Ex. 5 P. 185 when p is prime it is a ring without 
zero divisors and hence it is an integral domain. In case p is 
composite then it is a ring with zero divisors and hence it is 
not an itegral domain 

9. R~{0, 1 , 2, 3. 4). The set (R. +5 , is a ring. 

We have already proved in Ex. 5 P. 173 

1 is the unity of the ring and also it is a commutative 
ring, also we Ichow that product of no two non-zero elements 
under multiplication modulo 5 can never be zero so that it 
is a ring without zero divisors, so that it is an integral 
domain. 

If however we consider the set 

rt={0, 1, 2, 3, 4, 5}, then the set (R . +0 , * c ) is a ring as 
shown earlier in the cuse 2x3 = 0 ( xc ), 4x3=0 ' XQ ). 
i.e. product of two non-zero elements is zero, showing that 
it is a ring with zero divisors and hence it is not an integral 
domain. 

10. Prove that the only idempotent elements of an integral 
domain D are 0 and 1. 

We know that 0.0=0 and 1.1 = 1 and as such both 0 and 
I are idempotent elements of an integral domain. The ele¬ 
ment I must be there as D is an integral domain i.e. a com¬ 
mutative ring with unity without zero division i.e. cancellat¬ 
ion law holds. 

Now we have to prove that 0 and I are the only idem- 
potent elements i.e. any other element a^O, ^1 cannot be 
idempotent. 
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If possible let a be idempotcnt so that 
a.a=a but a.\ = \.a=a. 
a.a=a. 1 => a. {a- 1)=0 => a=0 or a- 1=0 
or both are zero as D is without zero divisors which is a 

contradiction as 0, =^1. 

Hence only elements of an I. D. which are idempotcnt 
are 0 and 1. 

§ 6. Field. 

Definition. A ring (R, K-) »hich has ai least two ele¬ 
ments is called a field if 

[a) It is a commutative ring 

( b) It is a ring with unity 

(e) All non zero elements are inwrsihle w. r. t. n.u 

0 then 3 b in R such that ab=hn^l (unity of I he ring) 
then h=a ~ 1 /.<?., multiplicative inverse of a. 

(Gorakhpur 69: Ulkal 70; Kanpur M.Sc. Stat 69; 

Benares 63: Meerut 69, 70) 

Note. The integral domain and field are both commu¬ 
tative rings with unity and their third property is d.lTca.rt 
ie„ for I. D. it is a ring without zero divisors ant fora hem 
it is a ring in which all non zero elements are inversi Ic. 

Alternative definition. Combining the above properties 
we can give an alternate definition of a field as below. 

A ring {R + ) with at least two elements is called afield 
if i,s non zero'elements form an abelian group 
cation. 

The eondition R, for a ring proves closure and associa¬ 
tivity for multiplication. The ring is with unity shows the 
existence of multiplicative identity. The commutative pro 
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perty proves the character of an abelian group. All non zero 
elements having their inverses proves the existence of inverses. 

Hence the above alternative definition. 

Exercise 3 

1. The set Q of all rational numbers , or the set R 
of all real numbers or the set C of all complex numbers are 
fields w.r.t. addition and multiplication because they are rings 
with unity and are commutative as we have already proved and 
at the same time all non zero elements are inversible. They 
are integral domains also because the above rings are without 
zero divisors. 

But the set l of all integers is a ommutative ring with 
unity but since all the non z;ro elements are not inversible 
except 1 and — I and hence it is not a field. It is an integral 
domain alright as it will be a ring without zero divisors. 

2. Show that the set of -f ive integers with addition 

and multiplication modulo p. p being prime is a finite field 
having p elem mts. (B.H.U. 63: Lucknow 69: Utkal 70; 

Delhi 70) 

/? —(0. 1. 2. ,r, s . p —1} equipped with addition 

and multiplication modulo p (prime) compositions. 

We have already shown earlier that the above set is a 
commutative ring with unity In order to show that it is a 
field we have to show that all non zero elements are inversible. 

Let /■ £ R , 0 <r<~p then there will certainly exist 
some element s £ R such that r..v=l (mod p) so that s is 
the inverse of r. 


If p were composite say p=r.s then r..y=0 (mod p) and 
in that case the element r is not inversible and hence the 
condition that p is prime. 
e.g. R= (0. 1. 2, 3, 4}, +5 ,xf. 
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1.1 = 1 (mod 5) = unity Inverse of 1 is 1 

X5 


2.3=1 (mod 5) Inverse of 2 is 3 

3.2=1 (mod 5) Inverse of 3 is 2 

4.4=1 (mod 5) Inverse of 4 is 4 

Hence all the non zero elements arc inversible. Therefore 

it is a field. 

It is also an integral domain because it will be a ring 
without zero divisors when p is prime. 1 f p were composite 
i.e. y p*= 6=2x3. 

R={ 0, 1,2, 3, 4, 5),-t G)X6 

In this case 2‘1=2, 2.2=4, 2-3 = 0, 2.4=2, 2.5 — 4 
under mod 6 r\e„ the inverse of element 2 does not exist 
because there is no element a £ R such that 2.a=l, 
i.e.. unity (mod 6). 

3. Prove that the set of all real numbers of the form 
a + byfl where a and b are rationals forms a field under addi¬ 
tion and multiplication. (Allahabad 65; Meerut 69 (S); 

Kanpur 70) 


We have already shown on Pages 1 Ti, 185 that the above 
set forms a commutative ring with unity. For a field we have 
to show that all non zero elements are inversible. 

Let a\b\J2 be any clement of the ring. 


Now (a+by/2). J a +t,j 2 ) = 1 = unit y of the ring * 
Then the inverse of a+hy/2 is (l +\~/Y P rovlded 


belongs to the set. 

1 a-b\/2 __ a ,J -± 

Now ^T 2 = -a*-2b* * V2 W-2P I 
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Above is of the form a+\/2/3 and also a-^2b“ for any 
rationals a and b. 

Hence the inverses of all non zero elements exist and 
belong to the set. 

Therefore the given set is afield w.r.t. the given com¬ 
positions. 

In general the set of all numbers of the form a-\-by/p 
where a and b are rationals and p is prime, is a field under 
addition and multiplication. 

Note. In case a , b were restricted to be integers then 
it will not be a field but only an integral domain as it can be 
shown to be ring without zero divisors. 

(Kaupur 70) 

4. *={0, 2, 4, 6, 8}. 

Prove that the above set is a commutative ring under addition 
and multiplication modulo 10. Verify whether it is an integral 
domain or a field or both. 

We write the following composition tables for addition 
and multiplication modulo 10. 

6+8—14=4 (mod 10) 6x8=48=8 (mod 10) 

+io | 02468 x 10 | 02468 

0 0 0 0 0 

0 4 8 2 6 

0 8 6 4 2 

0 2 4 6 8 

0 6 2 8 4 


0 0 2 4 6 8 0 
2 2 4 6 8 0 2 
4 4 6 8 0 2 4 
6 6 8 0 2 4 6 
8-80246 8 
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It is easy to verify that the above system constitutes a 
ring. 0 is the zero i.e., additive identity. Looking to the 
1st and 5th columns or rows of second table we find that they 
are identical showing thereby flX6=6xa=fl v a &R. 
Hence 6 is the multiplicative identity /.e., the unity of the 
ring. The multiplication composition is commutative. 

Hence it is a commutative ring with unity. Also from 
the second table we observe that product of no two non-zero 
numbers is zero and hence it is a ring without zero divisors. 
Hence the given system is an integral domain. 

Again form the second table wc find that all non-zero 

elements are invcrsible and hence it is a field also. 

e.g., In order to find inverse of 8 run your eye along the row 

headed by 8 and stop at unity / e., identity element 6 then 
numbers 2 at the head of the column in which 6 is placed is 

the inverse of 8. 

Similarly inverse of 2 is 8, inverse of 4 is 4, inverse of 6 

is 6. 

5 Show thit the set of gaussian integers form a ring 
under ordinary add,lion and multiplication of complex numbers. 
Verify whether it is an integral domain or a field. 

Gaussian Integers. Complex numbers 'of the type a + ih 
where a and b are integers are called gaussian integers, 
g + f/isnot a gaussian integer because! and* are not 

’"Proceeding as in Ex. 2 P. 170 we can verify all the postu¬ 
lates of the ring. It is a ring with unity the unit element 
being 1+0/ i.e., 1. Since product of complex numbers is 
commutative and as such it is commutative ring. For mtegra 
domain it has to be a ring without zero divisors 
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i.e., ab =0 ^ a —0 or 6=0 or a and b both are 

zero. 

(a+ib) (c+fi/)=(<zc—6</)+/ (ad+bc )=0 
ac—6*/=0 and ad-^-bc—0 


=bd ) 

_^>—(4). Suppose a=£ 0, 6=0 


ac—bd 

ad 


then multiplying relations in A, we get 

a i cd^=—b i cd => cd(a 2 +b 2 )=0 
=>■ cd= 0 as d 2 +b 2 ^0. 

Hence either c=0 or d= 0. If c=0 then from A 
i.e., ad=—bc we get ad=0 =► d~0 V a=fr 0. 


Hence c=0, d= 0 =>■ c+/</»0. Thus product of two 
is zero only if one of them is zero. Therefore the ring is 
without zero divisors and as such it is an integral domain. 

For a field we have to show that all non zero elements 
have their inverses in the set of gaussian integers. Let a+ib 
be any non-zero element. 


(a 4-/6). 


— 1 i.e., unity. 


Hence 


But 


1 


(a+ib) 

— ~7j- is the inverse of a+ib. 

a-ib a ( -6 \ . . 

1 l “^TTTr) which is not a 


a+ib a 2 +b 2 a*+b 2 


+i 


a-+6* / 

Gaussian integer because and are not integers 


in general. Hence the inverse does not belong to the set. 
Therefore it is not a field. 

Note. a 2 + 6 2 ^0 as a 2 +6 2 =0 =*- a= 0, 6=0 and in that 
case fl-f-/6=0 but a+ib is a non zero element. 
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6 . Show that the set [a, b, c , d] in which addition 
and multiplication are defined by the following tables is a 
finite field. 

abed 


+ j 

abed 

a \ 

abed 

b 

bade 

c 

c d a b 

d 

d c b a 

r Ex. 1 (a,*) P. 10<1 


a 

b 

c 

d 


a a a a 
abed 

a c d b 
a d b c 


nhm/e set is a ring under the given * V " 

tLt this is a ring with unity. The unity element being b. 

^s^rr=?=r--Sr3 

and as such it is a field. 

7 For the rirtg[{0,1.2, 3, 4,5, «}!«.« 
find-2, -5, -(JXJ). ^<-0. 

We have already shown that the given set constitutes a 

ring which is a field as 7 is prime. 

By —2 we mean additive inverse of 2. 

Now 2+5 = 750 (mod 7 )=additive identity. 

Hence inverse of 2 i e., -2 is 5. 

Similarly inverse of 5 i.e., —5 is 2. 
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Again (3 x5) —15-1 (mod 7) 

x7 '• 

— (3x5)= — 1 i.e. additive inverse of 1. 

X7 

Now 1-f 6=7=0 (mod 7) Inverse of 1 i.e., —I 

is 6. 

Again 2x(—6) =—(2x6) = —12=—5 (mod 7). 

7 7 

additive inverse of 5=2. 7 5+2=7=0 (mod 7). 

8. Prove that the set R of ordered pairs ( a, b) of 
real numbers is afield under addition and multiplication de* 
fined as follows 

(a,b)+(c,d)={a+c,b+d) .. (I) 

{a, b) . (c, d) = {ac — bd, bc+ad). ...(2) 

Field : (1) It is a commutative ring with unity in which 
every non zero element is inversible. 

For Ring : 

Ri : (R, -f) is an abelian group. 

For this please see the proof of 7?! of Ex. 6 P. 186. 

V? 2 : Multiplication Is a binary operation which is associative. 

By def. (2) {a, h) . (c, d)={ac—bd % bc+ad) £ R 
and hence binary. 

Now [{a,b) .{c, d)][e,f) 

=(ac- bd, bc+ad) {e,f) 

={( ac—bd ) e — (bc+ad) f {{bc+ad) e 

-\-{ac—bd)f) 

~{a (ce — df) —b {de+cf), 

b ( ce~df)+c {de+cf) 
={a, b'\{ce—df), (de+cf)} 

*~(a, b) [(c, d) . {e,f)]. Hence associative. 
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/? 3 : Multiplication distributes addifion. 

(a, b)[(c , d) + (e,/)] = (« > « 

= {a (c+e) — b b + ^ {d ■ J )j 

= {(ac—bd) + {ae-bf), (bc+ad) + (be+af)} 
= {{ac — bd, bc+ad))+{(ae—bf)+{be+af)) 


by (1) 


= (a, b) (c, d) + [a, b) . (*,/)• 

Above proves right distributive law and similarly we 

can prove left distributive law. 

Thus (/?, -M is a ring. 

Ring with unity. . ,. 

'+ a 0) -^ ) 6)e ^ 

Similarly (1,0). (a, «=(*■ *> v 
Hence (l, 0) is the unity of (7?, +,.) • 

Commutative ring. , , . . 

(a, b ). (c, d) = (ac~bd, bc+ad)=(ca-db cb+da) 

=(c ,</)•(«,«• a.b=*b.ava,b real. 

Hence it is a commutative ring. 

All non zero elements are inversiblc. 

Let (a, b) where both <t and b are not zero be any non 

zeto element of 7?. 

Suppose (p, q) is the inverse (multiplicative) of (a, b) then 

by dcf. (a . b) . ip, 9 ) = unity of ring=(l, 0 ). 

(ap — bq , bp-\-aq) = {\, 0). 

/. ap-bq—\y hp+aq = 0. 

Solving above for p and q we get 

a h 




q=- 


a i \t? ’ n a z +b -' 

Since a and b both are not zero as such a‘+b'‘7^0 and 
hence p“nd , are real so that (p, „ £ * Hence every non 
zero element (a, b) £ R has a multiplicative inverse (p, q) 
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t q _ r ±_\ 

’ a'+b* y 

Thus {R, -f, .) is a field. 

9. Given that (R, .) is a ring. In R define a 

binary operation x by the rule axb = a . b+b. a. Prove that 
{R, + , X) is a commutative ring. (Raj. M.Sc. 69) 

Making use of the fact that (R, -f, .) is a ring we have 
to establish that (R> +, x) is also a ring which we leave as 
an exercise for (he students. 

For Commutative. 

axb=a .b + b.a = b .a-\-a . b=bxa . 

Addition is commutative in (7?,+, .). 

Hence (R, +, x) is a commutative ring. 

§ 7 Certain Theorems on fields. 

Theorem 2. The multiplicative inverse of a non zero ele» 
tnent of a field is unique. 

Let a £ F such that afi^O and b and c be the two multi¬ 
plicative inverses of a. 

:. a.b= 1 and a.c— 1. where 1 is the unity of the 
field i.e. y multiplicative identity. 

a.b—a.c =>■ b=c by cancellation law. 

Similarly we can establish the following. 

The zero of a field i.e.y additive identity is unique. 

The unity of a field is unique. 

The additive inverse is unique. 

Theorem 3. Every field is an integral domain. 

(Luck. 68; Kanpur M.Sc. 6V; Delhi 70; 

Meerut M Sc. 67, 69) 

Recalling the definitions of integral domain and fields 
both of which are commutative rings with unity we have to 
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establish that if every non zero element is inversible which is 
a property of the field then the ring is without zero divisors 
which is a property of integral domain. 

In other words given that a^O, a' 1 exists 
i.e., aa~ 1 =a~ 1 a=\. 

To prove that ab=0 => a =0 or 6=0. 

or both are zero. 

Let a and 6 be any two elements of Fsuch that 

ab=0 and a^0 so that a -1 exists. 

a- 1 (ab)= 0 =* (a" 1 a) 6=0 Associative. 

=> 1 . 6=0 => 6 = 0 . 

Similarly if we start with 6^0 i.e., 6 _1 exists then 
we can show that a=0. 

Hence ab —0 => a =0 or 6 = 0. 

Therefore it is a ring without zero divisors and as such 
it is an integral domain. 

Thus every field is an integral domain but the converse, 
is not true, i.e., every integral domain is not a field For 
example the rine of integers is an integral domain alright but 
it isnot a field hecause non zero elements are not inversible 
except 1 and —1 as shown earlier. 

Prove that in a field unity and zero are distinct elements. 

I et a^fi0 be an element of the field so that a~ l exists and 
is non zero. Also aa~ 1 =\ where 1 is the unity. 

Again every field is an integral domain which is a ring 
without zero divisors. .*. \=aa~ l ^0 

or a^0, a _, 9^0 

Since 1^0, it follows that 1 and 0 are distinct elements. 
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Theorem 4. An integral domain with a fini te number of 

elements is afield. (Kanpnr M.Sc. Stat 70; 

Benares M.Sc. 65, 70; Kanpur M.Sc. 71, Meerut M.Sc. 67, 69; 

Raj. M.Sc. 69; Delhi 70; Meerut 67) 

Let the finite integral domain D consist of n elements. 

Since D is an integral domain it is a commutative ring with 

unity without zero divisors and in order to prove that it is a 

field we have to prove that every non zero element of D is 
in /ersible. 

Let a be any non zero element of D and we shall show 

that it is inversible i c., its inverse exists and belongs to 
the set. 

D={ v=0, xi, Xo, having n elements one of which 

is zero and one of these must also be unity. 

Consider the set 

D'={ax u a. Vo, ,<**„_!: .v,^0}. 

x { £ D and V (one of a*<’s) is a non 

zero element of D. 

The above set has /?—1 elements all of which are distinct 
For if not let ax t =axj => a ( x i ~xj) = Q [a^ 0] 

=> Xi--.\) — 0 => x t =xj. 

Because D being an integral domain i.e. a ring without 
zero divisors i.e . ab= 0 => a = 0, or b- 0 or both zero. 

But Xi~Xj is a contradiction because D contains n 
elements and D' contains n— 1 distinct elements and these 
will be same as the non zero elements of D. 

V a £ D, ^ £ D =» ax t £ D. 

Again since D is an integral domain it must have unity 
and hence one of the dements of D' must be unity. 

Let ax ( ~ 1 =x t a, xffi \ ay-- 0. 

V D is commutative. 
Jt implies that x, is the inverse of a, a^ 0. 

Thus every non z;ro element of D has a multiplicative 
inverse in it and hence the integral domain D is a field. 
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Theorem 5. A finite commutative rin g without zero divi¬ 
sors is a field (B H. U. 6#: Meerut M. Sc. 67, 69) 

Tf we change the above question as under. 

A finite [commutative ring, with unity, without zero 

divisors which means in short an integral domain] is a field 

then we have proved it above in Theorem 4. 

The words with unity are missing in the above question. 

Hence we will have to establish first the existence ot unity 

element and then show that it is the multiplicative identity 

and finally show that each non zero element possesses an 


inverse. 

Let D={x — 0, v.,, . having n elements one 

of which is zero be a commutative ring without zero divisors. 

Let a^ 0 E D then ax, E &■ 

Consider the set 

D' = {ax is ar 2 .z7.Yr.-il in which 

and ‘o' (one of the x,) is a non zero element of D. 

The above set has n— I distinct elements for if not let 
aXi=aX)Z> a (x,-x,)= 0 [a ^ 0] => .v,-.v,=0 


=> x, — xi. 

Because D being a ring without zero divisors 
i.e. «/»=0=»fl=0 or /, = 0 or both zero. 

Rut x,=x, is a contradiction because D contains n dis¬ 
tinct and D' contains n-\ distinct elements which arc same 

as the non zero elements of D. 

V a E />, E D => ax, E 0. 

Hence ax u ax 2 , .. ,ux„_, are nothing but the // I 

distinct non zero elements of D in some order and hence one 

of these elements must be equal to a as a E D. 

ax,^a=x t a. [commutative] 

The above is possible only if *<=1 an< l belongs to D. 
Thus wc establish the existence of clement 1 in D. 

Now we shall show that 1 is the multiplicative identity. 

If h £ D then for some x, E D, ax t —b—x t a. UJ 
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Now \.b=\\axi) by (D = (l .a) x u Associative 

' =axi V 1 a—a. 

=b by (1)=M as D is commutative. 

Since 1. b=b=b. 1 as such 1 is the unit element of the 

ring. 

Hence a finite commutative ring without zero divisors 
being a ring with unity as shown above is an integral domain. 

Now we have to establish that all the non zero elements 
of D i.e. elements of D' which contain non zero elements of 
D are inversible. 

Since all the elements of D' are again one or other non 

zero elements of D in some other order therefore one of 

these must he 1 which we have established belongs to D. 

axi=\=Xia. a^O, xt^O 

as D is commutative. 

Above relation shows that a ^ 0 is the multiplicative 

inverse of non zero element x t of D. 

Hence D is a field. 

Alternative definition of an Integral domain. 

From above we conclude that a finite commutative ring 
without zero divisors is an integral domain. 

Note An important property of a field 
A field is closed for the four fundamental operations of 
addition , subtraction , multiplication anddivison. 

Let a and b be any two elements of the field {F, +,.) 
then a + b £ F as it is an additive group. 

Also V b £ F, 3 — b the add live inverse belonging to F 
.*. a-\-' — b) E Fi e. y a—b £ F. 

Also ah £ F as multiplication is a binary operation 
Again in a field every non zero element is inversible and 
belongs to F. 

i.e., hf: 0, Zr 1 £ Fand a £ F => ab _1 £ F. 



Rings 


209 


Hence the field is closed for the above four operations. 

§ 8. Division ring or a skew field. 

Defination. A ring (R, +,.) having at least two elements 
is called a skew field or a division ring if it is a ring with unitv 
and is such that every non-zero element has a multiplicative 
inverse belonging to it. (Benares 63; Kanpur M. Sc. State 69) 

Comparing the definition of skew field with that of the 
field we find that skew field differs from the field in the sense 
that it is a non commutative ring, i.e. multiplication is not 
commutative. 

Therefore we can define field as commutative skew 
field. 

Ex. 1. Prove that the set of all 2x2 matrices of the 


form T ° +ib C+U ! ] where a, b t c, dare arbitrary real 

jorm ^ _ c+id a —ib J 

numbers form a division ring which is not afield. (Delhi 70) 
As proved earlier in Ex. 3 P. 172 wc can show that the 
set of matrices is a ring and has a unity element. 

r i o i . r l+o/ o+o/ 1 

L 0 1 J’ ,e '[ -0+0/ 1-0/ J 

we have to see that all non zero elements are inversible. 

Let the given matrix be any non zero element of the ring 
and A be its determinant then 



a+ib 
— c+id 


c + id 
a - ib 


j= fl 2 + /> 2 +c 2 +^ 


Now A =0 if and only if a=0, b=0, c=0, d-0 and 
in that case the element will be a zero element. Hence if the 
element chosen is non zero then its determinant is not zero, 
ie. it is non singular matrix and as such its inverse must 
exist. Hence wc establish that all non zero elements are 
Inversible. Also we know that matrix multiplication is 
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not commutative and as such it is not a field but is a skew 
field i.e. a divison ring. 


Point out the distinct and common 
domains t fields and divison ring. 

properties of integral 

(Kanpur) 

Property 

I.D. 

Field 

Divison ring 

At least two elements 

Yes 

Yes 

Yes. 

Ring with unity 

Yes 

Yes 

Yes 

Commutative 

Yes 

Yes 

No 

Without zero divisors 

Yes 

Yes 

Yes. 

(Every field is an integral domain and 

hence without 
zero divisors) 

Cancelation law holds 

Yes 

Yes 

Yes 

All non-zero elements have 
multiplicative inverse 

— 

Yes 

Yes 

Non-zero elements forme 

— 

Yes 

Yes 


✓ ✓ 

grou^w'r.t. multiplication — but abelian but not abelian. 
'/ § 9. Isomorphism of two rings. 

Two rings R and R J arc said to be isomorphic to each other 
if there exists one-one onto mapping/ :R -* R' such that 
/(«+ b) =/(a) +/(/>), and f (a.b)=f (a) .f(b), 

V a t b £ R. 

and we write it as R ^ R'. and R' is called isomorphic 
image of R 

This mapping / is then said to be isomorphism of R onto 
R\ i.e. a mapping which is one-one onto and preserves the 
two compositions of the ring. 

§ 10. Theorems on Isomorphism of rings 
Iff is an isomorphism of a ring R onto a ring R' such 
that f(a+b)=*f(a)+f[b) .. (I) 

f(a.b)=f(a).f(b) V a,b, £ R, ...(2) 

then prove the following. 
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Theorem A. The image of the zero of R is zero of R'. 
See § 17 P. 108 of Groups 

Since /is one-one-onto mapping hence corresponding to 
any element a' of R' 3 an element a E R such that / ( a)=a' 

Let 0 be the additive identity of R then /{0) = 0 say 
G R' we shall show that 0' is the additive identity >f R . 

Now 

f(a + 0)=f(a)=f(0+a) 
f(a)+f(0)=a'=f(0)+f(a) 

or fl ' + 0*=fl' = 0'+fl' V a' G /?' 

Hence 0' is the identity of R' 

But 0'=/ (0) = identity of R' 

Image of identity 0 of R is the identity of R' 

Theorem B. The image of the additive inverse (i.e. negative) 
of an element a of R is the additive inverse (i.e. negative) of 
the image of that element, 

Let a G R and —a be its additive inverse in R so that 
a-\-(-a) = Q = (-a) + (a) where 0 is the identity of R 

f[(a+(-a)}=f(0)=f[(-a) + a] 

or f(a)-\-f(-a)=0=f(-a) ‘rf(a) where 0' is the 
identity of R' by (A) 

Above relation shows that f (-a) is the additive inverse 

of / (a) £ R' 

f(-a) = -f(a) ' 

i.e. image of the additive inverse of an element is the 
additive inverse of the image of that element. 

Theorem C. The isomorphic image of a commutative ring 

R is also a commutative ring R'. 

Let ci, b E R so that ab=ba as R is commutative 

f(a) and/(6) G R'. 
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Now / (a) f (b) =/ (ab) =/ (ba) =f(b)f (a) 

Hence R' is also a commutative ring. 

Theorem D. Isomorphic image of a ring R with unity is a 
ring R' with unity. 

Let 1 be unity element of R so that/(l) G R' 

Now a A = 0=1 .a, where a G R and f(a) G R ' 

/(")./(!)«/(a. l)=/(«). 

fU)-f(a)=f(l.a)=f(a). 

Hence/ (a) /(1) =/ (a) =f ( 1) ./(a) where/ (a),f (1) G R ' 

Above relation shows that / (1) G is the unity element 
of R\ 

Theorem E. The isomorphic image of a ring without zero 
divisors is a ring without zero divisors. 

Ring without zero divisors 0, b^O => abj^Q 

Letf(a) and / (b) be two non zero elements of R f 

So that a and b are a’so non zero elements of R as by 1 
zeros of R and R* correspond. 

Now/( fl \/(Z>)=/( a h)^/( 0 ,. as ab^O 

or / (<*)f(b) 0' where 0'=/ (0) is the zero of R" 

or ah' 0' where a', b' are two non zero elements of 
R\ 

Therefore R 1 is also a ring without zero divisors. 

Theorem F. Isomorphic image of an integral domain is 
an integral domain. 

Integral domain is a commutative ring with unity with¬ 
out zero divisors and hence by C, D, E above its isomorphic 
image is also a commutative ring with unity and without zero 
divisors and as such it is an integral domain. 

Theorem G. Isomorphic image of a field is a field. 

Let R be a field so that it is a commutative ring with 
unity such that each non zero element is inversible. Now by 
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C and D the isomorphic image of 7? i e. R 1 will also be a 
commutative ring with unity and/(l) will be its unit element. 
(It is given that R' is a ring) 

Let 0 £ R so that a~ l exists such that a a~ l =a~ 1 a= 1. 

Agian let/ (a) be any non zero element of R' so that 
<7^0 => a~ l exists => a a~ 1 =<r 1 a=\ 

Now/ [a) f (a -1 ) =/ {a a -1 ) =/ (1) = unit element of R’ 
f (a~ l ) f (a)~f (a -1 <?)=/(I)=unit element of R' 

Above relation shows that each non zero element/(a) 
6 R' is inversible i.e. possesses a multiplicative inverse. Hence 
R' is a field. 

Theorem H. Isomorphic image of a division ring is a 
division ring. 

Division ring is a ring with unit element such that every 
non zero element is inversible and hence by D and G its iso¬ 
morphic image is also a division ring. 

We can also say that because every field is a division ring 
and hence by G the theorem follows. 

Theorem 6. The relation of isomorphism in the set of all 
rings is an equivalence relation. 

Let R u 7?2> 7? 3 be elements of the set of rings. In order to 
prove that the relation of isomorphism is an equivalence rela¬ 
tion we have to show that it is reflexive, symmetric and 
transitive. 

(1) Reflexive. To prove that R x s 7?,. This is clearly 
true because there exists an identity mapping / of 7?, onto 
itself which is an isomorphism. 

V I ( a+b)=a+b= Ia+lh , I ( ab)=ab=I {a).I ( b ) 

Symmetric. If 7? x ^ R-> then R., ss R x i.e, 3 a one-one 
onto mapping from R 2 to 7? x which preserves the two ring 
compoisitions. 
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Now R x ^ fa => 3 a a mapping f:R x ->R 2 which is 
one-one onto and preserves ring compositions. 

Since / is one-one-onto =* 3 a mapping f~ l : R^=> R x 
which is also one-one-onto. The only thing Jwe have to show 
now is that /'* also preserves ring compositions. 

Let a iy b 2 be any two elements of R 2 , then 

Z' 1 ,f~ x (^a)=^i where a u by G R x . 

•*. f{a\)=a*,f{b x )=bi ...(1) 

Now/- 1 (a i +b 2 )=f~ 1 if(a x )+f(b x )) 

=f~ 1 if (ai+^j)) V f: R \-» Rz is an isomorphism 

««i+W 1 W+/" 1 w. 

Again/- 1 (a 3 b 3 ) =f~ 1 (f(a x )J (b x )) 

=/ _1 (/(«i &i)) V /:/?!-> is an isomorphism. 

• -.( 3 ) 

From (2) and (3) we conclude that/ _1 preserves the ring com¬ 
positions and hence Z** 1 : R x -> R x is an isomorphism. 

Transitive. Let .K i, /? 2 , ^a be any three rings such that 
R x ^ /? a and /? 2 = Rz so that 3 isomorphic mappings 
f:R x -> R^ and g : /? 2 -> /? 3 . We have to show that R x ^ /? 3 
/.«. 3 an isomorphic mapping from R x onto R z . 

Now both/ and g are one-one-onto mappings therefore 
the composite mapping g f is also one one-onto where 
gf: Ri-fR* 

Now gf{a+b)=g [/(a+6)]=g [/(«)+/(b)] 

V /is an isomorphism. 

=g l/( fl )]+g [/(£)] V g is an isomorphism. 
= (g/) a+(g/) ^ 

Again g f (ab)=g[f (ab)]=g [/{a).f(b)]. As above. 

= g[f(a)lg [f(b)] 

= (g/) <Mg/) ^ 
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Hence gf preserves the ring compositions and il being 
one one-onto is therefore an isomorphism. 

Therefore the relation of isomorphism in the set of all 
rings is an equivalence relation. Jt will partition the set of all 
rings into mutually disjoint classes such that any two rings of 
the same class are isomorphic to each other whereas the rings 
of different classes are not isomorphic. Any two rings belon¬ 
ging to the same equivalence class are said to be abstractly 
identical. 

Ex. I. Prove that the isomorphic image of a field is a 
field. 

The students may feel as to why this example is given 
again here when we have proved in part G above. The differ¬ 
ence here is that in G it was given that/is an isomorphism of 
a ring R onto a ring R'. Here R' is the isomorphic image of 
R which is a field and we will have to prove first that R' is a 
ring. 

The element of R’ arc/(<?),/(6), /(<*) 

where a , />, c E R 

Such that J («T h) =/ (a) +/ (h) •••(!) 

f(ab)=f(a) /(/;) - (2) 

R' is a ring : 

(1) R' is closed for addition. 

a, b E R => a + b E R => J (a + b) E R\ 

f(a),f(b ER ' 

/. f (a) +f(b)=f (a + /») E /?'. Thus R‘ is closed for 
addition. 

(2) Addition is associative in R' 

[f(a)+f(b)]+f{c)=f(a+b)+f(c). by 1 

=f[(a+b.+c]=f(a+(b+c)\ V R is a ring. 

„ =/ (a)+f(b+c)=f(a)+[f(b)+f (r)J 
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Hence associative. 

(3) Identity exists. /(0) is the identity See A, P. 211 

(4) Additive inverse exists. — f (a) is the additive inverse 
of/(a) G R' See B. P.211 

(5) Addition is commutative. 

/ (<0 +f (*)=/ (a+b) =/ (b + a) =/ (b) +f (a) 
a+b=b+a in R. 

R 2 . Multiplication is a binary composition which is asso¬ 
ciative. 

a,b£R* abER. Alsof(a),f(b),f(ab) G R’ 

Now f(a)f{b)=^f(ab) by (2) G R f 

Hence R 1 is closed for multiplication. 

Again [f(a)f(b)]f (c)=f(ab).f(c)=f[(ab) c] 

~f[a {be)] v R is a ring. 

=f(a)f{bc)=f(a)[f(b).f(c) ] 

Hence multiplication is associative. 

R 3 . Right and left distributive Laws hold. 

a.(b-\-c)=a.b-\-a.c , ( a-\-b).c=a.c-\-b.c 

as R is a field. 

r[{a.(b + c))=f[(a.b+a. c ] 

or f (a) f(b+c) =/ (a.b) +/ {a.c) 

or f(a)\f{bHf{c))=f{a).f[b)+f 

Above shows that right distributive law holds in R' and 
similarly we can prove the left distributive law. 

Therefore R' is a ring. 

Now since R is a field i.e. a commutative ring with unity 
such that all non zero elements are inversible. Therefore R ' is 
also a commutative ring with unity in which all non zero 
elements are inversible as proved in C, D and G. 

Ex. 2. Let Rbe a ring (R, +,.) of integers and R' be 
the set of all even integers with an operation denoted by * 
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defined as a*b=~ where ab is the ordinary multiplication 

of a and b then prove the following. 

(a) (R\ -f, *) is a commutative ring. 

(b) R^R' 

(c) What acts as the unit element of R'. 

(a) It is easy to prove that, R' is an abelian group under 
ordinary addition. Let a and b £ R so that a and b both are 

even so that o*Z>=~ = even and as such the set R' is closed 

for the operation. 

Again if a, b, c £ R' then a*(b*c)=a* 

Ja bmc ^±y c=(a , b)tc 


The operation * is associative. 

Again a*b= — z= — — {b*a) and hence commutative. 

Distributive Law a t (b+c)=— ^ c) - = a ~+ a ^ 

= (a*b) + (a*c) 

Similarly ( a+b)*c=a*c+b*c . 

(R\ +, *) is a commutative ring. 

{b) R R\ Let f : R-+R' such that / ( x) = 2x 
V x £ R, 2x £ R' 

This mapping is clearly one-one-onto. 
f(m+n)=2 (m+n)=2m+2n=f (m)+f (n) V m, n £ R 

f {mn)=2mn=^~—=2rn*2n=f (m). f (n) 

.*. / preserves the two operations. 

R ^ R'. 
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(e) 1 is the unity element of R / (I)-2 by def. of /. 

/U)=2 is the unity element of R' as/ is an isomor¬ 
phism. 

a ^ 

and a*2=y : =<j=2*tf. 2 is the unity of R 

§ 11. Transference of Rings Structnre. 

Theorem. If f is a one-one mapping of a ring R onto 
a set R’ with two compositions denoted additively and 
multiplicatively such that 

f(a+b)=f(a)+f(b),f(ab)=f(a)f(b) V a, b, £ R. 
then the set R' is a ring for the two compositions. 

(Benares 67) 

We can prove the above theorem exactly in the manner 
we proved the corresponding theorem in groups in §18 P. 112. 

§12. Sub rings. 

Let ( R , +,.) be a ring and S be a sub set of R. If the sub 
set S is closed for both the compositions + and . then 
the set S forms a ring for these two compositions and is 
called a sub ring. It is obvious that in this case S will be a 
sub group of the additive group [R, -f) of ring (R> -f, .) 

In other words a> b £ S a-\-b £ S and ab £ S 
or S is stable for the two operations. (Kanpur M. Sc. 69) 

{0} and R always sub rings of R known as improper sub 
rings of R. 

§ 13. Theorems on Sub Rings 

Theorem 7. A non empty sub set S of a ring (R t -f-,.) 
will form a ring if and only if 

(/) a-b £ S V a> b £ S. 

(H) ab £ S V a, b £ S. (Meerut B. Sc. 69) 

1st Case. S is a sub ring. 

Since S is a sub ring so the set (5, +) is an additive sub 
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group of {R, -f) and consequently 

a £ S, b £ S => a-b £ S. 

Also S being a sub ring it is closed for multiplication 
by definition 

a £ S, b £ S & ab £ S. 

Converse. Given a — b £ S, ab £ S V a, b £ S 
to prove that ( S , +,.) is a ring /.<?., a sub ring 
Ri (S, -f) is an additive abelian group 

a £ S, a £ S => a-a £ S i.e. 0 £ S Identity. 

0 £ S, a £ S => 0 —a £ S i.e. —a £ S Inverse. 

b £ S then —b £ S as shown above 

a £ S, -l £ S* a-(-b) £ S => a + b £ S 

closed. 

Again addition is both associative and commutative as 
It is so in R. 

K a Multiplication is a binary operation as 

€ S, b£ S *> ab£S 

and it is associative because this property holds in R. 

R 3 Multiplication distributes addition as it holds in R. 

Thus all the ring postulates are satisfied. Hence S is a 
ring or a sub ring of R. 

Theorem 8. The intersection of two sub rings is a sub 

ring. 

Let S and T be two sub rings and we have to show that 

S O T is also a sub ring. 

Let a, b £ S C) T then we show that 

a-b £ S D T and ab £ S n T 

and as such it will form a sub ring by Theorem 7. 

Now a £ S fl T a £ S, a £ T. 

b£SrTz>b£S,b£ T. 

a £ S, b £ S =► a-b £ S, ab £ S 

V S is a sub ring. 


Now 
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Also a £ T t b £ T =>■ a—b £ T y ab £ T 

V 7* is a sub ring 

a-b £ S, a-b £ T => a-b £ S n 7. 

Also a* e 5, ofier^flfcesnr. 

Therefore S n T is also a sub ring. 

Generalising the above theorem we can say that the 
intersection of any arbirary family of sub rings is also a sub 
ring. (Raj. M.Sc. 69) 

Prove as in § 22 P. 122. 

Theorem 9. The necessary and sufficient condition for a 
non empty sub set S of a ring R to be a sub ring of R are 

(/) s+(-s)=s ( a ) sscs. 

(Meerut B.Sc. Summer 70) 
Case 1. Given S is a sub nog. To prove i and ii 
Since S is a sub-ring as such S is sub-group of additive 
group of ring R. 

Let a+(— b) be any element of 5+(—5) 

=> a £ S,-b £ -S 

=> u£S, b £ S ^ a—b £ S 7 S is a sub-group. 

S+i-S) C 5 ...(1) 

Again a £ S which is a sub-group and 0 £ S or £ —5. 

0 £ S+(-S) 

SQS+(-S). ...(2) 

Hence from 1 and 2 we get S-f(—S)=S. Thus (i) is 
proved. 

Again since 5 is a sub-ring it must be closed for multiple 
cation. 

a £ S, b £ S => ab £ S. 

But ab is any element of SS => ab £ S by above 
55C S. Hence (ii) is proved. 

2nd Case. Given (i) S+(-S)=S (ii) S S C S'. 
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To prove. S is a sub-ring i.e. ah £ S, a—b £ S 

V a, b £ S Tb. 7 

v a, b e s, ab e s s => ate s v na 

Again 5+(-5’)=5 => 5+(-S) C 5. 

=> <z-f (—6) e s v a, b e s 

=> a—ft G S v fl, ft £ 

Hence V a, b e S we have a—b £ S, ah £ S, therefore 

5 is a sub-ring by Theorem 7. 

Exercise 4 


Ex. 1. Prove that the set S of 2x2 matrices ^ 
is a sub-ring of a ring of 2x2 matrices. (Meerut B Sc. 69) 
Let A-ft ^ j beany two elements of 


5 . 

Then A-Bj a '- a ° b '~ b ‘ 

L 0 c,-c 2 

ment of S. 


Also AD 




a y a, 
0 


a x b i -\-b l c 1 

c x c z 


which is again an ele- 


which is again an ele¬ 


ment of S. 

Then V A, D £ S we have AB £ S and A—D £ S. 
hence S is a sub ring by Th. 7. 

In a similar manner we can prove that the set S of mat¬ 
er 0 
ft 0 

matrices. 


is a sub ring of the ring of 2x2 


rices of the type 




Ex. 2. The set of all nXn matrices over the field of 
rational numbers is a mb ring of the ring of all nXn matrices 
over the field of real numbers. 

Ex. 3. The set of integers is a sub ring of the set of the 
ring of rational numbers. 



222 Modern Algebra-3 

Ex. 4. The set of even integers i> a mb ring of the set of 
the ring of integers. 

Ex. 5. (R, -f,,) be a ring of integers. For any fixed inte¬ 
ger m let 5={...—3m, —2m. —m, 0, rn, 2m, 3 m then S is 
a sub ring of R. 

Let a—mp t b—mq be any two elements of S where/?, q 
are integers. 

Then a—b=mp—mq=(p—q) m—km where k is an integer. 
ab=mp.mq=(mpq)m=lm where / is an integer. 

Thus V a, b £ S, a—b and ab both £ S and hence S is 
a sub ring by Th. 7. 

6. If R is a ring show that 

Z(R)={x £ R : xy—vx V y £ R] is a subring of R 
what happens to Z (R) if R is a divison ring 
Let x u x 2 £ Z (R) 

*i y=y Xu x 2 y=y .x a V v £ R —(0 

(-Vi—-Xo) y=x x y—x i y=y x x —y x a =>’ (x x — x a ) V y £ R 
:. x x -x 2 ez(R) • ( 2 ) 

Again (* x x 2 ) y—x x (*. y)=x x (y .v a )= x x .v) x 2 -(y x x ) .v 3 

=r(^i *a) V y £ F 
Hence x x x» also £ Z ( R ) —(3) 

From (2) and (3) we find that the criteria for a sub-ring are 
satisfied .*. Z (R) is a sub ring. 

Again as 1 . y=y .1 V y £ R therefore 1 £ Z (/?) 
i.e. Z {R) is a ring with unity which is commutative by 
definition. 

In case R is a division ring then by definition multipli¬ 
cative inverse of each non- zero element exists in R 
Now .v £ Z (R) then xy—yx V y £ R 

=> .v 1 (.vi') x“ 1 =x~Hyx)x~ 1 V y £ R 
=> (.v“ 1 v)Q’a- 1 ) = (.v~ 1 v)(.v -x _1 ) V y £ R 
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=*> jw -1 =.*-*.)• V;Gi? 

=> x~* £ Z (R) 

Thus multiplicative inverse of all non-zero .v in Z (R) 
exists in Z (R) and we have already shown that Z {R) is a 
commutative ring with unity 
Hence Z (R) is a field 

§ 14. Sub Field. 

Def. A sub'set S of a field (F, -f.) is said to be a sub 
field if F is closed with respect to addition and multiplication 
in F and is itself a field for these two compositions. 

Theorem 10. A sub set S of afield (F, -f, .) consisting of 
at least two elements is a sub field if and only if 
(/) a £ S, b £ S=> a-b £ S 
(//) a £ S, b £ S (b^=)) => a'r 1 £ S. (Bombay 70) 
Proof: 

1st Case. Given. S is a sub field. To prove (i) and (ii). 

Since S' is a field it is a sub group of the additive group 
of the field F. 

.*. a £ 5, b £ S=> a—b £ S. which proves (i). 
Again since S is itself a field therefore each non zero 
clement of S' is inversible. 

Let b^O £ S => b~ l £ S. 

a £ S, b~ l £ S and S is closed for multiplication. 
air 1 £ S which proves (ii). 

2nd Case. Given S' is a sub set of Fsuch that 

V a, b £ S.a-b £ Fand ab~ y £ S (b^ 0). 

To prove that S is a sub field. 

(S, -f) is an additive abelian group. 
a £ S, a £ S => a-a £ S => Identity 

0 £ S, a £ S => 0 -a £ S => -a £ S Inverse 
b £ S then —b £ S as shown above. 
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a E S,-b E s => a-{-b) E S=> a+b E S. 

S is closed for addition. 

Again addition is both associative and commutative as 
it is so in (F,-f,.). 

Multiplication is associative cmmutative and distribtes 
addition as all these hold in ( F, f, . ). We will prove in 
the end that multiplication is a binary operation. 

Existence of Unity. Let a be any non zero element of 
S then by (ii) 

a a~ l e s* 1 g s. 

Existence of multiplicative inverse of each non zero 
element. 

1 G S, and let 0 G S => l.a’ 1 G a~ x G S'. 

Closed for multiplication i.e. binary operation. 

Let 0 G S=> b~ l G S. 

Now let a E. S, b' 1 E S => a (6" 1 )" 1 G S by (ii) 

=> abE S 

Again if 6=0 then ab= 0 and 0 E S ab E S. 

Hence V a, b E S ab E S. 

Illustration. We know that the set R of real numbers is 
a field of which the set O of rational numbers is a sub field 
for addition and multiplication. Similarly the set C of com 
plex numbers is a field of which the set R of real numbers 
is a sub field for the same compositions. 

§ 15 Ordered integral domain. 

An integral domin (/, +, .) is said to be an ordered 
integral domin if I contains a sub set S with the following 
properties. 

(1) a+b E S V a, b E S 

i.e. t closed under addition. 

(2) ab ES V a, b E S 

i.e., closed under multiplication. 
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(3) For every n£ / only one of the following is true 
a=0, a & S, —a £ S. (Trichotomy Law) 

(Allahabad 65; Bombay 70) 

The elements of the set S are called the positive elements 
of /. A field (F, -f, .) is said to be ordered if it is ordered 
as an integral domain. 

Exercise 5 

1. The integral domain {I, +, .) of all integers is 
ordered because I contains a set S of all + /ve integer* which 
satisfy the above properties i.e., sum and product of two+ive 
integers is again a-\-ive integer. Also if a £ / then cither a 
is -f/ve or —ive or, 0 i.e., either a £ S or —a £ S 
or a=0. 

Similarly the integral domain of all rational numbers is 
ordered integral domain. The integral domain oi all real 

numbers is ordered integral domain. 

2. Prove that the integral domain (C, +, .) of complex 

numbers is not ordered. (Allahabad 67, 70) 

Let us suppose that it is an ordered integral domain S 
be the set of +ive elements of C then the elements of 5 will 
be closed both for addition and multiplication and for every 
element a £ C, only one of the following is to hold good 
i e>t a= 0 or a £ S or — a £ S. 

Now / is any element of C which is not zero then by 

above property either i £ S or / £ S. 

Let us choose that i £ S then /./ £ S or -1 £ S by 

property 2. 

Again i£S, —l E .S' =>■ / (— 1) £ S => —i £ S by 
property 2. 

But this is not possible because both / and -/' can not 
belong to C by third property of definition of ordered 1. D. 
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3. Show that the field 

F={0, /, 2, 3, 4, + 5 , x 5 ) 

is not ordered. (Allahabad 70 

Let S' be the set of +ive elements of F, i.e. S-{1, 2 , 3,4) 
then V a, b £ S a+b £ S under addition modulo 5 

V a, b, £ S ab £ S under multiplication modulo 5 
Let us choose a= 1 then its inverse -a is 4 under 
addition modulo 5 as 14-4=0 (i.e. identity). 


+5 


Now^O, i.e. 1^0, but since both 1 and its inverse 
4 6 S therefore the third condition of ordered integra 
domain is violated. Hence it is not an ordered field. 

Order relations in an ordered integral domain. 

Definition Let (D,+, .) be an integral domain and D + 

be the set of 4 -ive elements of D, then we define less than 

< and greater than > relation in D as under. 

(1 ) a > b when a—b £ 0+ V a, b £ D 

(2) a < b when b—a £ D+ V a, b £ D 
Clearly a < bo b>a. 

The order relation is transitive in an ordered 1 D. 

a>b =>• a—b £ D + 

b>c => b-c £ D + i rr% 

But D+ is closed for addition by definition of ordered I.LL 

/. (a-b) + (b—c) £ D+ => a—c £ D + 

o a>c 

Thus a>b y b>c o a>c. Hence proved. 

4. Show that the unity element 1 of an ordered integral 
domain D is a positive element of D. (Allahabad B.Sc. 66) 
Let if possible 1 $ D+ where D + stands for the set of 

all 4-ive elements of D. Also 1?^0 

Now by third property of ordered integral domain, 

only one of the following is true 
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i.e. a= 0, a £ S, —a£ S where a is a sub set of 
ordered I.D. 

Now D+ is a sub set of D 
and 1?£0, 1 $D + therefore—I £ D+ 

(-D ( —I) E D+ by prop. 2 § 15. 

=*• 1 £ D + which is a contradiction to our 
supposition that a$D+. Hence 1 £ D+. 

§ 16. Divisibility in an integral domain. 

If a and b be two non zero elements of an integral 
domain I.D. and if there exists an element cE I D., such 
that b=ac then a is said to be a divisor of b or a is a 

factor of b or b is divisible by a and we express it as a/b, 

i.e. a divides b so that b=ae. In the integral domain 

(/, + , .) 4/12 as 12=4.3 and 3 £ /. Similarly in I.D. 

(Q , 4-, .) 4/7 as 7=4.7/4 and 7/4 £ Q. 

Theorem 11. The relation of divisibility in an integral 
domain is reflexive as well as transitive. (Allahabad 67) 

Reflexive. a=a. 1. a'a, i.e. a divides a. 

Transitive. Let alb and b'c , a~f =-), b ^0, i.e. a divides 7 
and b divides c, both a and b are non zero. 

alb => b=ap, bfc => c=bq, p, q £ I.D. 

/. b=ap and c=bq => c={ap) q=a {pq), pq E I D. 

The above relation implies that a divides c, i.e. afc. 
alb, b/c => a/c t Transitive. 

1. In the integral domain of Gaussian integers a+ib : 

a, b £ /, we have 

(2+3/) (4 + 5/) = —7 + 22/. 

We can say that 4+5/ divides —7+22/ i.e. 

(4+5/)/(—7+22/). 

Similarly we can say 2 + 3/ divides —7 + 22/. i.e. 

(2+3/)/(—7+22/). 
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2. In an integral domain ( l , -f, .) prove the following 

(a) a/b, ale => a/(b+c) (b) a\b => albx V x£ I.D. 

alb ^ b=ap, a/c => c=aq,p , q £ I.D. 
b-{-c=ap-\-aq=a {p+q)=ar, r £ I.D. 
al(b-{-c). 

(b) a/b b—ap => bx=a px => bx=a (px)=ar 

where r £ I.D. 


albx. 


§ 17. Units and Associates in an integral domain. 

Units. All the elements of an integral domain which 
have their multiplicative inverses in D are called its units. 

From definition we observe that if a £ D and it is in¬ 
versible then a~ l £ D such that aa~ l = I. In other words 
a divides 1, i.e. a/]. 


In the integral domain of integers the only inversible 
elements are 1 and—1 which therefore are its units. In a 
field all the non zero elements are inversible and as such all 
of them are units. Also from the definition it is clear that 
if a is unit then cr 1 is also a unit. Again if a and b are two 
units, i.e. they are inversible then their product ab is also 
inversible i.e. (ah)~ l =b~ l a~ l which £ D as both o' 1 and 
b£ D. 


Students should have no confusion between units and 
unity. The unity is unique, whereas the units may be many. 

3. Prove that 7, —/, — / are the only four units in 
the integral domain of gamsian integers. 

Let a+ib be a unit of the I D. of gaussian integers and 
c-Yid be its multiplicative inverse so that 

(a+ib) (c+id)=\ 
or (ac— bd)+i (bc-\-ad)=\. 

ac~bd= 1 and bc+ad=0. 
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Squaring and adding the above relations, we get 
a 2 c 2 +b 2 d 2 +b 2 c 2 +a 2 d 2 =\ 

or a 2 {c*+d 2 )+b 2 (c 2 *M 2 )=0 or {a 2 +b 2 ) {c 2 +d 2 )= 1 
a, b , c y d are all integers and the product of the -five inte¬ 
gers is 1 only when each of them is 1. 

fl*+P=!,C a +*«!. 

/. a 2 = \y t^—O or a 2 =0, 6 a =l 

or fl=±l» b =0 or a= 0, 6=il. 

Putting the values of a and b we get the units as 1, — 1: 

Associates of an integral domain. 

Definition. Two non zero elements a and b of an integral 
domain are said to be associates if a is a divisor of b and b is 
a divisor of a ie. alb and b/a or b=apy a=bq, p, q 6 I. D . 
ane it is expressed as a ~b. 

For example in the integral domain of integers any ele¬ 
ment a is an associate of itself as well as of —a. Thus a , —ay 
are associates. Similarly in the integral domain of gau sian 
integers the number a+ib is an associate of each numbers 
a+ib, —a—iby —ia+b, ia- b. 

Theorem 12. The relation of being associates in an inte¬ 
gral domain is an equivalence relation. 

Reflexive : We know that a/a as a = a. 1. 

a is associate of itself i.e. a a. 

Symmetric : a b => a/b and b/a 

=> b/a and alb => b ~ a. 
Transitive, Let a ~ b and b ~ c. 

Then a I by b/a and b/c and c/6. 

a/b and 6/c & ale 
c/b and b/a => c/a. 

Hence ale and c/a implies a is an associate of c i.e. a*~c 
and hence transitive. 


230 


Modern Algebra-3 


Theorem 13. Two elements a and b of an integral domain 
are associates if each is unit times the other. 

Proof, a, b £ 1 be associates so that a/b and bla. 
alb, i.e. a divides b => b=ac ( c £ I. D.) 
b/a, i.e. b divides a =*■ a=bd (d E I. D.) 

* t a=bd=acd or a. l=0.(c<O> 

where 1 is the unity. .. 

Hence by cancellation law we get cd=\. 

In other words c and d are multiplicative inverses of 
each other and all those elements whose multiplicative 

inverses exist are called units. 

b=ac, i.e. b is unit times u) and j be j ng un it s . 
a=bd , i.e. a is unit times b) 

Converse. Let u be the unit of I. D. and that b=ua , 
i.e. one is unit times other then we shall show that a and b 

are associates, i.e. a/b, bla. 

Given b=ua => u 1 b=u 1 ua~ \ .a=a. 

• m b=a => b is a divisor of a , i.e. bla. 

Also b=ua shows that a is a divisor of b, i.e. alb. 

Therefore a and b are associates. 

Note. From above we conclude that the associates of an 
element a can all be obtained by multiplying a by different 
units of the domaio. 

Fermat’s theorem. 

jf a is an integer and p is a prime then aP=a (mod p) 

(B. H. U. 70; Agra 70) 

From example 2. P. 196 ^=*{0, 1» 2,..., p— 1, +» •} 
where p is prime is a finite field/ Again we know that in a 
field all non-zero elements constitute a group for multiplicat¬ 
ion modulo p whose order is p— 1. 
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Again from cor 2 P. 162 we know that order of an ele¬ 
ment of a finite group is a divisor of the order of the group 
and in particular o n =e 

Hence a 9 " 1 — 1 (mod p) or a»=a (mod p). 

Ex. 3. Prove that ±i, 4±V 17 y —4±V77 are the 
units and 2— V 17 and —9—2^17, are the associates in the 

integral domain D=a-\-b\/17 , a, b £ /• 

L e t x+y\/\l € D be a unit, then there exists an ele¬ 
ment p J rQ\ / ^'l £ Z) such that 

(x+>'\/17) (p+qV 17) = l by definition 

or (px+\lqy)’\-\/l7 (</-v+p> l )=l + \/ | 7.0 

px+\7qy=\ and qx+py=0. 

Solving we get 

x -■)’ 

P- F-17/’ 

p and q both have to be integers. 

x- — 17 y- = ± 1. 

Hence x+yy/H is a unit a,lJ on,y - v “— 17 >' J = i l 
and this is possible if x=± I, >'=0, x = ±4, j=±l. 

Hence ±1, ±4±V17 are the units in D. 

Again to verify that 2-V l and -9-2^17 are asso¬ 
ciates we have to show that one is unit times the other. 

Now _9-2 v 'l7=(2-Vl7) (4-JVI7) where 4+Vl? 

is a unit. 

Also 2 -v / «7=(-9-2v / 17) (-4+V17) 
where -4+VI7 is a unit. 

Hence 2—v 17 and —9—2x/17 are associates. 

§ IK Characteristic of a ring. 

Definition. Consider the ring (/?,+,.). (/?,+)« 

the additive group of this ring each of whose element is oj 
finite order [order of an clement a of an additive group is the 

least + ive integer m such that m a=e i.e. «]. 
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Amongst the orders of the various dements of the group 
(R, +) there will be a maximum integer say n (> 0) then 
this n is said to be the characteristic of the ring (R, +, .). 

If however there exists no maximum for the orders of 
the elements of additive group (R, -f) then the ring is said to 
have characteristic zreo (or infinity). 

Ex. 1. Consider the ring (7 6 , +6 , * 6 ) where 

h-{0,l, 2, 3, 4 , 5 }. 

Let us consider the order of the various elements of 
additive group (/ 6 , +6 ) o (0)=1, o (1)=6, o (2)=3, o (3)=2. 
o (4)=3, o (5)=6. 

The maximum order is 6 which we shall call as the 
characteristic of the above ring. 

Ex. 2. Consider the ring of integers (7, -f,.). 

Here the order of each element of the additive group 
(7, +) except of the additive identity is of infinite order. 
Hence the ch. of the ring is zero. 

Theorem 14. Ch. of a ring with unity. 

The characteristic of a ring with unity is 0 or n > 0 
according as the unity element I (to be denoted by e for con¬ 
venience sake) regarded as a member of the additive group of 
the ring has the order zero or n. 

Let us suppose that unity clement e regarded as an ele¬ 
ment of additive group is of finite order say n so that 

n e=0, ...( 1 ) 

Now consider any other element a 6 (R, +) then 

terms 

=e a+e a+e a e a=\.a=a. 

=(e+e-f e+...n terms) a by Dist. Law 
=(ne) o=0 (a) by (1)=0. 

Hence order of any other element a is < n. 
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Therefore n is the maximum integer amongst the order 
of the various elements of the additive group (R, +) ot the 
ring which by definition is the characteristic of the ring with 
unity. 

If the order of e be zero then that of ring will be zero. 

As an exmple the ring [/«, +„ x 6 ] the unity element is 
1 and its order is 6 when regarded as a member of the additive 
group as 6 (1) = 6=0 the additive identity. 

Hence order of this ring with unity is 6 as has been veri¬ 
fied above in example 1. 

Theorem 15. Ch. of an integral domain. (Lucknow 70) 

The characteristic of an integral domain h 0 or n > 0 
according as the order of any non zero element regarded as a 
member of the additive group of the integral domain is either 
zero or n. 

Let I. D. be an integral domain i.e. a commutative 
ring with unity without zero divisors and a be any non zero 
element of it. 

If this element is of zero order then the ch. of I. D. is 
also zero. 

If the order of V regarded as a member of additive 
group of 1. D. is n then 

n a= 0. —(1) 

Again suppose b is any other non zero element of I. D. 
then » fl—0 => (n a) 6 = 0. 

r> (a+a+a+...n term) 6=0 

=> (a 6+o 6+...a 6) =0 by Dist. Law 

=> a (6+6+6+.../i term) =0 by Dist. Law 

=► a (n 6)=0 

But I. D. is without zero divisors and a ^0 
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a ( n b )=0 => n b= 0 

=> o {b) < n or o (b) < o (a) *-(2) 

Let o ( b)—m so that mb— 0 

0={mb) a—b (ma) as above 
or o =m a V 0 and D is without zero divisors 

o {a) ^ m or o (a) < o ( b) —(3) 

From (2) and (3) it follows that o [a)=o (b ). 

Hence every non zero element of I. D. is of the same finite 

order n so that the ch. of I. D. is also n 

Theorem 16. Every integral domain has a characteristic 
zero or prime. (Lucknow 70; Raj. M. Sc. 1966) 

Let I. D. be an integral domain and a^O be any element 

of it. 

If order of a is zero then characteristic of D is zero. If 
order of a is finite say p i.e. o (a) =/? then the characteristic 
of D will also be p and we have to show that p is prime. 

If p be not prime then p is composite^#! where pf£ 1, 
pgfi 1 and pi < p, Pi < P • 

Now in an I.D. product of two non zero elements can 
not be zero as it is a ring without zero divisors. 

/. a ^0 =► a.a^O => a-^0. 

Also by Theorem 15 in an integral domain the order of 
any two non zero elements is same. 

/. o (a)=p => o (a 2 )=p => p a~=0 

=> pi pi (u 2 )=0 =>■ (a' J 4-fl 2 +fl 2 +...pi/»a times)=0 

=> (pi a) (p 2 a )=0 

=> either p x a=0 or p*a= 0 

as D is without zero divisors. 

But Pl cr£ 0 as p x < p and p is the least -five integer 
s . t. pa= 0 because o (a)=/>. Similarly p 2 a^ 0. Hence a 

contradiction. 



Therefore our supposition that p is composite is wrong 

and as such it should be prime only. 

Theorem 17. in an integtal domain all non-zero elements 
generates additive cyclic group of the same order tchtch ,s 
eq ua, to the characteristic of the integral ^ ^ 

1st Case. Characteristic of D= 0 

Let „ be a non-zero element of D whose unity element 

is h say.'. au=a=ua 

m a=m (au)=m (ua)=(mu) a 

Now a =£0 and if mtjtO then nujh 0 from I 

Hence ma =0 only when showing thereby that the 

additive group generated by non-zero element * » 

“ r0 2 nd Case. Characteristic of where p is prime 

pa=p ( au)=P (tm)=(P») a ~° 

Again ma=0*m=kp. as fl^O, m^O 
Because mn=m («a)=(mu) a=0 =* mu-0 

Hence p is least integer m s.t. ma=0 
Therefore p is the order of additive cyclic group gene¬ 
rated by a. 

Note. Characteristic of a field. ,Luc now 

Since every field is an integral domain therefore chora 

•rnf a field F is 0 or n > o according as the order of 
Cten n™ zero Element (in particular the unity element regar- 
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If the order of e is zero then ch. is zero and if it is finite say 
n > 0 then ch. is n. 

Ex. 1. Prove that the characteristic of field of Ex. 6. 
P. 174 is two. 

In this case zero of the ring is the element a 

Also a+a=a, b+b=a , c+c=a, d+d=a 
i.e. 2a=0, 2b=0, 2c=0, 2d=0 where 0 i.e, a is the addi¬ 
tive identity. 

Since order of each non zero element Is two and hence 
characteristic of this field is 2. 

§ 19. Quotient field of an integral domain. 

Definition. 

A. Quotient in a field. Let F be afield and a, b £ F 
such that b^O then the unique solution of the equa tion 

bx=a is called a quotient in F and is denoted by . 

(Allahabad 68) 

b x=a y 1 bx=b~ x a 1 >x~b~ l a =>• x=b~ i a. 

Since field is commutative b~ x a=a b~ l 

x~b~ x a=a b~ l and is denoted by ~- t where 0. 

D 

B. Equality, Addition and Multiplication of quotient; 

in F. 

Let and ^ be any two quotients in F such that 

b^0,dyL0. 

Equality. ^ - j O a d=b c. 

a b~ x —c d~ x b~ x a—c d“ x 

b d 

=> b b~ l a—b c d~ l => a—b c 
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=> a d=b c d~ l d => a d—b c. 

Conversely let a d=b c => a d d~ l = b c d~ x 

=> b~ l a d d~ 1 =b~ 1 b c d~ x 

=> b~ l a=c d~ l => a b~ l ~c d~ l 
a c 
* b ~~d ' 

t j .... a . c a d+b c 
Addition T + j-; 

4 + 4 =a b-'+c d-'—b' 1 a+c d~' 

b cl 

=b~ l a d d~ l + b~ l b c d~ l 

V d d~ l = 1, b~ x b= 1 in a field 

= (/)-' a d+b~' b c) d' 1 

distributive property in a field. 

,. ad+hc 
= b~ x (a d+b c) d~ l = b j — . 

Multiplication. 

j . ~ =(a b~ l ) (c d~ l )=a (b~ x c) d~ x 

=a (c b -i) d~ l V b~ l c=c b~ l 
= (a c) (b~ x d~ l ) = (n c ) (d br l 

_ a r _£_£ • • d b—b d in a field. 

~d b~~b d 

C. Equivalence relation. 

Consider the set S=DxD 0 where D is an integral domain 
/.<?. commutative ring without zero divisors and with unity 
and D 0 is the set of non zero elements of D. 

S is the set of ordered pairs ( a , b) : a £ D, b G D 0 . 

Let us define a binary relation in S given by 
{a, b) ~ (c, d) if a d=b c. 
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The above relation is an equivalence relation in S. 

Reflexive, [a, b) ~ (a, b) V a b=b a 

by commutative property in u. 

Symmetric, (a, b) ~ (c, d) => a d=b c 
=> c b=d a => (c, d) ~ {a, b). 

Transitive, (a, b) ~ ( c , d) i.e. a d=b c 

(c, d) ~(e,f) i.e. c f=d e 

To prove (a, b) ~ (e,f) or af=b e. 

Now a d=b c => a df=b c f 
and cf=d e => b cf=b d e. 

a df=b d e or a ( d f)=b (d e) 
or a f d=b e d => (af—be)d= 0 
Now the integral domain D is without zero divisors and 
{& 0. 

.'. (af-b e) d= 0 =» a f-b e=0 => af=b e 

=> (a, b ) ~ ( e,f ). Hence transitive. 

Hence the relation ~ in the set S=DxD 0 is an equiva¬ 
lence relation so that it partitions the set P into mutually dis¬ 
joint equivalence classes. 

We shall denote by -y- the set of all ordered pairs (*, >') 

of Dx.D 0 which are such that (v, y) ~ (u, b ). 

£-=[(*, y) ’ ( v, y) ~ {a, b)}. 

These equivalence classes are our quotients. 

D. Definition of addition and multiplication of equivalence 
classes. 

a c _a d-\-b c 
b ' d b d 

a c a_c where b d^fi 0 as Z>^0, cbfiO => b (PfiO 

b d ~~b d as D is a ring without zero divisors. 



239 


Rings 


E. Set K of all equivalence classes is a field with respect 
to operations of addition and multiplication defined in p ut D. 

A=jy- ; , is an equivalence class| 

We have to verify the postulates of a field for K. 

I. The set (K, + ) is an additive abelian group. 

Addition is Associative. 




be e (a b + b c) f 4 -b d e 

Td + T = b(l f 


T + d ~ 


a df+bef+bde adf+hief+d c ) 

= bdf bd f 

a cf+de \ 

T+~rf — b + \<l + fl 

Additive identity. 

0 ad+b. 0 q_d_a 
~b d bd b 

Hence ° is the additive identity. We can also say that 
d 

f is the additive identity as £ and 5 are the same equi- 

valence class. 

Additive Inverse. 

-a ab±b(—a) ab-ab_U_ 

~ =_ T 2 “ft*' 


~b + T~ 


ft 2 


o_ 

1 


i _ LI (\ 


Hence ' s the additive inverse of . 

0 

Addition is commutative. 

a c a r/4-ft c e b+d a c_ fl 

~b + d~ bd d h d b 

2. Multiplication is associative. 

(a c\ e aj £ = «J< 

Vb ' ~d) ' 7~bJ' f bUlf) b \<l f 
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Multiplication distributes addition. 
ale e\ a cf+de a(cf+de) ba(cf±de) 

b\d'f)~b • df ~ bdf ~ b*df 

( ac) (bf)+{bd) ( ae) ac ae 
(bd) ( bf) ~bd + bf 
_ a_ c_ e_ 

-b ■ d + b ■ f 

Similarly we can prove the orther distributive law. 

Multiplicative Identity. 

a 1 a' 1 a 

b • T~b \= b 

y is the multiplicative identity. 


In general any equivalence 


x 

— with is the multiplicative 


identity. 

Multiplicative inverse of non zero elements. 

Let ~, b ^0 E AT and since y^O a 9^0 

"»(r)(7)-s-S-T- 

Hence — such that a^O is the multiplicative inverse of y . 


Hence K is a commutative ring with unity such that 
every non zero element is inversible and hence K is a field. 
Quotient field of D. 


The above field is called field of quotients of D. 

F. The field of quotient k of D contains an integral domain 
D' which is isomorphic to D 


Let 


D'= j-Y :ae 
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cosider the mapping /: D-> D' defined as 

we shall establish that / is an isomorphism. 

f is one-one. / (a)=f (b) => ~\~ = T =>a l== ^ 1 

=> a=b 

1 is onto. If y e O' then a & D whose / image is 

a 

• 

i 

f preserves the two compositions. 

/( fl+«-2f 4 -f+4-/W+/!« 

f(ab) = j = [j) (y )=/(«>/ (A) 

Hence f: D-+ D' is an isomorphism 

/. D^D' 

G. The field of quotients k of I. D. D. is smallest field 
containing D' which is the isomorphic copy of D 
Let K' be another field containing D' 


then -j, j G K' V b £ D. 

Choose f- G ^ such that b^O. 
b 

Now -j with L &0 is non zero element of K so that its 
inverse lj\ *=j also belongs to K' 


Now j, j G R => 
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-Jejc-^er 

/. KCK' 

Hence K is the smallest field which contains an isomor¬ 
phic copy D' of integral domain D. 

The result C, D, E, F proved above lead to the proof of 
the following theorem. 

A commutative ring without zero divisors can be imbeded 
in a field. 

or 

Every integral domain can be imbeded in afield. 

(Utkal 70; Benares 70; Agra M. Sc. 69; Raj. M. Sc. 69) 

or 

It is possible to construct a field {quotient field) from the 
elements of an integral domain D which contains a sub set D f 
isomorphic to D. (Delhi 69) 

Give the proofs of C, D , E 

Theorem 18 (A). Any field F containing an integral domain 
D contains a sub field isomorphic to the quotient filed K of 
D. In other words the quotient field of an integral domain D 
is the minimum extension of D to a field. 

(Benares M. Sc. 69, 70) 

Now D is contained in F and let a £ D and b^O £ D 
and hence a £ F and 0 £/•’=*■ ch~ 1 £ F 

Choose F' to he the sub set of F whose elements are of 
the form ab~ l where a £ D, b^ 0 £ D. 

We will first show that F' forms a sub field. The 
criteria for which ar<* 

(i) a £ r, be f’=> a-b £ r 

(ii) a £ F\ b^ 0 £ F' => ab~ l £ F' § 14 P. 223 
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Let cb~\ cd~ x (b ^=0 and d^O) E F' 
then ab~ 1 —cd~ 1 =a d d -1 b~ l —c b b 1 d 1 

=ad d~ l b~ x — be d' 1 b ~ 1 

= (ad-bc) d~ l b~ l 

Mad-be) {bd )' 1 e r 

as ad- be G F and E £ 

Above proves the first criteria. For the 2nd criteria we 
have ab~ l t ed~ l G F' b^ 0, d^O 

Suppose cd~ } ^0 => cM ] 

Now (ai->) (o</- , )- 1 = (a'>- 1 ) (*-')=«</ (^r 1 £ A 
because flrf £ D and e^O, bjiO, ch *0 £ D and D is conta,- 

ned in F, . . 

(ad) (eb)~ x G Fand hence G F' bv definition or/- . 

Hence F' is a sub field of F 

2nd Part. Now we shall establish that the quotient field 
K is isomorphic to F'. 

K=\ a h - : a £ A 0 £ D } 

F'={ab - 1 : a E />. ^ E -0} 

Consider a mapping/: AT-* F' defined as 
/ | a ^= a b~ l V alb G K and ab~ x G F' 

f is onc-one : 

=> air 1 bd=ed 1 &</ 

=> ad—cb d~ x d 
=> ad=bc 

=> (a , £) (c, </) 

_ £ r - / is onc-one 

^ b d 
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Again /is onto obviously. 

In order to prove /to be an isomorphism we have only 
to establish that / preserves the compositions 

f(- b +jyfirtfy iad+bc){bdri 

= {ad+bc) (r 1 b~ l ) 

—ad d~ l b-'+bc d~ l b-' 

=ab~'+bc (T 1 Jr 1 

=ab~ 1 -\-cd~ 1 

'(t 1,)-'(%)-*•> 

=(ac) {d 1 6” 1 ) 

-(rir*)(«n-/ (!)/(-'-) 

Hence / : K -*■ F‘ is an isomorphism. 

.*. K&F or F&K 

Theorem 18. (B) Any two isomorphic integral domains D\ 
and D z have isomorphic quotient fields. (Benares M. Sc. 65) 

Since D l s Z) a 3 a mapping / : D X -*D 2 such that / is 
one-one-onto and preserves the compositions, 
so that / (a+b)=f(a)+f(b) and f(ab)—f(a). f{b). 
where a, b £ D x and / (a), f (b) £ Do. 

Choose Fj=| y : a. b £ D 1} b^ 0 | 

:/(a),/(i) £ 0 | 

be the quotient fields of integral domains D x and D 2 
we have to prove that F x s F. 2 . 
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F. z defined as 


Consider the mapping : F x - 

* (i) J M 

*/W 

=> f (a) f (d)=f (b) f (c) 
=> f(ad)—f(b c) 

=> ad—be as / is one*one 


/(O 
/ (/) 


a c 
^ Z> = "rf 


</• is onto. Corresponding to each element 


/(«) 


/(A) 


E F, 3 an 


/(«) 

VW 


element ^ E F x such that ^ j = 

<{> preserves the compositions. 

, l a , c \ j (ad+bc \ f(ad+bc) 

*\7 + jr+\ M~r /m 

f{a d)+f[bc) J (a) f(d)-\-f( b)f(c) 

~ fib) fid )- fib) f{d) 

fio) , /» _ , / jM , , /_£_\ 

~/(*) + /W) *UJ + *w) 

c \ . / / (gg) _ / («) / (t ) 

• </ ) =<P \bd)-f(bd) ~f[b) fid) 

f<a) /(£)_,/_l\ <b I ~\ 

~f(b) ' fid) *[b )' * \ d) 

Hence ■ F x -*■ F» is a one-onc-onto mapping which 
preserves the two compositions. Therefore F, F 2 
§ 20. Ideals 

Definition. 

(a) Left Ideal. {R, +..) is a ring and S is any non empty 
sub set of K. Then S is said to be a left ideal of R if 




(t 
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(i) S is a sub group of R w. r. 1 . addition 
i.e. V fl, b E S a-b E S. 

(ii) r s £ S V r E R and V s £ S. [r on the left ] 

(b) Right ideal, for right ideal the condition (ii) will 

change as under 

s r g S V r G R and V s G S. [r on the right] 

(Kanpur M. Sc. 70, 71; Kurkshetre 70; Lucknow 69; 

Benares 61, 70) 

(c) Ideal. (Two sided ideal). 

For ideal the condition (ii) will change as under. 
rsG S and sr G S V r E R and V s £ S. 

i.e. S is both left as well as right ideal of R. 

(Lucknow 68, 70) 

(d) Every ideal S of a ring R is a sub ring of R 
We know the criteria for a sub ring is 

(i) V a,bes a-b £ S 

le S is a sub group of (R, +). 

(ii) v a,b G S ab£S i.e. closure property. 

Now if S is an ideal then by condition (i) we get the 

condition (1) for sub ring. 

Also condition (ii) of ideal gives 

r s G S. s r £ S V r E R, V s £ S. 

It can be written as r s E S, s r E S V r E S, 

V ^ G S. 

V SCR r E S & r £ R. 

Hence condition (ii) for ring i.e. closure property is 

satisfied. 

Therefore every ideal S of a ring R is a sub ring of R 

(e) Every sub ring S of a ring R is not an ideal. 

This is true because the condition (ii) of sub ring will 


as this r may be 


or 

or 
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not give us condition (ii) for an ideal as in part d, for sub 

ring we are given 

r s G S, VrG5, V s G S 

This will not lead to 

r s G S ^ r G Rs V s G S 

because r G R does not imply that r G S, 

or may not be in S . 

(f) Ideal of a commutative ring 
If r is a commutative ring then 

a b=b a V a, b G R' 

r s=s r V r,s G R. given 

r s=s r V r G R and V s G S. 

as s G S ^ $ G R- , 

Therefore every left ideal is also a right ideal and hence 

it is an ideal. Hence the condition (ii) for ideal in a comm- 
utative ring can be | a « d v a r s £ R and v * G s. 

(8) K ring '/S' ha^two'lrnpropcr ideals one of which is 
R itself called the unit ideal .be other being the singleton 
(0 \ k nown as zero or null ideal. Any other ideal of R except 
lie two is called proper ideal, if a ring has no proper 

ideal then it is called a simple ring. 

Exercise 6 

Consider 'he sets S u 5, S. of tm,rices of 

,htf 7[oo] (ii) [ a b°o] (iii) U°a] liv> [»*] 

L 0(7J L j (Meerut 1970) 

with a, b as integers, and R is ring of ail 2 X 2 matrices w hose 

dements are integers then prove the following. 

(/) 5’, and S* are right ideals but not the left. 
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(//) S 2 is left ideal but not the right. 

(iii) S 3 is neither a left nor a right ideal. 

The condition I for an ideal is clearly satisfied in all 
the three sets. 

i.e. A, B E S lt S», S 3 => A—B. E Si, S 2y S 3 
i e. S u S 2 , S 3 are sub groups of CK,+) 

The condition (ii) is 

Si r E S x V r E R and V s x E S x for right ideal 
r s 2 E S 2 V r E R and s 2 E S s for left ideal. 

] andr= [^ /] 

b If c d l_r ac-\-be ad\bf *1 c 

oJU /rl 0 0 J eSi 

.*. Si is a right ideal. 

sh; 2]** 

.*. S x is not a left ideal. 


Choose s x 




b 

0 


si r= 




Similarly we can prove that So is left ideal but not a 
right ideal 


Now j 3 


then .v-, 


■[: y 

-i:! I 


E S 3 and r 


n 


] 


$ s* 


c 

e 

°irc d}Jac 

b \l e f \ L be 

r i 3 =[ £ "][* £]-[" 

Hence S 3 is neither a left nor a right ideal. 

2. The sub set I of integers is only a sub ring but not 
an ideal of the ring of rational numbers {Q. +, .). 


d 

f 

a d 

bf 

d b 
fb 


] 


$ £ 


We know that product and difference of two integers is 
again an integer, i.e. V a, b E 1 we have 
a-b E I and 0 b E 1. and hence by Th. P. 218 is a sub ring. 
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For ideal. The product of an integer and a rational 
number is not an integer 

i.e. r s. $$ I V r £ Q and s E /. 

r=l, s= 3 but i'3 is not an integer and as such ^ I 

Similarly the set Q of rational numbers is only sub ring 
but not an ideal of the ring of real numbers (/?, +,.) 
as r=\/5 E R, s=% E Q then r j=-\/5/2 ^ Q. 

3. Prove that the set S={x m : x is an huger} ami 
m is a fixed integer in an ideal of the ring R of ail integers. 

let x x m, x 2 m E S where x,, x 2 are integers so that 
Xi—Xo is also an integer 

then x, m— x 3 m=(x 1 —x 2 ) m E S 

Again let r be any integer then 

r s x — r (x rn) = (r x) m E S as r x is again an integer and 
hence S is a left ideal. Now since the ring of integers is a 
commutative ring and as such left ideal is also a right ideal 
therefore S is an ideal. 

4. If R is a ring and a E R and let 

S={x E R: a x=0} 
prove that S is a right ideal of R. 

Let ,Yi, x 2 E S so that a x^O, flx a =() 
and hence ax x — flx 2 =0 

or a (x x —x 2 ) = 0 => x x — x 2 E S. 

Condition (i) of an ideal is satisfied. 

Let r E R- and x£ 5 i.e. o.v=0 
then x r should be shown to belong to .S' if S is a right ideal. 

Consider a (x r) = [a x) r=0.r=0 

Since a (x r) = 0 => x r E S 
S is a right ideal 
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§ 21. Certain Theorems 

Theorem 19. (A) Prove that the intersection of two ideals 
of a ring R is an ideal of R (Kurkshetra 69) 

Let S and T be two ideals of ring R so that both of them 
are sub groups of R and hence their intersection S n T is 
also a sub group of R under addition. Therefore the condition 

(i) for an ideal is satisfied. 

Now cloose any i£5 D a °d s £ T. 

S is an ideal =>■ r s £ S, s r £ S 
V r £ R, and V s £ S. 

T is an ideal =>- r s £ T, s r £ T 
V r £ R and V s £ T. 

From above we conclude that 

s r £ S, s r £ T => s r £ S 0 T. 
and r s £ S, r s £ T r s £ S 0 T 
V s £ S fi T and V r £ R we have 
r s £ S n T and s r £ S D T, 

Hence S D T is both left and right ideal and as such 

it is an ideal. 

Theorem 19. (B) Trove that the intersection of an arbitrary 
family of ideals of a ring is itself an ideal. (Benares 61) 
Let A be an arbitrary family of ideals of a ring (R , +,.) 
Choose S*= n{S : S £ A) 

We have to show that S* is an ideal for which we shall 
use the criteria laid down in (C) Page. 246 

Let a £ S* and r £ R, then by definition of intersection 

a £ S for all S £ A 

Again each S is an ideal we have by definition a £ S f 
r £ R => a r £ S, r a £ S V S £ A 
=> a r £ S* and r a £ S* 

Hence S* is an ideal 

In a similar manner we can prove the intersection of an 
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arbitrary family of left ideals of a ring is a ieft ideal. 

(Benares M.Sc. 66) 
Theorem 20. A field F ha* no proper ideals. In other 
words the only ideals of a field are {0} and F itself. 

(Delhi 70; B.H.U. 70 Kanpur M.Sc. Stat 71; 

Meerut M.Sc. 67) 

Let S be an ideal ot' field F then we will prove that either 
S={0) or S=F. 

In case S be a non zero ideal and a be any non zero 
element of S 

then a" 1 Will exist and shall belong to field F. 

Now a £ S and a~ l £ F => a a~ l £ S as S is an ideal 

or I £ 5. 

Now 1 G 5 and let x £ F => 1 x £ S => x £ S. 

Thus every element x & F is also an element of ideal S. 

F C S but S C F and hence S=F 
Hence the only ideals of a field are (0) and F itself. 

Theorem 21 (A) If R is a commutative ring and a £ R 

then 

Ra={ra : r £ R) in an ideal of R. 

(B) A non zero commutative ring with unity is a field if 
it has no proper ideals. (Benares 61; Kanpur 71; 

Meerut M.Sc. 67, 69; Rajasthan M.Sc. 06 , 67) 

(A) Let p, q £ R a => p^r^a, q=r 2 a where r lt r* £ R. 

p—q = r l a-r- A a={r l —r 2 ) a=r a £ R a 
where r=r l — r. i £ R. 

• p% q e p a=> p-q £ Ra and hence condition 
(i) of an ideal is satisfied. 

Again let x £ R and p £ R a so that p=r x a. 
then x p=x (r 1 n) = (xr 1 ) a £ Ra as x r, £ R- 
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Therefore Ra is a left ideal and since the ring is commu¬ 
tative it as also right ideal or simply an ideal. 

(B) Given R is a commutative ring with unity with no 
proper ideals which in other words means that its only ideals 
are {0} and R itself. In order to prove that it is a field we 
must establish the third property of field i.e. every non zero 
element has a multiplicative inverse. 

Choose a^O to be any element of R, then the set 

R a—{r a : r & R}, is an ideal of R as shown in A 

Now R is with unity therefore I £ R and as such 
1 .a=a £ R a. Hence 0 £ R a and therefore this ideal Ra 
is not zero ideal. Further it is given that R has no proper 
ideals i.e. its only ideals could be either {0} or R itself. Since 
ideal R a is not {0) therefore it follows that Ra=R i.e. every 
element of R is a multiple of a by some element of R. 

Now 1 £ R and by virtue of the fact that R=Ra we must 
have an element b £ R so that 1 =-ba => a~ x -b. 

Thus every non zero element has an inverse. 

R is a field. 

Theorem 22. If an ideal S of a ring R contains a unit of 
R then S^=R. 

Recall the definition of units as given in § 17. P. 228. R is a 
ring with unity 1 and a be a unit element of R then by defini¬ 
tion a -1 exists and belongs to R. 

Now by definition unit a £ ideal 5 

also a- 1 £ Ring R 

Hence a a 1 £ S or 1 £ 5 by def. of ideal 
wc have to prove that S=R 
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Let x be any element of R then * E R\ 1 E S 

=> x.\ £ S 

=> x£ S 

r c s 

Also S C R as S is an ideal of R 

Hence from above we get R=S 

§ 22. Smallest left ideal containing a given sub set S. 

Def. If M be a given non empty sub set of a ring R, 
then a left ideal / of R is called the smallest left ideal of R 
containing M if 

(a) I contains M or M is contained in I i.c. M C /. 

(b) I is contained in everv left ideal of R containing M. 

Left ideal generated by M. 

This smallest left ideal of R containing M will be termed 
as the left ideal generated by M and denoted as (M). 

Similarly we can define the right ideals generated by M 
or ideals generated by M. 

Exercise 7 

1. The left ideal generated by the union /, U I> of 
two left ideals is the set /, + I-, consisting of the elements of R 
obtained by adding any clement of /j to any element of 

(Meerut B. Sc. Summer 1970) 

Here S= f U /g where /,. / 2 are two left ideals 

we have to prove that /,-h/a is ideal generated by 
l\ U l>, For this we will first establish that 

(1) /j-f/o is a left ideal. 

(2) /i + /o C /] U /» 

(3) If any left ideal contains A U / a then A I I- is also 
contained in it. 
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Proof. Ii+I« is a left ideal. 

Let p=a 1 +a a , q=b 1 +b 2 E A+A 
so that a u bi E /, a 2f b° E A 

or ox-k £ /x, <r 2 —G h as h and h are ideals ...(0 
Now p—q=(ai+a 2 )—(bi+b 2 )=(ai—b 1 ) 

+ (a 2 —b 2 ) E A + A by (1) 

Thus A+A is a sub group of R and first condition of 

being a left ideal is satisfied. 

In order to verify the second property for an ideal. 
Choose r E R and /?=tfi+0a £ A+A- 
then r p should belong to h + 1 2 
V r E R and V p E A + A 
r p = r (tfi+tfo)=r fli + r o 2 E A + A 
because r flj E A as A is a left ideal 
r <73 E A as A is a left ideal. 

Thus the second property is also satisfied. 

Hence Tj + To is a left ideal of R. 

Now a x E A- 0 E A #1 + 0 E A+A 

A G A+A 

Again 0 E A. #2 E A 0-j-o.» E A + A 

A C A + A 

Hence A U A G A + A- 

Tims the left Idial A + A contains A U A- 

Again if any left ideal contains A U A then it must 
contain A+A- 

Thus 1 i + A Is the left ideal which is contained in every 
left ideal containing A U A 

Hence A + A is smallest left ideal containing A U A and 
by definition it is the left ideal generated by A U A 

2. Prove that S is an ideal o/S'+T where S is any 
ideal of a ring R and T is any sub ring of R. (Meerut 69) 
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Here we shall prove that S-f-T is a sub ring then estab¬ 
lish that 5 C S'-f T where S is an ideal of R and hence .S will 
be an ideal of S+ T. 

S+T is a sub ring. 

p=a+a, q=b+P, & S-\-T where 

a > b £ S ; a, fi £ T 

=> ab £ S as S' being an ideal is also a sub ring. 

Also rj.fi £ T as T is a sub ring. 

Agian S is an ideal 

a £ S, fi £ T i.e. fi £ R'=> afl £ S 
h £ S, a £ Tie. a E R =* o.b £ S 

Now pq=(a-\-r,) (b+fi) = (ab+y.b + afi) + y.fi 
As discussed each of the element in the first bracket E 
and in theond itb els cengs to T 

nq E S+T V p. q £ S+T. 

Ako p—a—(a+y^—lb+fi) = (a—b) + f y—fi) £ S+T 
as a—b £ S which is a sub ring or ideal, «— fi E T when 
R is a sub ring. 

Therefore S+T is a sub ring of R. 

Again a £ S, 0 £ T .*. a 4-° £ S+T 

Hence S C S+T. 

Mow S being an ideal of R, S C S+T and S+T being a 
sub ring, all these implv that S is also an ideal of S + T 

3 . If /|, /•> are two ideals of a rir.g then the set S o f all 

element* of R of the form a, a, + b x b,+r x 0,+ ... +/1/3 

where a u A,...., /, E /, mid a,, b, . I, £ /•> h an ideal of R. 

(Meerut 70: Lucknow 70) 

Let p=ai 0 2 + bjbo+ . +l\lz £ S 
q z= P\Pi+Q\qi^~ •• “J-V1V2 £ S 

then p — q=(a\a., + b l b l + ... +l\l i )—(piPi+qiq2^‘ “Ld'id’a)• 

= (a x a. i +b l h»+... + l}L)+(—p\) Pi 

+ ( — qf) q >1 •• • + (“Ti) >’2 
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Now /?! £ I x which is an ideal =* —pa £ / 2 
Hence p—q= an element of 5+an element of 5'=element 
of 5. 

Now choose r £ and /?=Zaia a £ 5. Then 
r/>=r (a x a 2 -\-b x b 2 + ... + IJ 2 ) 

= (r aj) tf a -F(r &> +. +(r /i) / a 

Each term in the brackets above belongs to I x which is an 
ideal i.e. r £ R and a x G h =>• r a x G I x . 
r pG S. 

Similarly p r G S as in that case a 2 G h and r £ i? 

=> a 2 r G h which is an ideal. 

Therefore S is both left and right ideal or simply an ideal. 
§ 23. Principal Ideal. An ideal S generated by a single 
elements of the ring i.e. (a) is called a Principal Ideal, 
provided. (Meerut M. Sc. 1969) 

if T he any other ideal of R containing a then it contains 
S' i.e. SC T. 

Unit Ideal. If R is a ring with unity then the ideal 
generated by I the unity element of R i.e. [\)=R as any 
element r of the ring can be expressed as r. l = r. Hence the 
whole ring R is the ideal generated by 1 and is called unit 
ideal which is a principal ideal. 

Null Ideal. The ideal generated by zero element of ring. 

R i.e. (0) will consist of only the zero element of ring R as 
r 0 = 0 V r G R and this ideal is called Null ideal which is 
a principal ideal- 

From above we conclude that every ring (which must 
have zero element) will have at least one principal ideal i.e. 
the null ideal. In case the ring R be a ring with unity then 
it has at least two principal ideals i.e. the unit ideal and null 
ideal. \ 
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Theorem 25. If a is an element of a commutative ring R 
with unity then the set S={r a :r £ R} is a principal ideal of 
R generated by the element a i.e. S=(a). 

In order to prove that S is an ideal generated by single 

element a we have to prove the following 

(i) a G S. 

(ii) S is an ideal of R. 

(iil) S is smallest ideal containing a. In other words 
if T is any other ideal of R containing a then S C T. 

Proof :—(i> a^S, 

Since the ring is with unity. 1 £ R- 
Hence 1 .*=a. But \.a <=S by definition. 

a £ S. 


(ii) S is an ideal of R. 

See proof of Theorem 23 (A) Page 251. 

(iii) S is smallest ideal containing a. 

Let ra be an element of S so that r G R 

Now if T is an ideal of R containing a then 

a £ T, r G R => r " G T 

r a G S => r a £ ' • • • '’ — 


Hence S is a principal ideal of R generated by a. 
Principal left ideal. Incase the ring R be a run with 
unity but not commutative then the set S=[r a : r £ R\ is the 

principal left ideal generated by a. 

Similarly the set S~{a r : r £ R) is the principal right. 


ideal generated bv a. . . . , - 

When the ring is commutative then any principal ldt 

ideal will also be principal right idea! and as such it is termed 

only as principal ideal. 

§24. Principal Ideal Ring. . . . 

Definition. A ring for which every ideal is a principal 


ideal is 


called a principal ideal ring. 

(Raj. 67; Benares 61; Meerut 1969) 
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Exercise 8 

1. Every field is a principal ideal ring. 

Field is a commutative ring with unity without zero 
divisors. 

From Theorem 22 P. 251 we know that a field has no 
proper ideals. In other words the only ideals it has are the 
null ideal and the unit ideal both of which are principal 
ideals. Thus every ideal of a field is a principal ideal and 
as such by definition field is a principal ideal ring. 

2 Consider the ring 

^ = t(0» If 3, 4), +5 , X5l* 

Is it a principal ideal ring ? 

The above ring can be easily shown to be a field as in 
Ex. 2 P. 196 which has no proper ideals. The only ideals it 
will have will be null ideal and unit ideal both of which are 
principal ideals and as such it is a principal ideal ring. 

Let us verify that it has no proper ideals 

(0)=The principal ideal generated by 0={0}=Null ideal. 

(1) = (r.l : r £ /?) = {0, 1,2, 3, 4}=Unit ideal. 

(2) =(r.2 : r £ R) = { 0,2, 4, 6, 8}={0, 2,4. 1,3} 

=Unit ideal. 

V 2x4 = 8—3 2x 3=6=1. 

X5 Xo X3 X3 

(3) ={r. 3 : r £ R) = {0, 3, 6, 9, 12;={0, 3, 1, 4, 2} 

=Unit ideal. 

(4) = fr.4 : r € 7?)--{0, 4, 8,1 . 16)={0, 4, 3, 2, 1} 

=Unit ideal. 

1 hus the only ideals of ring R are Null ideal and unit 
ideal both of which are principal ideals and as such the 
ring R is a principal ideal ring. 
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3. Find all the principal ideals of the ring. 

*=[(0, A 2, 3, 4, 5), +fi> xj. 

Above is a commutative ring with unity. It is not a field 
as it is a ring with zero divisors and as such it will have 
ideals other than proper ideals and hence by 1 h. 25 P. 257 
the set S={r a : r £ R} is a principal ideal generated by a 
and is denoted by (a). 

As in Example (2) we can show that 
(0)={0} Null ideal. 

(1) = t0, 1,2, 3,4, 5} Unit ideal. 

(2) ={0, 2, 4, 6, 8, 10} = (0, 2, 4, 0, 2. 4}=(0, 2, 4}. 

(3) = {0, 3, 6, 9, 12, 15) ={0, 3, 0, 3, 0, 3} = [0, 3} 
Similarly 

(4) ={0, 2, 4), (5) = {0, 1, 2, 3, 4, 5}=Unit ideal. 

Hence the principal ideals are 

Null ideal, unit ideal, and ideal (0, 3), ideal )0, 2, 4} 
Theorem 26. Let R be a commutative ring with unity 
and a, b be two non-zero elements of R then 
( a ) = (b) o a and b are associates, 
a and b are associates if alb and bja 
[a) = Principal ideal generated by a 
.*. (a)={ax : x £ R} 

Now (a) = (b) => (a) C (b) 

=> a £ (/») =► a=rb for some r £ R 

=> b/a i.e. b is a divisor of a. 

Similarly from (b) C (a) we can prove a/b 
Thus bla and alb => a and b are associates. 

Converse, given a/b, b/a, to prove (a) = (b) 
a jb => b=xa for somi x £ R. 

Again if u is an clement of (b) then u=yh for some 

y £ R 
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or u=y (xa)={yx) a=za when z £ R 

=>• u £ (a) 

Thus u £ (b) => u £ (a) (b) C [a) 

Hence a/b =>• ( b ) C ( a) 

Similarly bla => (o) C (b) 

(a)=(b) Proved. 

Theorem 27. The ring of integers is a principal ideal 
domain. (Utkal 69; Lucknow 70; Benares 61; 

Meerut M- Sc. 67; Raj. M. Sc. 1969) 

Let (/, -f,.) be the ring of integers which is commuta¬ 
tive ring with unity and without zero divisors and as such it 
is an integral domain. Now I will be a principal ideal ring 
(here principal ideal domain as the given ring is an integral 
domain) if every ideal in / is a principal ideal. 

Choose S any ideal of the above ring f. In case S' is a 
null ideal then it is a principal ideal. 

Let us now suppose that S is not a null ideal i.e. S'^(O). 

Now S contains at least one non zero integer say a and S 
being a sub group of I under addition. a £ S => —a £ S. 
Hence we conclude that if 0 then S must contain at least 
one -five integer as both a and —a £ S. 

If a is -five then a £ S and if a is —ive then — a is-f ive 
and it belongs to S. 

Let .^4. denote the set of all -five integers in S and 
every set of -five integers must have a least number. Choose 
K to be the least -five integer of S+. We will establish that 
S' is the principal ideal generated by K i.e. S=(K), and as 
such any ideal S will be a principal ideal being generated by 
a single clement. 
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If x be any element of S then by division algorithm 3 

integers q and r such that 

x=bq+r where 0 ^ r < b 

or x—bq—r. 

Now b £ S> q £ I => bq £ S as S is an ideal. 

Again x £ S and bq £ S => x—bq £ S 

as S is a sub group of 1 

r £ S because x—bq—r. 

But 0 <. r < b and b is the least +ive integer such that 
b £ S and here we find that r < b also £ S, which is a 
contradiction of b being least and therefore r must be zero. 

Hence x—bq. 

Above relation shows that every element of S is ol the 
form bq i.e. S=(bq : q £ R)- 

Therefore S is an ideal generated by b i.e. S=(b ) and as 
such it is a principal ideal. Since 5 was any principal ideal 
other than null ideal, it follows that every ideal 5^(0) is a 
principal ideal and as such the ring of integers is a principal 
ideal ring or principal ideal domain 
§ 25. Maximal Ideal. 

Definition. An ideal S^R in a ring R will be said to be 
a maximal ideal of R if whenever T is an ideal of R such that 

S CT C R then either S=T or R=T. 

In simple language above amounts to saying that ideal 
5 will be maximal ideal if it is impossible to find another 

ideal which lies between S and the whole ring R. 

Hence if S is a maximal ideal then there shall not exist 
any other ideal T properly contained in R and which properly 

contains S. 

Illustration. Let R be a ring of integers and choose 
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S=( 6)={...-l8, -12, -6, 0, 6, 12, 18,...} 

But r=(3)={...-l8, -15, -12, -9, -6, -3, 0, 3, 6, 9, 

12, 15, 18, 

Thus S is not a maximal ideal as there exists an ideal T 
which lies between S and R. 

But if we choose S=(5)={...—15, —10, —5,0, 5, 10, 

15,...} 

then S is a maximal ideal because the only ideal containing S 
is R itself. 

Theorem 28. An ideal S of a ring I of integers is a 
maximal ideal if and only if S is generated by some prime 
integer. 

From Th. 27 P. 260 we know that every ideal of a ring 
of integers is a principal ideal which is generated by a single 
element. Choose ideal S=(p) where p is -five as ideal 
generated by -p is same as that generated by p and hence 
we have taken p to be positive. 

S=(p) and we have to show that 

S is maximal ideal ^ p is prime. 

1st Case. Let p be prime and we will show that S is 
maximal ideal. 

S={p) and let T be any other ideal of /. Since every 
ideal of 1 is a principal ideal as such let T={q) 

such that S C T C / 

Now S C T => (p) C Tz> p £ T 

*p£ {kq:k£ 1} 

=> p=rq where r is some -five integer. 

Butp is prime therefore either q= 1 or q=p 

If <7=1 then T={q)=(\)=I 

If q=p then T={q)=(p) = S 
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T=S. 


Thus S C T C / =* either T= / or 

Hence 5 is a maximal ideal. 

2nd Case. S=(p) is a maximal ideal. To show lhat 
p is prime. 

Let p be not prime then p must be composite and choose 

p=xy when x=^p, ±1, y^P< ±’ 

Clearly (p) C <x) C / and (p) being maximal ideal ,t 

follows that either (x)=(p) or (x)-/ 

Tfr „w then x=l which is a contradiction as x^l. 

If (x)=(p), then x will be a multiple of i and let x kp 

for some integer k. 

• p=xy=kpy •*. k) = \ asp^O 

As both k and y am integers it follows^from *y=1 lhat 

Henris no, composite, it 

must be prime. 

POLYNOMIAL KINGS 

atE^rJ Sry ring «/ x he any 

indeterminate symbol no, belonging to R whe*'™ mu,eS 
every element of R then the express,on of the form 

/(x)=floX°+aiX l + a sX ! + - + a - v "=f, 0 a ' vr 

(Kanpur M. Sc. Stat. 69; Agra 70) 

-»— r:n;":Xz * 

e /? /j called a polynomial of degree 
^ Another notation. The above polynomial can briefly be 
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expressed as [a Q , a lt a*...an) i-e. if R be the ring of integers 
then the polynomial 

W-2^+5x*=(l,-2,5). 

Similarly (4, 3, -2, 0, 4)=4*H3* 1 -2x 2 +0;f 3 +4x 4 . 
Equality of polynomials. 

Two polynomials are said to be equal if and only if the 
coefficients of like powers of unknown are equal, e g . 

if e 0 = 6 0 , . ,Qn—bn 

5+4x+7x 2 —9.Y 3 and 5-f 4y-f 7y 2 —9.y 3 
are equal polynomials over the ring of integers. 

Sum of two polynomials. 

f(x)= fl 0 *° + Of* 1 + A 2* 2 + • • + A**" 

g ( x)=b 0 x°+biX 1 + b2X % +...+b m x m , 

then the sum/(x)-f-g (x) of the above two polynomials isf 
defined as 

f{x)+g (x)=(fl 0 +&o) x°+(<*i+bi) **+(08+^) **+••• 

+ {Om+bm) X m +... + tf„X n if H > W 

or (flo+^o) *°-K<*i+W *H- (a n +b n ) x n +...+b m x m 

if m > w, 

i.e. (ffo, dy, Q%y b\ t bit..-) 

= (a 0 +^o)4 -(a ib\) + (a *+ b a ) 4* • • • 
The product of two polynomials. 
f[x).g (x)=a 0 b Q x'>+{a 0 b i +a l b 0 ) x 1 +{a 0 b 2 -]-a 1 b 1 -\-a 2 b 0 ) xr 

+ ...+a n b m x m¥ ” 

=ro-x 0 +CiX T +c 2 x 2 +. 

where c r =aA+flA-i + ...-\-a,b 0 = 2 a t bj 

<+/«r 

Degree of polynomial. 

The degree of polynomial / (x) written before is n if 
a n -=£0 i.e. the exponent of highest power of x having non zero 
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coefficient and we write it as deg/ {x)=n, the coefficient a n 

is called the leading coefficient. 

Degree of sum and product of polynomials. 

Let deg/(x) = n and deg g (*)="», then 

deg [/(*) + £ (*)]=" it"> m 

= rn if m > n 
=n if nt=n and a n -\-b„n£0 

and in case a n +b m =0, then the degree of sum will be less 

than /». .. , 

deg [/(x).g (x)l=m+n if a n b m ^0 

< m-\-n if Onbm = Q’ 

Even if a n *0 b.,^0 we can have 0 ° r a " 6 “=° 

as the ring R being arbitrary can be a ring without zero dm 

sors or with zero divisois. 

Ex . i. Consider the following polynomials over the ring 

(/,+o»x«) 

f(x)=2+4x+2x a*-l 
g ( X )= (a) 2x+4x 2 bm = 4 

or (b)2x+3x*, b m = 3 

t) A d7g 2 [/Lt) + g(x)]:Onemaybe tempted to say that 

deg [/(*)+£(*)]=2 . n 

But Since a„+6„=2+4=0 deg[/M+gW1^2 

/M+gW = 2+CH-2) *+(2+4) *»-2+Q*+0** 


deg[/(x) + g(x)] — 0 

(b) deg [/(x).*(*)]• Here also one 

say that the degree is 4. 

But a n b m =2.3=0 i.e. a n b m =0 .. 


may be tempted to 
deg [f(x).g(x )&4 
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f(x).g(x)=(2+4x+2x*){2x+W) [for +6 ,xe] 

=4x-f(2.3+4.2).x 2 +(4.3+2.2) XH2.3* 4 
=4x+(0+2) x*+(0+4) **+0 x 4 
=4x+2x a +4x 3 
deg {/(x).g(x)}=3 

(c) A(x).A(x)=(2+3x)(2+3x) 

=4+(3.2+2.3)x+( 3.3) x 8 

=4+(0+0)x+3x 2 

=4+3.x 2 

deg {/i(x). h(x)}—2 

§ 27. Isomorphism of a set of constant polynomials of 
R[x] on R. 

Theorem 29. If R is an arbitrary ring and R' is the set 
of constant polynomials in R [.x] then R' is isomorphic to R. 

i.e, R' = R. 

R' =[ox 0 + O.v-f Ox 2 +Ox 3 ... laER]. 

Define f:R^R' such that/(a)=ax°+0x-l-0x 2 ... 

V a £ R 

f is one-one : 

f{a)=f{b) =► a.x°+0.\ -1-...=6x°-f Ox +. * * 

=> a=b. 

f is clearly onto. 

f preserves the two compositions in R. 

/(fl+6)=(a+6).x 0 +0.x+ax 2 + .. 

=[ax°+ 0 x+0jc®+...]+ (bx° +0x+O.v 2 -}-...] 

=/(«)+/(*). 

/ (<7 6)=aZ>.x° -f 0.x+ Ox 2 -f... 

=[ax° + 0.x+0x 2 ...] [bx° +O.v+Ox 2 -f-...] 

=/ (fl) / (*)• 

Hence /is an isomorphism of R onto R’ 
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R^k' 

Since the relation of isomorphism is an equivalence relation. 

• ft* ~ 

In view of the isomorphism we shall in future identify 
the constant polynomials in «[x] with the element a of R 
i e ax »+o*'+0.r s +. will be written ana only. 

Theorem 30. Ring of Polynomials. 

The set of all polynomials over a ring R forms a ring with 
respect to addition and multiplication of polynomials. This 
ring is called the polynomial ring R M over the ring R 

Let f(x)=2 a,x>, g ix)=S h t x\ h (. x)-2 c„x" e t ree 
polynomials. We shall establish the three axioms R, & 

R, d ThTset of polynomials is an abelian group for addition. 
Closure : The sum of two polynomials is again a poly^ 

Identity. The zero polynomial 0 (x)=Z a 'f 
all the coefficients a, are zero (the zero o R) n th. identity 

the ring of polynomials. 

Inverse. The additive inverse of the polynomial, 

f M =a 0 +a l x+a. i x i +-+a,x is 

-a 0 -aix-a*x t -——w x 

The commutative and associative property follows from 
those of R and hence an abelian group. iative 

R Multiplication is a binary operation whtch ts a socat, 
we know that the product of two polynomials^is again 
polynomial -d^r a^iative^ha^ o^pro 

Kw=,^ o,x>) v MS ** 
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where di—^ aj'b k such that j~\~k k 

[f (x) •g (*)] h {x)=P M (2 c m x m )=2 e& 
where e t =2 diC m , i+m=l 

=2 [2 aibk) c m ,j+k=it i+m=l 
—2 aibtCmtj+k+rn—l* 

Similarly we can show that 

f(x) [g (x) .h (x)]=2 e t xK 
Hence multiplication is associative. 
fc 3 Multiplication distributes addition. 
i.e. f{x).[g {■x)+h {x))=f(x).g (x)+f (x).h(x)> 

L.H.S M2 ajx*) btX k +2 c k x*} 

*(,Z a,xi) {2 (b k +c k ) x k }=2 

where e t =2 a, [b k +c k )=2 a,b k -\-2 a } c ki j+k=l. 
R.H.S.=(2? a,x') (2 b k x k ) + (2 arf) ( 2 c k x k ) 

=2 [2 a f b k ) x lJ r2 (2 ajc k ) x l , l=j+k 
=2 [2 djbt+2 a/Cfc] x'J+k-l 

= 2 e|X»=L.H.S. 

Hence the distributive law holds. 

Similarly we can show that 

[g (a:)+/* (.v)] f{x)=g ix) f(x)+h (x).f[x). 

§ 28. H R >s an integral domain so is R [x]. 

(Aligarh 66; Kanpur M.Sc. 69; Benares 69, 7$ 

Allahabad 66, 69; Punjab 70) 

For an integral domain we have to prove that it is a 
Commutative ring with unity and without zero divisors, 

f{x)^ 0, g * fix).g (*)=£0. 

Since R is an integral domain, it is a commutative ring 
and hence so is R [*]• 

Again we may take x°=l as the unity element of 
integral domain, tnen the unity element of R [x] is I.a°=1» 
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Again we have to prove that R [x] is a ring without zero 
divisors. 

Let f(x)y£0,g W^O be two elements of the polynomial 
ring R [x] whose coefficients are elements of R which is an 
integral domain If ci j and b k be the leading coefficients 

fix) and g (x), then a&O and b&O and hence a,.b^ as 

a, and b k are elements of an integral domain. 

Again a,b k is the coefficient of .v J+k in the product 
f(x) g (x) and this coefficient is not zero and consequently 

f (x).g (x)y£0. 

Also we conclude that 

deg/(x)+deg g (x)=degf(x).deg g (■' -J 

Therefore R [x] has no zero divisors and hence R M » 
an integral domain. This is denoted by I (x) where 
original integral domain. 

Cor. I. In case R is a field then *[x] must be an inter 
ral domain because every field ^ Aligarh 66; 

is denoted by F(x). B ^ ^ ^ 69 . Bombay 7 0) 

Here we have to gived the proofs of § 27 and § 28. 
Theorem 31. The polynomial domain F M over a field 

\ ‘ zxzzsx 522 

domain and the set o! an 1 y havc t o prove 

T is an integral domain by § 2 . is not 

that the set of all polynomials F M where 

a ^ irrvl tv not a field we have to establish 

In order to prove F[x] is not wl ,ich 

that there exists at least one non zero element or / 1 1 
does not possess a multiplicative inverse. 
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Let g [x] G F [a] such that deg g [y]>0. 

The multiplicative identity of 

F [.y]= 1 *°=(I, 0, , 0, ,.,0)=unity polynomial whose 
degree is zero. 

No zero polynomial can be multiplicative inverse of 


g £jv]. 

because g [a].0 [x]=0^unity polynomial (1, 0, 0, ..,0). 

Hence let h [y]^0 be the multiplicative inverse of g [y] 

then deg [g [v]./i [y] ]=deg [g [x]-\-h [y] ] 

by § 28 as F is a field i.e. integral domain 


But degree g [x]>0 and degree/; [v]>0 
deg [g [x].h [x] ]>0 

Now we know that degree of unity polynomial is zero 
g [y]. h [y] can never be equal to unity polynomial 

as the degree of L.H.S. is greater than zero whereas 
the degree of R.H.S is zero. 

Hence F[x] is not a field. 

In fact the ontv invertible elements of F [a] are constant 
polynomials excluding the zero polynomial. No other poly¬ 
nomial whose degree is greater than zero is mversible. 

§ 29. Divisibility of polynomials over a field. 

In case F be a field then the set of all polynomials F [y] 
is an integral domain as, shown earlier. Choose /(*), g (y) 
to be any two elements of F [y], then / (yJ is said to be a 
divisor of g(Y) if there exist? a polynomial h (v> in F[x) 
such that 


g (y) =/ (Y) . h (y). 

The statement f(x) is a divisor of g(t) is expressed 
symbolically as / (a*)/ g(Y) 
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In case / {x)lg (x) and g(x)/f (x) 
then both f(x) and g (x) will be termed as associates and in 

that case /(x)=c g (x) for some c^=0 G. F. 

Units of F [x]: A unit of F [x] is that element which 
has multiplicative inverse and we have shown in Th. 31 P. 269 
that in the polynomial F[x) the only inversible (multiplica- 
tively) elements are constant polynomials. 

Hence all constant polynomials in 

F [x] are units of F [xj. 

Proper and improper divisors. Any polynomial fix) in 
F [x] is divisible by its associate and units of polynomials in 
/’[x]. Such divisors are improper divisors whereas all other 
divisors will be called proper divisors 
' Reducible and irreducible polynomials. 

A polynomial/ (x) in F[x] is called reducible or compo¬ 
site if it has proper divisors. Alternatively we may say that 
a polynomial / (x) in F[x) is irreducible or prime if it has no 


proper divisors. „ , . ... 

/ £. f{x)-g (x) h (x) =► one of g (x) or h (v) 

is a uni, in F M one of then is a con,tan, 

It may be noted irreduoibiliy of a polynomial depends 

°" 'FofcxampTc “he polynomial x=+ 1 is irreducible over the 
Held of reals whereas it will be reducible over the complex 


If - *. + !_(* + /) (X-/) where x + l. x-l are polynomials 

of decree I each over the complex field. 

Similarly the polynomial x=-3is .rredtictble over the 

field of rational numbers but is reducible over the held 

real numbers as in that case 

x 2 —3=(x—V3) (x+v’3). 
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Monic polynomial. A polynominl f ix) in F[x] will be 
called a monic polynomial if the coefficient of highest power 
of .vis equal to 1 the unity of the field F. 

Thus the polynomial 5-|-4x—3x 2 -f-x s is a monic poly¬ 
nomial. 

Greatest common divisor of two polynomials over a field. 
The G. C. D. of the polynomials 

fix) and g (x) E F[x] 
will be a polynomial h (x) if 

h (x) | / ix) and h (x) I g (x) 
and if there be any other polynomial K (x) such that 
K(x) | / (x) and K(x)\g (x) then K (x) | h (x) 

The first condition implies that h (x) is a common 
divisor and the second condition implies that it is greatest 

common divisor. 

Relatively prime polynomials. 

In case the greatest common divisor of 

fix), g (.v) 6 F[x] 

be 1 the unity of field F then the two polynomials are said 
to be relatively prime. In this case 3 polynomials p (x) and 
q (.y) in F (,v) 

such that p ix) f (.v) 4- q ix) g (x) = 1 

Zeros of a polynomial : An element a E F will be called 

zero of polynomial 

fix) E F [.y] if y in )=0 

/.e. zero of a polynomial x 2 —7x4-6 over the field of real 
is 6, 1. 

§ 30. Divison Algorithm for polynomials over a field F. 
Theorem 32. Let f (x) and g (x)^0 be any two polynomials 
of the integral domain F [,v] over the field F, then there exists 
unique polynomials q ix) and r (x) in F (x) such that 

f (*) =g (x) q (x) + r (x). 
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where r (x) is either zero or of degree less than that of g (x). 
q (x) is called the quotient, r (x) the remainder over F. 

[Bombay 70; Benares 65, 67, 70; Meerut M. Sc. 69; 

Allahabad 65] 

Proof. Let f (x)=a 0 +aiX +.. + 0 «x n , a n ^0 

g (x)=b 0 +b l x-{-...+b m x m , b„s£ 0. 

1 st case, deg f (x) < deg g (x), i.e n < m. 

In this case / (x) can be written as 
f(x)=g (x).0 +/(*) 
so that q (x) = 0 and r ( x)=f (x) 

Again iff(x)=a 0 , a 0 ^ 0 and hence degree f (x)-0. 
f(x)=0'g {x)+a 0 when degree g (x) > 0, 

so that q (x) = 0 and r (x)=a 0 

or f (x)=(<7 0 V 1 ) ^o+0 when deg g (x) = 0, 

so that q(x)=o 0 V l andr(x) = 0. 

Hence the above theorem h -Ids when degree / (x)-0 and 

degree /(x) < deg g (x). > 

2nd Case. Degree f (x) > degree g (x) ■ e » > m 

and n ^ 0 . 

We shall prove the theorem by the method of induction 
by assuming that the theorem holds when degree/(x) J L ■■ 
than n and then show that the theorem is true when degree 

/( Vow f(x)=a 0 +a,x+a.x 2 + .+«•-' rl+ “" 

We rewrite / (x) as under , h 

less than n we can apply the theorem on r, (x) 
n- 1 is less than n 
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ri (x)=g (x). h (x ) -fr (xj where deg r (x) <deg g (x) 
Now putting the value of r x (x) in (1) we get 
f(x)=[a n b m ~ l x n - m +h (x)J.g (x)+r (x) 

where deg.r [x) < deg.g (x) 

or /(x)=? (x)-g {x}+r (x) - , 

Hence the theorem holds good for/ (x) of degree (n). 

Uniqueness of q (x) and r (x). 

Let us suppose that 

f[x) = q' (x) g (x)-fr' (x) •• (3) 

where r r (x) either zero or its degree is le*»s than that of g (x). 
Hence from (2) and (3», we get 

q (x).g(x)4 r (x)=q’ (x).g (x)-fr'(x). 
tr [q (x)-q' (x)].g (x) = r' (x)-r (x) 

Clearly the degree of L. H. S. is greater or equal to 
that or g (x) if q (x) -q' (x)^0 whereas the degree of 
R H S. is either zero or less than that of g (x). Hence the 
sign of equality will hold good when both of them become 
zero and it will be possible only when q (x)—<?' (x)=0 as 
g (x)7=0, 

and r' (x) — r (x)=0 

or q' (x)—q (v) and r' ( x)-r (x) 

Thus q (x) and r (x) are unique. 

§ 31. Remainder Theorem. 

If a polynomial /(x) is divided by (x~a), i e, a poly¬ 
nomial of degree l then the remainder is f (a). 

We know that 

f(x)-g (x). q (x) + r (x) 
where degree r (x) < degree g (x). 

Choose g(x) = (x— a). 

f (x) — (x a). q (x)+r (xj 

where degree r (x) < degree g (x). i.e. < I, or degree 
r (x)=0 or say r (x)=^r. 
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f(x)=(x-a)q(x)+r. 
f(a) = (a-a) q (a)+r. 

or /( a )=r=remainder when the polynomial / (*) is divided 
by x-a. / (x)=(x-a) q (x)+f (a) 

Deduction. Factor Theorem. 

A polynomial/ (x) is divisible by (x-a) if and only if 

/'*)=<> 

(Allahabad 67; Meerut 71 (S)] 
We have proved above that/(x) = (*— a) q (•*)+/ [a). 

If/ (a)=0 then f(x)=(x-a)q (x) showing that 
{x-a) is a factor of/(x). Conversely if (x-a) is a factor ot 

/(*), then 

f(x)=[x-a) q (x), 
f(a) = (a-a)q(a)=0q(a) = 0 


Hence / ( fl ) — 

Example: Prove that the polynomial x 2 +x+4 is irre - 

dm Me over F the field of integers modulo 11. 

.MAAnit Sc. 1969) 


A polynomial/(*) is said to be irreducible if i* has no 
proper divisors. Also by factor Theorem (x-a) divides /(x) 
ifTy* (<i)=0. We shall evaluate f (a) V a £ F. 

F=[{ 0, 1, 2,.l0}+n,xii] 


If a G F then a 2 =axa (mod 11) 
/(0)=0 2 +0+4=4^0 
/( 1 )= 1 2 + 1 + 4 = 67*0 
/( 2 )- 2 2 +2 + 4 = 10^0 
/(3) = 32-f-3+4= 16+11 = 5^0 

f (4) = 4 2 +4+4=5+4+4=l 3=2 t*0 

SimilaHy /(5) = 1,/<6) : -2,/(7j=5,/(»> - 1 l/W 
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Above relation shows that V a £ F,f(a)&0 and hence 
none of the factors x-a V a e F divides / (x). Therefore 
/ (jc) has no proper divisors. It is therefore irreducible. 

§ 32. Synthetic Division. 

Let a polynomial f(x) over a field F be divided by the 
polynomial x -h then the quotient and the remainder are 
obtained by the process of synthetic division as explained 

below, 

f (*):=ao+fli*+*a* a + 1 + a **" 

and let q (x)=bo-\-biX-\-bzX z -\-..'b n ~iX n 1 
be the quotient when/(x) is divided by x-h and the remain¬ 
der be R which is of zero degree. 

(flo+fliH-—+ a "-i '' , ' _ 

=(x—/<) {b 0 -\-b l x+b i x t +...+bn-iX ~ l )+R. 

a„=b n -i or b n -i=a n 

a n _ l= = -h bn-i+bn.2 bn-2=a n -i+h bn -1 

fln- 2 =— k bn-2+bn-i ^n-8= fl "-2+^ b n - 3 

t99 ... ••• ••• ••• . ; 

• •• ••• •• 

a^-hbi+h b^at+hb* 

b x +b 0 .*• b Q =a x +hb x 

a 0 =—h b 0 +R R=a 0 +hb 0 

The above process can be exhibited in tabular form as 
under 

h I a n fl n -i . o 3 fli flo 

~ h bm-x . bj h bji hbp __ 

b„-i hb n ~i a 2 -\-bJi ai-\-b x h I a 0 +hb 0 =R 

=b n - a —b x =b Q I 

Rule. Write down the coefficients of the given poly¬ 
nomial starting with the coefficient of x", i.e. an which is 
also equal to b n - x . Supply the coefficients of missing terms 
by zero. If the polynomial be divided by x—h then write 
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h in the corner. Multiply each element of first line by h 
and write it below next and add, In the third line you will 

get the coefficients b n -u bn- 2 , b„~ 3, • ,b 2 , b lt b 0 and R. 

The first coefficient b n -1 is the same as a n . In case 
R= 0 then / (x) is divisible by x-h otherwise R is the value 
of/(x) for x=K i-e. *=/(*)• If the divison is done by 
x +h t then write—/» in the corner and proceed as above. 

Ex. 1. Find the quotient and the remainder when , 
f(x) = 2x A — dx 2 — 32x+6 is divided by x-3. 
f(x) = 2 x 4 + 0 x 3 —5x 2 —32x + 6 

3 | 2 0 -5 -32 6 

6 18 39 21_ 

-2 6 0 / I 27 =R 

/. quotient is 2 x 3 + 6 .x 2 + 13x + 7 and remainder is 27. 
Ex. 2. In the field of residue classes modulo 5, find the 
quot itnt and remainder when f (x) = 3x*- 4x 2 + 2x —2 is divi- 

ded by x—3. , 

Here the coefficients are elements of residue class field 

modulo 5. 

3 i 3 -4 2 - 

— 9 = 4 0 _ 6—j 

- 3 -O - 2 1 - 1=4 

9=4 (mod.:), -1=4 (mod. 5), 6=1 (mod.5). 

• quotient is 3 x 2 +2 and remamder is 4 
Theorem 33. A polynia, F M onrafiU ^ 

isapnncipa tea o Kanpur M .S C . stat. 71; Aligarh 66) 

From cor I p. 269 we know that the polynomial domain 
F M i an integral domain and as such it is a commutative 
ring with unity and without aero divisors. If it is -o be a pnn- 
cipal ideal ring we hare to show that every ideal in F M 

principal ideal 



278 


Modern Algebra-3 


The proof is exactly similar to that of Tb. 27 on Page 260 
in which we showed that the ring of integers is a principal 
ideal domain. 

Choose S any ideal of F [x]. If S is a null ideal i.e. an 
ideal generated by zero polynomial i.e. S= (0) then it is a 
principal ideal as every null ideal is a principal ideal. 

Let us now suppose that 5 is not a null ideal i.e. S^( 0), 
then there exists non zero polynomials in F[x]. Suppose g (x) 
is a polynomial of lowest degree belonging to S and we shall 
establish that the ideal 5 is generated by g (x) i.e. S=(g ( x)). 

Let p (x) be an arbitrary polynomial in S then by division 
algorithm there exists two polynomials q (x) and r (x) in F[x] 
such that 

/> W=? W 9 w+r (x) .. (1) 

where r (x)=0 or deg. r (x) < deg. g (at) 

Now q (x) G F[x] t g (x) G S 

=>- g (x) q (x) G S as S is an ideal 

A Iso p (at) G S, g [x) q (a;) G S. 

=*• p (a :)—g (x) q (x) G S as S is a sub group of/'[x]. 
=> r (x) G S from I. 

Now either r (x)=0 or deg r(x) < deg. g (x) 

The second possibility is ruled out because g (x) is a 
polynomial of lowest degree in S and r (x) G S cannot be a 
polynomial such that 

deg r (x) < deg g (x) 

Hence we must have r(x) = 0 

Therefore p (x)=g (x) q (x) 

Above relation shows that every polynomial in S is of 
the form g (x) q (x). 
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i e. S=g (x) q (x) V q (x) £ F [x] 

Therefore S is an ideal generated by g (x) i.e S=(g (x)) 
and as such it is a principal ideal. Since S was any ideal 
other than null ideal, it follows that every ideal which is not 
a null ideal is a principal ideal. Hence / r [x] is a principal 
ideal ring [domain] 


Theorems'!. The polynomial ring / [x] over the ring of 
integers is not a principal .deal ring. (Meerut M. Sc. 19o ) 

Here we shall establish that any ideal is not a principal 
ideal and hence /[x] is not a principal ideal ring. 

Cinsider the ideal (2, v) of the ring I [x] generated by 
two elements 2 and x of I [x]. We shall show that it is not a 

principal ideal. 

If possible let (2, x) be a principal ideal in / [x] then 3 a 
non zero polynomial £ (x) in I (x) which generates the ideal 

(2, x). 


ie. (2, x) = (g (xp. 

Now 2 £ (g (JC)) and x £ (? M), therefore 3 polyno¬ 
mials a (x) and b (x) is / [x) sush that 2 =a (x) .? (*)• - 

x=b (x) g (x) 

But / lx] is an integral domain and hence 

deg. a (x) g (x) = deg. a (x) + deg. g (x) = deg. 2 ()...(3) 

deg. b (x) g (x) = deg. b (x)-f deg. g (x) = deg. x= l •••>4) 

From (3) deg a (x)=0, deg. g (x) = 0 i.e. both a (x) an 

g (x) are constant polynomials and because a (x) g ( A ) - we 

can iuve the following four possibilities of choosing a (x) ant 

8 (x). 

a(x) = l, g(x)==2 a (v) = I• g(x)=~2 
a (x)=2, g (<) = 1 a (x) = —2, g (0 - — 1- 
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In case g (x) = l or — 1 we have 

(g (x))=/ [x] which contradicts that (2, x)=(g (*)) 

as / Wt^(2, x ) 

Again if g (x)= -|-2 or —2 then form (2) we get 
x—±2, b <x) = ±-> (f 0 +C|Jf+c.x # +-..) wher ect G / 

Above relation implies that c o =0, c 2 =C3=--—® 
and Ci should satisfy the relation 1 = ±2 c x where 4 is 

an integer. 

This too is not possible as there cannot be any integer c x 
satisfying this relation. 

Hence (2, x) cannot be a principal ideal. Therefore F[x] 

is not a principal ideal ring 

§ 33. Greatest common divisor. 

Definition. Let fix) and g (x) be any two polynomials 
in F[x]. Then greatest common divisor (g. c d.) of f{x) and 
g (x) is a polynomial d (.v) satisfying the following properties 

(i) d(x)lf(xld(x)lg(x) 

(ii) If c (x)lf(x), c(x)lg(x) then c (x)ld (.v). 

§ 34. Euclidean Algorithm for polynomials over a field. 
Theorem 35. Let fix) and g ix be any two polynomials 
in F [x] not both of which are zero. Th°nf{x) and g (x) have 
a g c. d. d (x) which can be expressed in the form 

d[x)=p (x) f{x)+q (x) g (.v) 
where p (x) and q ix) are polynomias in F [x]. 

Proof. Choose the set S as under. 

S={m ix) fix)+n (.v) g (x) : m (x), n (x) 6 F[x]U(A) 
We shall show that S is an ideal of F [x] by using 
criteria on P. 246. 
i.e. (i) a — b £ S V a, b E S 

(ii) r s G S V r£i? and s £ S 
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Let ^='”1 (x) f (xH >H (x)g if) 

a 2 ==mo ( a ) 'l£)+[ ni ( a )- m 2 ( a )] g ( a ) 

then cii — O 2 —[mi W 2 also £ S 

as (x)-«, W e F [x] and m W “«* <*> G f W 
Again if a (x) is any element of F M then 

:z -— 

of F [X] is a principal ideal and h of (x) 

rf (x) in S such that every element in S 

by de N„:?(Tri and hence by defrnition of 5 there will 
be polynomials p (x) and <7 ( x ) in F [•'] such that 

d (x) =p (x) / (x) + <1 W ? (x) 

Jff if nix,=0 ri ". 8 e T. A^n putting 

m '^e/M and g W both £ «and “ 
each of these is a multiple of d (x) or «U 
/ (x) and g (a). 

Thus d (x)//(x), d (x)/g (x) 

Again if C(x)//(x) and c (x)/ g (x) then 

c(x)/p(xU(x) and e <x)/g (*)g W 
or c(x)/p(x)/(x)+?(x)«(x) 

or c ^ x ' / (v) is 

Hence by definition of greatest common divisor, 

the g. c. <1. 
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LIST OF IMPORTENT QUESTIONS 

List of Important questions and articles. 

§ 1 P. 168, Excercise 1 l\ 169 Q. [2, 3, 4]. § 2 P. 176, 
§ 3 P. 177. 

Excercise 2 P. ISO Q. [2, 5, 6, 7, 9, 10]. Th. 1 P. 192, 
§5P. 193 § 6 P. 195, 

Excercise 3 P. 196 Q. [2, 3, 5, 8]. Th. 3 P. 204, Th. 4 
P. 206, Th. 5 P. 207. Ex. I P. 209, Ex. I, 2 P. 215-216, § 13 
P. 218, Excercise 5 P. 225 Q. [2, 3, 4] Th. 11 P. 227, Th 15 
P. 233, Th. 16 P. 234, § 19 P. 236-240 (Imp). 

Th. 18 (A, B) P. 242, § 20 P. 245, Th. (19 A, B, 20, 21 
A, B) P. 250. Excercise 7 P. 253 Q. [1, 2, 3]. 

§ 24 P. 257, Theorem 27 P. 260, §28 P. 268 

§30 P. 272, Th. 33 P. 277, Th. 34 P. 279. 


CHAPTER IV 
VECTOR SPACES 

§ 1. Introduction. Let P and Q be the points a , b) 
and (c, d) and the vectors 

OP—a = (a, b) and OQ = P=(c, d) in RxR, 
then by a vector 3a we mean (3 a, 3 b) and by —2a we mean 
(-2a, -2b). 

Also aH-^=(fl+c, b+d) is defined as the vector addi¬ 
tion and is the resultant of two forces represented by Of 
and OQ and is given by parallelogram law of forces by the 

diagonal OR of the parallelogram whose adjacent sides arc 
OP and OQ. 

Also we know fully well that 

j (a) a +£=/3 + a, i c. addition of vectors is 
commutative. 

(b) ( a +/3)+y=a+ffJ+7), be. addition of vectors is 
associative. 

(c) The zero vector =(0, 0) is the identity element. 

(d) For vector a = (a, b) there exists a vector 

-« = (-«, —b), 

such that a+(-a) = (0, 0) = IJenlity 
Hence the inverse of every vector exists. 

Also addition of vectors is a binary operation because 
sum of two vectors is again a vector. 

All the above can be summed up in one sentence by 
saying that the set of vectors V forms an abelian group w.r.f 
addition of vectors as the composition. 
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2. Also we know that multiplication of vectors by 
scalars satisfies the following laws, i.e. V a> b as scalars and 
a, 0 as vectors we have 

(a) a (a + /3)=aa+tf/?. 

(b) (a+ 6) a=fla+6a. 

(c) (fl6) a=« (^a) 

(d) l.a=a. 

Internal and external composition. 

We are acquainted with a binary composition in a set V 
which we have defined as a mapping of VxV-+V. This 
may be called as an internal composition. This mapping 
associates to each pair of members of V, a member of V. 

Again if V and F be two non empty sets then a mapping 
y ; yxF -> V is called an external composition in V over 
F. This mapping associates to each pair of members of 
V and F a member of V. 

l or example in the set of matrices addition and multi¬ 
plication is an internal composition because the sum and 
product of two matrices is again a matrix. On the other 
hand multiplication of a matrix by a scalar is an external 
composition because aA = B where .4 and B are matrices and 
a is a scalar. 

Notation for addition and multiplication. 

Since we have to deal with four types of operations, 

i-c-y 

( 1 ) Addition of vectors, symbol 0 

(2) Addition of scalars, symbol-H 

(3) Multiplication of vectors by scalars, symbol * 

(4) Multiplication of scalars, symbol. 

But in actual practice for the sake of convenience we 
shall use the same symbol + both for addition of vectors 
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and addition of scalars and we shall not use any symbol for 
multiplication, i.e. a * a will be written as a a and a.b will 

be written as ab. 

/yi. Vector space over a field F. 

Let (F, +,.) be a field {whose elements will be termed as 
scalars) and V be a non empty set of elements called vectors. 
Again if there be an internal binary composition © and an 
external composition in V over F * which is called scalar 

multiplication satisfying the following axl0 ”‘ s V a ' ? G 

and a, b G F. (B.H-U. 70; Punjab 66, Meerut 68) 

1. (V, ©) or (V; +) is an abelian group. 

i.e. closure property, associative, existence of identity an 

inverse, commutative. 

2. The multiplication of vectors by scalars satisfies t e 

following : „ 

(a) a * [a © p\=a * a © a P 

or er {a+P) =av.-\-aP. 

i.e., multiplication by a scalar is distributive w.r.t. vector 

addition. _ rf , 

(, b) {a+b) * a=[a * a] © [A * a] 

or {a+b) a = fla+6a, 

i.e., multiplication by a vector is distributive w.r.t. scalar 
addition. 

(c) {a b) * a =a * {b * a) 

or {a b) a =a {b a). 

i e. multiplication by scalar is associative. 

(d) 1 * a=<x, where 1 is the unit element of F or 

, the multiplicative identity of the field F. 

° r Then the set V is called a vector space over the field F 
and is denoted as V {F). 
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Note. From above definition we conclude that vector 
space V [F] is a group on which the elements of a field 
operate in accordance with the rules given by (2) above. 
The element of F combined with an element of V gives rise 
to an element of V. 

If we choose the field F as the field R of real numbers, 
a field C of complex numbers or a field Q of rational 
numbers, then V is called a real, complex or rational vector 
space. 

Null space ; A vector space which has only one element 
the additive identity 0 is called null space or zero vector space 
and is denoted as {0} 

Important Note: 

Whenever a scalar is multiplied by a vector the result 
is a vector. There will be two types of zero elements, one 
is zero vector denoted as bold type 0 which is an element of 
V and the other is zero scalar denoted as ordinary 0 which 
is an clement of F. Generally the elements of V i.e. vectors 
will be denoted by a, /?, y, . ...whereas the elements of F i.e. 
scalars will be denoted by a, b , c . 

Excercise l 

1. Classify the various operations of addition and multi¬ 
plication in the following statements. 

1 a (a+jS)=fla-fa^ 

+on either side stands for addition of vectors, in a oc 
multiplication stands for scalar multiplication. 

2. ( a-\-b ) a=aa+6a 

-f on left stands addition in field F,-f- on right stands 
for addition in V 




Vector Spaces 


2b7 


3. (a b) a = fl (b a) 

multiplication in ab stands for multiplication in the field t 
whereas in (ab) a and bx it stands lor scalar multiplication. 
Again a (b a) is also scalar multiplication of scalar a with 

vector bx. 

2. Let V be the set of all ordered n-tuplcs oj the ele¬ 
ments of any field F for a fixed integer n, i.e. (Delhi 69) 

V={(fl u a z , ... ,a n } : a t G F j, 

then V is a vector space over F with the following definitions, 
i.e., a=(<*!, a,, .... a„) and /S = (b lt b it .... bn), then 
1 a 4-£}=(fl.-4-6i, fla“T bit ., On-\-bn). 

1. «+P Addition of vectors 

*2 •••» _ 

Scalar multiplication of vectors 

3 a=/3 if Qi = bi for each /= l > 2, ...» «• 

P Equality of vectors. 

With the above definitions we shall show that all the 

axioms of a vector space arc satisfied. 

1. (V, +) is an abelian group. 

(a) If a, 0 G V then «+/* as defined above is again a 
vector G V and hence closure property. 

(b) (x+fi)+y=[(ai-Vb l )i-c l , fa+bj+c*, •-1 

=«+(^+y). 

Because a„ b„ c, being the elements of a field obey the- 
associative law. 

(c) The vector 0 = (0, 0, 0, ... 0) is the identity clement. 

(d) For every vector a G F 3 a vector 

— a = ( — tflT —o%, .... -On), 
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such that a-f (— a) = [fli + (— 0 i)f ^ 2 +( — <**)»•••] 

=[ 0 , 0 , 0 , ..., 0 ]= 0 =identity. 

/.£. inverse of every element exists and belongs to V. 

(e' Again a-}-/3=[tf|+6i, tf 2 + 6 a ,.flu+AJ 

= [^1 + ^ 1 , 6 2 -ffl 2 ,.» ^n+fln] 

=/ 2 -f a and hence commutative. 

Therefore (K, -f) is an abelian group. 

(2) Laws of scalar multiplication. 

( 1 ) a (a+/J)=fla+a£. 

n ( a +/?)=u tf 2 "f 6 2 ,.) hy def. 

{a{ax-\-bi), ...} by def. 

Maai+abu aa.^ab ,,.) by R.D. Law in F. 

=(aa u aa 2 , ,.)-\-{ab lt ab 2 , ...) by def. 

—a (flj, a 2 , ...J'Hfl [biy b 2t ..«) by def. 

{a+b) a=(<7+6) [<7 ls n 3 ,., <i„] a, b , a<’s £ F 

=[(a+6) fl lt (u+6) a 2 , (a+6) fln] 

=[(<7<7i + 6<7 1 ), (aa*+ba 2 ), ...» (aar» -hAa n )] by LD. 

Law in F. 

=(^ 0 !, aa 2 , ..., + 6 a a , ••• > by def. 

=a(ai, a 2 , — ., <7„)+6(<7 1 , .. fl ») by def. 

=na+ 6 a. 

( ob) x=ab {a lt a 2 , . a n ) 

= ((ab) a lt (< ab) a«, .. [ab) a n ) 

=(a( 6 fli), a(ba z ) t ..., a(ba n )) by associatively in F. 

=a(ba ly ba 2 ,., 6 a n ) 

=a{b(a ly a it ., an)) 

=a ( 6 a) 

1 .*. = l(ni» a 2y .> a„) 

== (1 .^l» 1 ~a 2y .. f 1 • On) 

= (<7l> a 2y .. fl /l) = a * 













Vector Spaces 


289 


As 1 is the unity of the field and hence 1 .a,=a, V ai G F. 

Hence the set V is a vector space over F and it is gener¬ 
ally expressed as V n (F). 

Similarly V 2 (F) is a vector space whose elements are 
ordered pairs (a u a 2 ) : a u a* G F and similarly V 3 (F) is a 
vector space whose elements are ordered triplets. 

(a u at, a 3 ) : a u a 2 , a 3 E F. 

3. Prove that the set of all real valued continuous 
(differentiable or integrablc) functions of x defined in some 
interval [0, I] is a vector space. 

Let V be the set of all such functions and / and g be 
any two functions of this set. We may define addition and 

scalar multiplication as under 

(f+g) x=fix)+g (x), V /, g G V, -(A) 

(af) x=a.f(x). V a E and f £ V ...(B) 

1. (V, +) is an abelian group. 

1. Closure: The sum of two continuous functions is 
again a continuous function. 

2. Associative : [(/+#) Ml x=(f-\-g) x-\-h (x) by def. 

= [/(*) + £ U)]M (v). 

But /(x), g ( x ), h (x) are rea. numbers anl additioi of 
real numbers is associative and hence 

=/(x) + [* (x)M (x)l 
=/(x) + ((?M) x] 

-[/+(*+«]* 

( f+g) + h=*f+(g+h). V f g , h E R. 

Hence associative 

3. Identity : The function O defined as O (x)=0 is 
the identity of the set R. 

V ( O+f ) x—O (x) +/(x) = 0 -\f ix) =/(x). 

.*. o +/-/. 
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Similarly f+0=f. 

4. Inverse : The function—/ 

such that (-/) *= -[/(*)] is the additive inverse of/. 

V [(-/)+/] *=(-/) (*)+/(*)=-/ (*)+/ M. 

=0=0 (x) 

/. (—/)+/=0 the identity. 

5. Conimntalive. (/Tg) x=f[x)+g (*) 

—g (x) + / (x) as addition of 
=(£+/)* real numbers is commutative. 

f+g=g+f 

2. Laws of scalar mnltiplication. 

i- [fl (/+^)I=fl/+^- 
[fl f /-fg)l v=fl [(/+g) .x] by B. 

■=a[f{x)+g Ml by A 
=af(x)+ag ix)=(af) x+(ag) x 
- (af+ as) x. 
if+g)=af+ag. 

2. {o+b) f-af-rbf 

((a+6)/] x=(a+b) f (x)=af {x)+bf (x) 

= (af) x+{bf) x=(af+bf) x. 

(a+b) f=af+bf. 

3. (ab)f=a ( bf) 

\{ab) /} x= abf (x )=a [bf (x)J 

=fl [(bf) x]=[a ( bf )] x. 

(ab)f=a (bf). 

4. 1 /=/ 

(1 ./) .T= 1 ./ (.X) =/ (A’)- 
.*• 1 •/=/• 

Thus all the postulates of a vector space are satisfied. 
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4 A field F can be regarded as a vector space over any 

sob field S of F < Mecru ' 69) 

(/r + f .) is a field whose elements are to be regarded as 

vectors’and S is a sub field whose elements are to be regar¬ 
ded as scalars. Since 5 is a sub field therefore elements of 
S are also elements of F. the composition of scalar multipli¬ 
cation is the same as the composition of multiplication in 

(F,-f,.) 

Properties of vector space. 

1. (F, + ) is an additive abelian group by definition. 

2. Laws of scalar multiplication 

a (oc-t-0)=0x + tf /3 
(a-\-b) 

both these follow from R. D. Law and L. D. Law in a field 

as all a, b, a, /3 belong to F. 

[ah) a = a (by.) 

It follows from the fact that multiplication is associative 
in a field 

1 .a—a V a 6 F 

1 is the unity element of sub field S which is also unity 

element of F and from definition 

1 . a=a V a £ F 

Hence F is a vector space over a sub-field S. 

Cor. F is a vector space over F where F is any field, 
and hence C is a vector space over C and R is a vector space 

over C. .mi 

Cor. C is a field of complex numbers and A is a sun- 

field of C so that C is a vector space over R 

Cor. R is not a vector space over C 

Here real numbers are vectors where as complx numbers 

are scalars and scalar multiplication of a vector should be a 
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vector. But we know that the product of real number (vector) 
with a complex number (scalar) is not necessarily a real 
number (vector) i.e. R is not closed for scalar multiplication. 

5. The set F (x) of all polynomials over a field 
F is a vector space >v. r. t. vector addition as addition of 
polynomials and scalar multipFcation as the product of a 
polynomial of zero degree, i e. an element of F . 

6. The set of all convergent sequences is a vector 
space over the field of real numbers. 

Let «={«!, a•>, •• ,a rt }={a n } 

0={'3 1 , 0 8 , • .0»}={0«} be two convergent sequences. 

I. (V, + ) is an abelian group. 

(a) «+0=W+{M={*.+M and (his is a,s0 a 

convergent sequence. 

(b) x+(0+y) = {«■}+[{0™}+MI=M+(&> y " x 

= {an 4- 0n) -f (r „' = [(an) + {0„}J + W 
= (a + 0)+y. 

(c) Identity. {0}={0, 0, 0, ...0} is the identity. 

(d) Inverse. For every sequence {a*} there exists a 

sequence {—a„}, such that 

{a,}+{- a„}={«n- a„}={0}= identity 

(e) Commutative. 

a 4* 0 — (a„} 4“ ($n) = {*»» 4* 0 n) = (0n 4- On) 

= [(0nR{a n }] = 0 + a. 

Laws of scalar multiplication 

(’) a [y. + ft)=a [{a n }4-[0i»}]=fl {a«4-0n} 

={<7; n + fl /^n)={aa n } 4- 

~a M Ya {0„} = aa4-n0. 
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(ii) (tf-f b) a = (a + b) {a n } = {(a-f 6) a*! 

= {aa„ + 6a«} = {aa„}-f{6a„} 

<=fl W«} + b {a„}=fla+6a. 

(iii) (ab) x=ab [x n ) = {abx n )=a (6a„) 

— a (bx). 

(iv) 1 .a=l - {ar»} = {1 .a„}={a«} = a. 

7. The set of all mXn matrices with elements as 
real numbers is a vector space over the field of real numbers. 

(Meerut M. Sc. 67) 

We have already shown in the chapter of groups 
that the set of all mXn matrices with real numbers is an 
additive abelian group. 

Also the product of a matrix A (vector) by a real 
number a (scalar) is again a matrix i.e. (vector). 

Also a (-4 + B)=aA + aB 
( a+b ) A = aA\bA 

(ab) A=a (bA) and IA = A. 

Therefore V ( R ) is a vector space. 

8. Examine whether the set V of all ordered pairs 
of integers form a vector space over the field R of real 
numbers, assuming the sum of ordered pairs and scalar multi¬ 
plication as Ex 1 P. 288 . 

For a vector space there is an external composition 
called scalar multiplication giving rise to a vector. In this 
vectors are ordered pair of integers say (7, 5) G V and let us 
choose a scalar \ G R. 

But $ (7, 5) = (|, f) by definition. 

Now (I, f) does not belong to V as f and f arc not 
integers. Hence it is not necessarily a vector space. If 
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however we choose the field as 1 of integers, then in that 
case it will be a vector space. 

9. Examine the following for vector •« pace. 

V={{a, b) : a, b £ R) and F=R. 

The addition and scalar multiplication defined as given 
in each part. 

(a) (a, 6)+(c, d)=[0, b+d) 

t ( a , b)=(ta, tb) t £ R. 

Even if any of the postulates of a vector space is not 
satisfied, then it will not be a vector space. First of all 
[V t +) has got to be additive abelian group for which 

identity element (0, 0) must exist, such that 

(a,b)+(0,0) = [a,b). 

But by definilion, 

(a, b)+ (0, 0)=(0,6+0)=(0, b&(a, b ), 

Even if we take (c, d) as the identity element then 

{a,b)+(c,d)=(0,b+dma,b). 

Hence identity element does not exist and as such it is 
not even a group what to talk of vector space. 

(b) («,f>)+(e, d)=(a+c,b+d) 

k (a, b)=(ka, b), V £ R By definition. 

Here (K,+) will be an additive abelian group but laws 
of scalar multiplication for a vector space will not hold. 
e g' ( a+b ) a =az+bx. 

Here {k+k') ( a , b)=[[k+k') a , b) by def. -(0 

Also k (a, b)+k' (a, b)=[ka, b)+[k?a, *) by def. 

={ka+k'a,b+b) by def. 

=[(*+*') a , 26 ]. -( 2 ) 

Hence from (l) and (2) we conclude that 

[k+k') (a, b)^k (a, b)+k' [a, b). 
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Therefore V (R ) is not a vector space. 

«•> $;i‘ttit? i«» 

Let us verify whether 

(a+ 6) a=aa + 6a, V a, b G F and a G V, 
(k+k’)(a. *)=[ I k+k‘ | a, | I b) by def. 

k (a, b)+k’ (a, *)=( I |a, I * I *>+( I *' ' 1 *’ 1 ** 

—( | A: | a+ I A:' | a, I A: | A+ I A: I 6) 

=[{ I A: | + I A:' |} a, { l k I + 1*' 1} b\. 


...( 1 ) 


Since I k+k’ | < ! it I +1 k 1 | and hence from (1) and 
(2) we conclude that (k+k') (a, b)^=k (a, b)-\-k {a, >) 
Therefore V ( R) is not a vector space 


(d) (a, 6H-(c, d)={a+c, b+d), 

k (a, &)=(<». A:^). 

We know that one of the laws of scalar multiplication 

is that l.a=«,«er. 

Here 1. («, &) = (0, b) be def. 

But as (0 b)^(a, b) and hence 1 a^a. 


Hence V is not a vector space over R. 



(a, b) + {c, d)=(a+c,b+d) 
k (a, b) = {k 2 a, k 2 b) 


We know that according to laws of scalar multiplication. 

(* + *') a=Ara-f Ar'a. k, k G R. * G V 

(k+k') (a, b)=k (a, b) + k' (a b) 

R H. S. = {k 2 a, k 2 b) + {k' 2 a, k' 2 b ) by defimt.on. 

=[(it 2 +fc ,, ) a, (k 2 +k' 2 ) b) by def. 

Also by given definition L H S = (A: + A:) (a, b) 

=[(*+*')* «. « + kr- b] 

Since {k+k'^k'+k'* ■■■ L.H.S.^R H S. 
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Hence one of the laws of scalar multiplication is not 
satisfied. Hence V is not a vector space over R. 

§ 3. Properties of vector space. 

If V (F) be a vector space then 

I. a.0=0 where a £ Fand Oon both sides represents 

a vector £ V. (Delhi 70; Meerut 69) 

We know that a (a+/3)=aa+flj8 V «, /3 £ V and a £ F 

Choosing /?=0 we have 
a (a-f 0)=fla+tf0 
or ao.=ao.+aQ 

or tfa-f0=aa+u0 or 0=tf0 

or a0=0 by cancellation law as (V, -f) is a group 

and cancellation law holds in a group. 

II. 0a=0 where 0 on the left is a scalar aad 0 on the 

right is a vector and a £ V. 

(Delhi 70; Meerut 69) 

We know that (a+b) a=fla-f 6a. Choosing 6=0 scalar 

(a+0) a=fla+0a. 
or 0 a=fla+Oa 

or fla-f 0=fla-f0a 

or 0=0a by Cancellation Law 

or 0a=0 

III. (— a) a= —(ua), a £ Fand a £ V. 

(Delhi 70; Meerut 69) 
0 a+(— a) a=[a+(—a)] a=0a=0 by II 

V fla+6a=(a-}-6) a 

.*. (—a) a=— (aa) and in particular (—1) a=— a. 

IV. a (—a)=— (act.) 

a (—a)+ 0 a =0 [(—a)-f a]=a 0=0 by 1 

V a«.+afi=a (a-1-/3) 

/. a (—a)=—(aa). 
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V. a (a—p)=av. — af}. 

a ( a —p)= a [oc+ (-p)]=aa.+a (-0) 

=az—ap. by IV. 

Ex. 1. If V (F) is a vector space then prove the following 

(i) (-/)«=-«. 

(ii) y3-H(oc—/3) = a . 

(Hi) Ifax—O then either a=0 or a=0 where 
a, P E V and a £ F. 

(i) We know that 

(— a) a= — (an). § 3. 

Choosing a= 1 we get 

(—1) a= —(1.a) = — a. V 1 .a=a. 

(ii) {/J+(«-/3)Hi9+a+(-£) 

= p+(— /3j-fa. Commutative prop. 
=04-a=« 

V 0 is the identity of (V, +) 

(iii) Let aa=0 and a^h 0. 

Then we should show that a=0. 

Since 0 and a £ F in which all non zero elements 
are invertible cr 1 exists s.t. a -1 a=a a~ l - \. 

Now a=l.a =(a~ x a) a=a _1 (ax)=a~ l (0) =0. 

Again aa=0 and let us suppose that a^O then it would 
mean that a= 0 because if a^O than as shown above a=0 
which will be a contradiction to our supposition a^O. 

Ex. 2. If V (F) is a vector space then prove that each of 
the following cancellation laws hold good. 

(i) ax=bx => a=b ; a^O, a, b £ F 

(ii) ax=afi => a=j9, a=fc 0, a, fi £ F. 

(i) ax=bx => b) a=0 => (a+(— b)) a=0 

=> a+(-6)=0 [by Ex 1] V a^O given 
*> a=b. 
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(ii) Since a^ 0 a" 1 exists s.t. aar x -a- x a= 1 

a*=aP => ar x (fla)=a _1 {aft) 

=> (a-'a) «=(a" 1 a) P V (*&) «=« (* a ) 

=> l.a=l./3 => a=£. 

§ 4. Vector Sub space. 

Definition A non empty sub set W of a Vector space V 
over a field F is called a sub space ofV if W is a vector space 
over F w.r.t. addition and scalar multiplication. 

(B.H.U. 70; Delhi Hon’s. 70; Kanpur 69; Meerut 68) 

§ 5. Criteria for a Sub space. 

Theorem. I. The necessary and sufficient condition for 

a non empty sub-set W of a vector space V (F) to be a sub¬ 
space of V is that W is closed under vector addition aid scalar 

multiplication. 

Necessary : Given W is a sub space. By definition W 
is a vector space for the two compositions of addition and 
scalar multiplication in V. Hence W should be closed for 
the two compositions. 

Sufficient: Given VV is closed both for addition and 
scalar multiplication. We will.show that JKis a vector 
space. 

Let 1 € F=> — 1 £ F by def, of F 

Now — 1 £f,K £ W => — 1. a G W => —a £ W 

Thus inverse of each a £ W is in W, 

Again a £ W t -a £ W* <x+(-a) £ fV => 0 £ W 
Thus identity exists and belongs to W. 

Addition in IK is associative and commutative as it is so 
in V and W is a subset of V. 

W is closed for addition as given 
Hence W is an additive abelian group. 



Vector Spaces 


299 


Further W is closed for scalar multiplication and laws of 
scalar multiplication hold good for W also as they hold good 

for V and W is a subset of V. 

Thus W is a vector space for the two compositions an 

hence by definition it is a sub-space. , 

As an example, we know that the se, of all ordered 

triads of real numbers is a vector space 

; c V={(a u 02, a 3 ) : at G F.} 

with the usual definition of addition and scalar multiplication. 

Now if we choose W y ={(a x , a», 0), a u a» G R}- 
/ e the set of all vectors in X 0 Y plane then 
’ ” (a u 0)+(b» b 2t 0 ) = (a 1 +b ly a 2 + b 2 , 0) G W x 

and k (fli, fl*. 0 )={ka u ka tt 0) G W». 

i.e., W\ is closed w.r.t., addition and scalar multiplication 

and as such W x is a sub space of V over R. 

Similarly °. °). / the set of a11 veCt ° rS aI ° nS 

x-axis is also a sub space of V over R. 

Trivial Sub Spaces. 

Again we know that the set V is a sub set of V and also 
the set {0} is also a sub set of V. Both these are vector 
spaces for the two compositions of addition and scalar multi¬ 
plication of V (F). Hence both V and {0} are spaces which 
are called trivial or improper sub spices and all other sub 
spaces will be called non trivial or proper. 

Theorem 2. A non empty sub set W of a vector space 

V (F) a sub space of V if and only if 
(/) e lV 
(ii) a G F, a G w =► 07. G W 

Necessary : W is sub space given. 

Since H' is a sub space and hence it is an additive 
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abelian group rather an additive sub group of V and hence 

« e W, P G W => a-/? € XV. 

Also disclosed for scalar multiplication as it is a sub* 
space, by Th. I 

a £ F.aG W * ax £ IV 
Hence both the conditions 1 and 2 hold good. 
Sufficient. The two given conditions hold good, 
a £ XV, a £ IV => a-a £ IVO 0 £ XV 
Again 0 £ W, x £ IV => 0-a £ IV * -x £ W 
Now a 6 IV, p £ IV => x £ IV, -p £ W 

=> a-(“/?) £ IV=> x + P £ IV 
Thus \V is closed for addition and by condition (2) If’ 
is closed for scalar multiplication. Hence by Th. 1 iris a 
sub space. 

Theorem 3. A sub set W of a vector space V (F) is a 
sub space of V if and only if 

a,b£ F, «, p € V => ax+bp £ IV (M. U. 69) 
Necessary. Let IV be a sub space then IV is closed both 
for addition and scalar multiplication. 

a £ F, x £ IV o ax £ IV 
b £ F,p £ IV => bp £ IV. 

Now ax £ IV, bp £ XV => ax+bp £ IV by def. of sub 

space / e. IF is closed for addition. 

Sufficient. Given that 

fl, b £ F, «, p £ V ax+bp £ IV 
To prove that IV is a sub space 
Choosing o=l, b=\ we get 1 .x + \.p £ XV 
or x+p £ IV, Hence IV is closed for addition. 

Again putting />=0, we get 

ax + Op £ IV or ax £ IV V 0)3=0. 
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Thus W is closed under scalar multiplication. 

Hence by Th. 1 W is a sub space. 

Note : We can modify the above criteria as c G T, 
x, P G W => co.+p G W then \V is a sub space. 

Intersection of two sub spaces 

Theorem 4. The intersection of any two sub spaces IV , 
and W 2 of a vector space V (F) is also a sub space. 

(B.H U. 70; Delhi 69; Meerut 70) 

Let a, P be any two vectors G Wi H fV 2 and a , b be any 
two scalars. In order to prove that W x D W'a is a sub space 
we shall establish that ax+ bp G W x n and hence by 
Theorem 3, fV- m n W x will be a sub space. 

Given a G W x ft W x =>■ a G W x , a G W % 
p G W x r\ => p G w i% p G W x 

Now a G W x , p G W x => ax+bp G W x 
by Theorem 3 as W x is a sub space. 

Similarly a G W x% p G W x => ax + b8 G W x as above 

Since a<x+bp G W x as well as G W x 
ax+bp G W x D W 2 

Hence W x n W % is a sub space. 

In general we can say that any intersection of a family 
of sub spaces is again a sub space. 

As an illustration we know if 

V ( F) = R 3 (/?)={(*. X , z) : x, y, z G R} 

then W x = {(.v, y, 0)} and fV 2 ={(x, 0, z)) are also sub spaces 
■of R 3 (R) as shown on P. 299. 

W x D W / a={jc, (*, 0} is also a sub space of R 3 (R) which 
is the set of all vector? along jc-axis. 

W x D W % is the largest sub set contained both in 
W x and W% and hence W x O W» is the largest sub space con¬ 
tained in both W\ and W 2 . 
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Prove that the intersection of any family of sub 

spaces of a vector space is a sub space. (Meerut ** 

Let W u Wo,...,W n be sub spaces of a vector space V ( ) 

and W=n fV t ={a E V: a E Wt V /= 1, •••,«}• 

Clearly W is non empty as 0 E W x V i 
and hence 0G 0 Wii.e. W. 

Let a, b E F and, *,P G W then each W * 

=> ca+6/3 E each W x which is a sub space 

=* ax+bP E n W t => E W'- 

Lknce fl M'i is a sub space. . 

. X^Union of two sub spaces is not necessarily a su spac . 

/Let V 3 (F) be a vector space and W x and ^ be its two 

sub spaces whose elements are of the type (a, 0, ), , 

respectively. 

Choose x=(tfi* 0, 0) E W x 

j3=(0, b Xt 0) E Wt. 

Now x E W x U W % => x E W x or x E W % 

If a E W x U W t and P E W x U W x 

then ax+bp=a [a x , 0, 0) (0, b x , 0) 

= (aa Xt 0, 0) + (0, bb Xt 0) 

= (aa lt bb u 0; 

and this does not belong to cither \V X or W t and hence oes 
not belong to W x U W x . 

Since fla+6,3 does not belong to W x U W 2 and as sue 
by Theorem 3. W x U W t is not a sub space. 

Ex. 2. trove that union of two sub spaces W x and W t is 
sub space if and only if one is contained in the other. 

1st Case. Let W x C W 2 then W x U W t =W s 
Since W, is sub space therefore W x U W x is also a sub 
space. 
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Similarly if W 2 C W x then W x U W,= IV X and as \Y\ is 
a sub space it follows that IV X U W« is also a sub space, 

2nd Case. Let W x U W t be a sub space and we shall 
prove that either W x c W % or W % C W x . 

Suppose W x is not a sub set of fV s and W 2 is not a sub 
set of W x . 

Since W x c|: lf 2 => 3 a G W Xt a 3? W % 

W 2 cfc W x => 3 P g tr s , P $ W x ...(2) 

Now from above relations we can say that 
a G W x U fV a [as a G W x ] t 

P G fVi U W % [as p G W t \. 

But W, U IV., is a sub space and hence 
a-f/3 also G W x U 

Since a+p G W x U W<> it follows that 
a+/3 G W x or W, 

Let oc+p G W'i, also a G W x and W x is a sub space 
(a-4-/5)—oc G H 7 ! or p G 
But from (2) p IV X and hence a contradiction 
Therefore either W x C fK or W s C W x 
Linear sum of two sub spaces. 

tcfinition. If W x and IV 2 be two sub space > of the vector 
"space V(F) then the linear sum of these two sub spaces 
denoted by W x +W 2 is the total it v <f elements obtained on 
adding each element of W x to each element of \V, In other 
words it is the set of all sums ai-f<z 2 such that a. x G W x and 

o.% G 

or W x + W a ={a x -\- a* ' v. x G IV x and a 2 G IV 2 } 

Let ct x £ YV X and 0 G YV» 

Now a 1 GH'i=«i+OGH'i+^ iv i C \V X A-IV, 

Similarly 0 G W x and a 2 G W* 

Now a 2 G 0V=O+«* G .*• C U\+IV., 
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Theorem 5. If W x and W 2 be two sub spaces of V (F) 
t j ien (Meerut B.Se. 70) 

W x + Wo is a sub space of V (F) 

Let ai, Pi £ W\ and a 2 , p 2 £ W 2 
SO that a=a,-f-a 2 £ W x -\-W 2 and P=Pi-\~P« £ Wi+W 2 . 

In order to prove that Wx-\-W 2 is a sub space we have 

to establish 

az+bp £ Wi+Wz where a, P £ W x +W 2 . 

Now a ct+b p=a fai + a 2 )4 b [Px+Pz) 

=(a«i +bp 1 ) + (a*o+bp i ) £ W x +W z , a, b £ F 

Because oil, Pi £ W t 

• ^ aott+Wi e W'l as W'l is a sub space 

« 2 , p 2 e W^<\ am+bpi £ W t as IF 2 is a sub space 

Hence/W^f W 2 is a sub space. 

\JK Direct sum of two sub spaces. 

L/\t W x and W 3 be two sub spaces of a vector space V (0 
then if V=W l + W 2 i.e. V is the linear sum of two sub spaces 
Wx and W 2 then as explained in § 6 it means that an 

Z £ V=a+P 

for some a £ W x and same P £ W 2 . 

But if Z £ V=<x +p for a unique a £ W x and a unique 
p£ Wo then in this case V=W x +W t i.e. linear sum 
al right but bcciuse of unique representation of Z it will be 
termed as “V is the direct sum of its two subspaces Wi and W 2 . 
and is expressed as V= W x © W 2 . 

The following examples will make clear the distinction 
between the linear sum and direct sum of two spaces 

Ex. 1. V 3 ( R) is a vector space and any vector Z £ V 

= (a, b, c) 
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Also we know that 

lVi={a, b, 0) : a, b G R] is a subspace of V* 
W 2 ={{ 0, 0, c) : c G R) is a sub space of V 9 
Now (a, b, c) = (a, b, 0)+(0, 0, c) or Z=a + 0 —0) 

where Z£ F and a £ W u ft G Jha 
P 3 (i?) = ^ 1+^2 al right. 

Again there cannot be any other way or writing the 
result (1) i.e. there cannot be any other element of \V X and 
any other element of W % such that their sum is Z i.e. (</, b , c) 
in V. In other words the representation (l) is unique and 
hence instead of calling V as the linear sum of sub spaces IVi 
and IV 2 i.e. V=W l +lV i we shall say that V is the direct sum 

of sub spaces and \V t i.e. V=lV l @lV 2 . 

2. Vz (R) is a vector space and any vector 


Also 

zg 


Z G v={a, b. c). 

IV^tfa, 0, c) :a, b G R) is a sub space of Vz. 
W»={{0, b , c) : b, c G R] is a sub space of Vj. 



i.e. Z=a 1 +^x—with a lt a 2 G Ik G 

Above shows that the representation is not unique and 


so in this case 

V=Wi-V\Vj. ouly and V ^ tViQlV* 
i.e. V is the linear sum of two sub spaces and not their 


direct sum. 

Now we are in a position to define the direct sum as 


Definition. A vector space V (F) L said to be direct 
sw n of its two sab spaces W, and W t if far every element 
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Z£ V there exists a unique element a £ W x and a unique 

element /3 G W's such that Z=a+£. 
and in this case V= IV 1 ® W 2 . 

Theorem 6. Criteria for direct sum. 

If a vector space V (F) be the linear sum of its two sub 

spaces IV x and tV s i.e. V=W 1 -\-W 2 then 

V= Wx®W 2 W x n W 2 =m. (Marthwada 70) 

1st case Given V=W X ®W t . To prove W x CiW z ={ 0}. 

If possible let a non zero vector Z G W x D W 2 

Z G w \ and Z G WV Also W x n W z is a sub 

space of V. 

z g iv x n w* => z g v. 

Now Z=0+Z with 0 G.W x and Z G IV 2 
G V 

/' =Z+0 with Z G fVi and 0 G !Va 

ove relation shows that a non zero vector Z G ^ is 
£xf>ressible in at least two ways as the sum of a vector in W x 
and a vector in IV, i.e. the representation is not unique and 
hence it contradicts that V=IV X ®\V.,. Therefore no non 
zero vector Z can belong to IV, n W* Hence the only vector 
in W x n IV 2 should be zero vector as IV X fl is a subspace. 

v-w&w .=> ivi rw 2 ={0}. 

2nd case. Given W x 0 lfs={0) and V=W x +lV t 

The prove. V=IV X ®IV 2 

Since V=W X +W t I. Z=cc + p 

G v ew, £Wo 

We have only to show that the above representation is 
unique. 

Let if possible there be another representation of Z as 

above i.e. 
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Z=a+/3 K a, £ W l and /3, & G W 7 * 

Z=ai+^j f 

° , - + /? = ai+/?i => a— cti=Pi—P 

But a, aj G W 7 , => a— a.j G W 7 ! as B 7 ! is a subspace 

Also p, pi G W 7 ® => ft—/3 G B 7 2 as W 7 * is a subspace 

Since a—a 1 =j3 1 — p we conclude that an element of B 7 , 
is same as an element of JV 2 i.e. \\\ and W 2 have common 
element. 

But WjflfV o={0} given and hence a—«i and ft —/3 both 
should be zero vector 

a—ai=0 and ft-0=0 

or a. 1 =a and Pi=P 

This establishes that the representation Z=*-\~p is unique 
and hence 

V=W l @lVo, by def of direct sum. 

Disjoint subspaces. Two sub spaces li\ and B* are said 
to be disjoint if and only if their intersection is a zero subspacc 
i.e. W x O W / o={0}. 

Complementary subspaccs. 

If V=Wx®W it then the two subspaces H j and IK are 
said to be complementary subspaces. 

Extension of the dtfi. ition of direct sum. 

A vector space V ( F) is said to be direct sum of its sub 
spaces W u lV 2 ...fV n 

ie. V=W 1 ®W-> . TW n , if and only if a vector ZG V 

is uniquely expressible as 

Z = «j + a 2 .an« with rjt G H 7 < 

Complementary subspaces are not unique. 

Consider the vector space V 3 ( R) then the following are 
its subspaces 
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^i={(0, a 2 , a z )} yz plane J^i={(a It 0, 0)} x axis 

M 2 ={(a u 0, a 3 )} zx plane N 2 = {0, a Si 0}y axis 

M z —{a u a 2 , 0} xy plane W 3 ={0, 0, a 3 ) z axis 

then we can write 

Above shows that complementary subspaces of a vector 
space are not unique. 

Corresponding to a given sub space there will be a unique 
complementary sub space. 

Let W x be a given sub space and \V 2 and W 3 be its com¬ 
plementary sub spaces so that V=W l ®W i and V=W X ^V 3 

or Z=a l -{-ao aj © W lt a 2 G 

and Z=a 1 +cc3 G W x , G W* 

I *i-f-a2=a 1 -fa3 

.*. a 3 =a 3 by left concellation law. 

W 2 =W 3 . Hence we have a unique comple.rantaiy 
sub space IK corresponding to given sub space W x such that 

V=W l @W 2 
Excercise 2 

Ex. 1. Let V=&={x, y, z) : x. v, z G P) aiJi/W be 
the set of all triplets {x, y, z) such that (/) x—iy \-4z=^0 
(H) aiX+b L v f c,z=0 then prove that W is a sub space of P? (/?)• 

Let a=(.vi, y u z x ) G W 
P=(x 2 , y*, Zi) G W 

-Yi-3j , 1 +4r 1 =0 Xg—3 y 2 4" 4z% = 0 ...'A) 

Now ax-hbp^iaXi+bxg, ay 1 +by a , az x +bz 2 ) by def. 

If will belong to W if we show that 

iflXi 4- bx„) — 3 (a\'i -f by*) 4-4 [az x -\-bz^-~ l> 
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or 3.^+4zj)+ £(**—3y 2 +4r 2 ) = 0 

a. 0+6.0=0 by (A) 

Hence ax+bp G W. which therefore is a subspace 
Similarly we can prove the second part. 

Ex. 2. Find out whether the following are sub spaces of 
A 4 (R) where A‘ = {(x, y, z, w) : x, y, z, w £ R}. 

(a) IV—{(x. x, x, x)} : x £ R}. 

Let a, P be any two elements of W and a, b £ F i.e. R 

ihen 

a<n-\-bp=a (x, x, x, x) + b (y, y, y, y) : x, y £ R 
— (ax, ax, ax, ax) + (by, by, by, by) 

=(ax+ by, ax + by, ax+by, ax + by) 

*=(A,A,A,A) G W 
V a4=ax+6y £ R as a, b, x, y £ R. 

Hence If' is a sub space. 

(b) W={(x y y, x, y) : x, y £ /). 

Let a=(x, y, x, y), P=(u, v, u, v) and a, b £ F i.e. R 

and x, y, u, v £ / 

then fla-f bp—a (x, y , x, y) + b (u, v, u, v) 

«=(ax, ay, ax, ay)-\~(bu, bv, bu, bv) 

« =(ax+bu, ay+bv, ax+bu, ay-{-bv) 

“M, B, A *)• 

But /4=ax+6a may not be an integer when x, u are 

integers but a,b€.R eg. if x=2, u=3 and a=*. *=f 
then ax+6«=^.2+|.3= 1 ,' 1 which is not an integer. 

H ence az+bfi <5 W and as such W is not a sub space. 

(c) W={(x, 2x, y, x+y) ■ x, y €. A) 

Let a=(x, 2x, y, x-i -y), 2w, v, «+v) 

where x,h#,t6« and SU PP 0SC a . b ^ f >- e - R 
then a*.+bfi=a (*, 2x. y, x+y)+b («, 2«, », «+v> 
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={(fl.v, lax, ay , a{x+y)}+{{bu, 2bu, bv, b (w+v)} 
={ax+bu, 2 (ax+bu), ( ay+bv ), 

(ax+bu+ay+bv)} 

=(A, 2A,B,A+B) 

where both A and B £ R as a, b, x,y,u,v£R 

aa-\-bf3 £ W which therefore is a sub space. 


Ex. 3. If a vector space is the set of real valued conti- 
tinuous functions over R, then show that the set W of solu¬ 
tions of differential equation 2 j~ 2 ~ 9 ^ + 2 y~0 is a sub 
space of V. 

w= \ y ' 2 jx *~ 9 itr +2>,==0 } where y= f w* 

Clearly >>=0 satisfies the differential equation and as 
such it belongs to W. Now choose y x , y 2 £ IV. 




dyi 

dx 


+ 2 )\=>0 



-9 ^+2^=0. 


If W is to be a sub space then we should show that 
ayi+by* also belongs to W where a, b E F 


or 

or 

or 


d~ d 

2 dx- ^° yi ^' 2 ) ~ 9 dx ^ 1- ^^a)+2 {ay x -j- by t )=0 
2 “ * +“ *'’->(*£+» 

a. 0+6.0=0. Hence true. 


or 
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Since ayi+by* satisfies the given differential equation as 
and when yi and y 2 satisfy it therefore W is a sub space. 

Ex. 4. Show that the set of all polynomials in one in¬ 
determinate x over a field F of degree less than or equal to 
n is a sub space of the vector space of all polynomials over F 

P (x)={p (x) : p (x)=do+0iX+0 a x 2 4-. 0i ^ 

We know that P (x) is a vector space. 

Let W={p (x) : p {x)=a Q + ai x+ . +a„x n ) a t G F 

i e. W is the set of all polynomials of degree less than or 
equal to n. 

Evidently W C P (x) and let 

Pi (x)=Z ai x‘, p.g (x) = "Lbi y* E W 
<•>0 6=0 

then api (x) + bp 2 (x), where a, b, G F 

=a Z a ( x*+b Z hx* 

=Z (a a,) x< + 2 (b bt) x‘ 

= Z ( aa { -\-b b t ) x*. 

Since R. H. S. is again a polynomial of degree less than 
or equal to n and as such it belongs to W. 

Therefore If' is a sub space. 

Ex. 5. If V (C) is a vector space consisting of polyno¬ 
mials in x with complex coefficients, then prove the following 

(a) The set W x and W 3 of even and odd polynomials in x 
are sub spaces. 

( b) W x and W 2 are complementary sub spaces. 

y (C)={p (x) :p {x)=a 0 -\-axX+a 2 x 2 + .... } a ( £ C. 

p (x) is said to be even if p (~x)=p (x). 

p (x) is said to be odd i f p (~x)= p (x). 

lVi = {p (x) : p (x) is even polynomial} 
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p (x)=a fi +a&+a l x *-+ 

Let p (x) and p' {x) G and a, a’ G C then 

a.p (x)-f-n'.p' {x) 

=a (a 0 +ai&+a 4 p+...)+a’ (tf 0 '-fo 2 'x 2 -|-<7 4 , x 4 -f...) 
=(a o 0 +fl' fl' 0 )+(n a 2 +a' a\) x*+{a a x +a' a*) x*-f... 

Above is again an even polynomial and as such belongs 
to JVi which therefore is a sub space. Each of the coefficient 
in the above E C as C is a field. 

Similarly we can prove that the set W 2 of odd polynomials 
is a sub space. 

i..e W 2 —{p (x) : p (x) is odd polynomial} 

i.e p (a) =a x x-\- a 3 X 3 -f-a fi x B -f. 

In order to show that W x and fV 2 are complementary we 
have to prove that 

V=W x + W a and W x fl W a ={0} so that V=W X 0 W 8 ' 
and W x and W a will in that case be complementary. 

Z G V=q 0 + a x x +a 2 x a +a 3 x 3 -f a 4 x* -j-. 

=(a 0 +aox 2 4-a 4 x 4 4- ••.) +fox+tfax 3 -!-...) 

—poly in If i+poly in W % . 

V=Wx+Wo. 

Secondly let p (x) G W x fi W a => p (x) G W x and W % . 

p (-x)=p (x) as p (x) G W x 

p {- x )=- p (*, as p 6 ^ 

P (*) = ~P (x) or 2p (x) = 0 
or p (x)=0 i.e. zero polynomial. 

W x n W a ={ 0). • 

V— W x 0 W a and therefore W x and W a are comple¬ 
mentary sub spaces of V. 

Ex. 6. Let V ( R) be a vector space of all functions from 
R into R and W x and W a be the sub sets containing even and 
odd functions respectively then prove (hat 
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{a) W x and W 2 are sub spaces of V (R). 

( b) W x and IV 2 are complementary sub spaces. 

A function /is said to be even if/ (—x)=f(x) and odd 

if f(-x) = ~f(x). 

Proceed as in Ex. 5. 

§ 8. Linear Combination of Vectors. 

Definition. If V (F) he a vector space and a x a 3 ,.a„ G V 
and a lt a 2 ...a n G F then the vector 

n 

a=tf 1 ai+ 02 a a ••~\-a n o. n = 27 is called linear 

<-=i 

combination of vectors a lt aa-.<*»»- 

However if we choose different set of scalars say 
b u b 2 b n then we shall get another linear combination. 
Hence for a given set of vectors we will have various linear 
combinations. 

n 

It may be noted that the vector a such that a = 27 a t a 4 is 

i 

again a vector in Vas V (F) is closed both for addition and 

scalar mnltiplication. 

Illustration. 

Let us consider the vector space Vj (R) and let 
«!=(1, 1, 1), <**=(1,2, 3), « 8 =(2, -I, 1). 

We want to express a vector a=(l, — 2,5) as a linear 
combination of the given set of vectors a. u o 2 , <* 3 * 

Let a = c 1 ai + £/2*a+< J 3«3 at G R 

(1, —2, 5)=a x (1, 1, 1 )-\-a 2 (1, A 3 )+a 3 (2, —1, 1) 

= (a u a u ai)-\-(a 2 , 2a 2 , 3a 2 ) + (2a 3 , —a 3 , a 3 ) 
= (fli+a 2 4-2a 3> ai+2a 2 —a 3 , a x -\-3a,-\-a 3 ) 

By coordinate wise addition. 
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.*. fli+fl 2 + 2 fl 3 =l Eliminating a x we get 
Q\-\-1q<i — 03 — 2 Oz 3o 3 = 3 
-f- 3cr 2 "E 03 =5 Qo-\-'1qz = 1 . 

Solving we get 5<7 3 =10 n 3 =2 ; a 2 — 3 

and hence aa= —6. 

a= — 6 ^-f 3a 2 4’2a 3 
and as such a is a 1 . c. of a 1# a 3 , 03 

Similarly we can wirte 

a= — 3a 1 -J-2a 2 . 

where a—(1, 7, —4), ^=(1, —3, 2) and a a =(2, —1, 1) 
in V z (/?). 

But a vector a=(2, —5, 4) can not be expressed as a 
1. c. of vectors a 2 =(1, —3, 2) and a a =(2, —1, 1) in V 3 (7?) 
as in this case the equations giving the values of a u a 2 will be 
inconsistent. 

§ 9. Linear span of a set. 

Def. The linear span of a non empty sub set S of a V (F) 
is the *et of all linear combinations of any finite number of 
elements of S and is denoted by L ( S). 

In other words. 

L n 2 a 2 +...4*^n a n • a < £ S and 0 { £ F 

i'=l, 2, ... n }. 

Theorem 7. The linear span L ( S ) of any sub set S 
of V is a sub space of V . 

Let a, p be any two elements of L ( S ) then by definition 
of L (S'). 

a=fliai-ftf 2 a 2 +...-fffn*n 

P*= blpl + b 2 fiz + ... + bmprn 

where a< £ S and £ F, i—l to n, 

Pj £ S and bj £ F, j— 1 to m. 

In order to prove that L (S) is a sub space we have to 
establish that for 
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fl.^efand aJGL (5), aa+6/3 £ L (S ). (Th. 3 P. 300) 

n rn 

fla-f bfi=a S ciiXi + b Z bjfij 

<=i i=i 

n m 

=i7 Z {bbj) ft 

<*= i 

n m 

=Z A i a<-f- 2T ftft 

< a i i=i 

Above shows that aa+^ can be expressed as a linear 
combination of the vectors a,, a 2 , •• <*«> ft, ft. ••• ftn belong¬ 
ing to S and as such it should belong to L ( S). 

Hence ax+hp £ L ( S) when a, b £ Fand a, P £ L ( S ) 
proving thereby that L (S) is a sub space. 

As an example, let us consider the set 

S={(1,0, 0), (0, 1,0)} 

l.e. S is a sub set of V 3 (R) consiting of unit vectors along 
x axis and y axis. 

L (S)={ a : a is a. L. C. of elements of 5} 
a=a x (1, 0, 0) + fl 2 (0, 1, 0), a u a 2 £ F 
= (<?!, 0, 0)-f-(0, a 2 , 0) = (<2i, a 2 , 0). 

L (S)={« : a=(fli, a 2y 0) i.e. XOY plane} 
or L{S) = W where W is the set of all points in XOY 
plane which we know is a sub space of V 3 (R) 

Theorem 8. If S and T are sub sets of a vector space 

V (F) then prove that 

(/) SC L(T)=> L(S) C L(T) 

(2) SC T => L (S) C L (T) 

(3) S is a sub space of V o L (S)=S 

(4) L(L (S))=L(S) 

(5) L(S U T)=L(S) + L(T) 
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Proof. Given SCI (F) 

To prove.. L (S) C L (T) 

(1) Let a<* E S and a{ E F and because S C L [T) 


cm' e L(T). 


n 

Now let a E L (S ) =>• a= 2 at at 

...(2} 


i=l 


Since from (1) each «< E L (F) which is a sub-space, 

2 a t a< also belong to L ( T) 

From (2), a E L (F) 

Since a £ Z, (S') & a E L (T) 

L (S) C L (F). 

(2) Given. 5 C T 

To prove. L (S) C L (T) 

Let a EL (5). a=S flt ••■(U 

But each w E S ^ w £ T V S C f 
£ 0(a< E L (F) 

.*. a=«£ E L (F) 

Hence a E L (S) =» a E L (F) L (S) C L (F) 

(3) Given. S' is a sub space of K. To prove L (i»=S 

Let a E L {S) =>• cl=2 a<a< =>• a E 

because S is a sub space given and hence it is closed 
both for addition and scalar multiplication. L ( S) C S. 

Also we know S’ G L (5) as any vector «( £5 can be 
written as a 1. c. of all the vectors in S with scalars as zeros 
except 1 for the scalar coefficient of a<. 

Since L {S) C S and 5 C L [S) L {S)=S 

Comersely. Given L ( S)=S . To prove S is a sub space. 

Since L {S)=S and also we know that L (5) is a sub 
space and hecne it follows that S is also a sub space. 
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(4) To prove. L (L(S)) — L ( S ). 

Let us put L (S) = T then since L (S) is a sub spice. 

.\ T is a sub space and we have to prove that L{T)-T 
when T is a sub space which is true by (3). 

5. To prove L (S U T)=L (S) 3-L (T) 

Let a G L (S U T) => <*=r 

Where a,* G S’ U T => some xf G S & some a,’ G T 
and some a/ may belong to both S and T. Restricting the 
common vectors to either S or T we can divide the vectors 
a,* into a/ and a*• such that a/* G 5* and at* G ^ 

a = Z a * ^ a ^ ^ t ) 

«G Lf.S'U T)=> aG Lf5) + L(T) 

L (S U T) C L (S) + L (T). ~ (,) 

Now let Z G L (S’) 4-L (T) => Z=.x+r 
x G L (S), y G L (T). 

=> Z=r ajxr\-E <**«*. where a/* G S and at* G T. 

=> Z = S tf<a< where {ai} = M U {x« 


=> Z G L (S U T). 

L ( 5) + L(7‘) C L (S U T) -< 2) 

Hence from 1 and 2 we get L (5 U T) = L (S) + L(T) 

Exccrcre 3 

Ex. 1 Write the vector a= (2, — 5, 3) G K linear 
combination of the vectors a, = (l. -3 2). 

«., = (2. -4. -I , a 3 = (l, '/ 


Let a =fliai+fl2 a 2+ fl 3 a 3 where afGf 

... (I, -5, 3)=«. (1. -X 2 > + “ (2 ' _4 ’ +a V -5. 7) 


or (2, -5, 3 ) = («.+2fl s + fl3, -3a, -4a, -5a„ 

2r/i — a»~r la 3/ 

d -d) 

V ...(2) 

j ..(3) 


ai-\-2a z -\- a z —2 

— 3fli—4tf 2 — 5fl3= “ 5 
2fli — ^ad- 7r/ 3 = 3 
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Multiply first by 3 and add to second. Similarly multiply 
(1) by 2 and subtract from (1). 

2a % — 2a3=l or a 2 —a 3 ~]/2 ...(4) 

and —5^2+5(73= —1 

0f ...(5) 

The above equations are clearly inconsistent as a 2 — « 3 =1/2 
and also 1/5. 

Hence the given vector can not be expressed as a.I.c of 
the given vectors a lt a 2 , a 3 . 

E\\ 2. In the vector space R 3 (/?), let 

«=(/, 2, 1). (3=(3, /, 5). y=(3, - 4, 7), 
prove that the sub spaces spanned by 

S={a, and T=[ a, /?, y) are the same. 

L (T) the linear span of T is a set of vectors which is a 
linear combination of vectors in T. 

L \T)—\a'j.-[-bfi+cy : a , b, c £ R) 

=a (1. 2, \) + b (3, 1, 5) + r (3, -4, 7). ...(1) 

Let (3, -4, 7)=x (1, 2, ])+y (3, 1,5). 

.v-t-3y = 3, 2.v+y= —4, *4-5.v=7. 

-v=— 3, y = 2 and these satisfy the 3rd relation also. 
(3. -4, 7) = — 3 (1, 2, 1)4-2 (3, 1, 5). 
c (3, -4, 7) = —3c (I, 2, 1)4-2c (3, 1, 5). 

^ {T)=a (1, 2, 1)4-6 (3, I, 5) —3c (1, 2, I) 

+ 2c (3,1,5) 

= (a-3c) (1, 2, l)4-(/>4-2c) (3, 1, 5) 

=a' (1, 2, 1)4-6' (3, 1, 5) w'here a', b' £ R 
=a'y. + b'l3=L (S) by definition. 

Ex. 3. //a=(/, 2, —/), fi=(2, — 3 , 2), y={4, 1, 3) and 
§=(—3, 1, 2) be the vectors in R 3 (/?), that 

L (y, 3 )j&L (y, *}). 
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Let us suppose that L ({a, P)}=L (fy, 5}). 

It would mean that there exists scalars x, y £ R for 
arbitrary a, b £ R such. 


xy. + vfi=av-\-bh 


or 


x (1, 2, -1 )+y (2, -3, 2 ) = a (4, 1, 3) + /> (-3, 
=>• (x 4- 2y, 2x-3y, -x+2y) = (4a-3b, a + b, 
=>■ x-\-2y=4a — 3b, 

2x—3y=a + b, 

—x+2y=3a+2b. 


I, 2) 

3a 4-2b) 
...( 1 ) 
...( 2 ) 
...(3) 


Solving (I) and (3) for x and y, we get 


x=\ (a—5b) and >’ = i ( la-b ). 

These should satisfy (2) also, i.e. 2x—3y=a f/>. 

But 2x-3y=2.h (a-5b)-3.± (la-b) 

= (1 — sv) a -(5-J) b^a+b. 


Hence (2) is not satisfied. 

L ({«, fi&L ({y, «)}. 

It is however quite possible that there may be values 
of x, y for some particular values of a, b, as for example if 
we choose a= 1, b — — 1, then 

x+2y=7, 2*—3>’=0, -x+2y=l 

and all these hold good for x = 3, y=2. 

But this would not mean that the sub space spanned 
by fa, ft) and {y, 6} are the same. For this there should exist 

v i;£ /( for arbitrary a, b G R such that 

xv.+yP=ay+b5 


or satisfying equations 1, 2 and 3, 


§ 10. Linear Dependence. 

Definition. A finite set {aj, a*.-■*«») of vector> of a 
vector space V (F) is said to be linearly dependent (L. D.) ij 
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there exists a set of scalars a% t a»...a n {not all zero) though 

some may be zero such that 

a^+am ..+<7 n *n=0 Pb. 66 ...(1) 

Linearly independent. If however the relation (/) 


implies that all the scalars a lf a* a„ are zero 

i.e. 2ai<u=0 => a^O for each i, then the set is said to be 

linearly independent L. I ). 

From above definition of L. I. of a finite set, we conclude 
that an infinite set of vectors of V is L. /. if every finite sub 
set of this set is L. /. 

Deductions. 

(A) Prove that a set of vectors which contains at least 
one zero vector is L. D. 

Let «i be a zero vector and a 2 , a 3 a„ are all non zero 
vectors. 


Consider the linear combination 


1 . <xi"LOag"t"Oan- 


The above combination is zero because by definition 
0.a=0 and a. 0=0 

1. aiT'Oaa - ! - 0a 3 -»«“l _ 0art :=: 0 . a i 0 

or ZaiUi=0 where a^l^O. 

Hence by definition the given set which contains at least 

one zero vector is linearly dependent 

B. The singleton set {ail is L. /. iff 

Let a^O then a.a,=0 =* a=0 V 0.a, = 0 by def. 

Thus a linear combination of he vectors (here only 
one) is zero when all the scalars {here only one) are zero and 
as such it is linearly independent. 

If oti=0 then it is linearly dependent by A 

C. Any sub set of a L. I. set is L. /. 

Ltl {«i, ao.-.a,,,} be a L. I. set so that 
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+ 0 a m =0 .. (2) 

therefore each of the 
Hence Proved. 


Q\ ai + ^2 02 4" - a m = 0 
=>■ *=0, a 2 =0, . ,a m =0 

Consider the sub set {«i a*...at) 1 ^ k ^ rn. 

If it is to be L. I. then there must exist scalars such that 

a x ai+fl* * 2 +•••+** o ** 0 
with a 1 =a a =...=at=0 

Now (1) can be expressed as 

oi ai + fl 2 a a +—+** a *+° a *+ 1+ 

But because {ai, a*...a m } is L.I- 
scalars in (2) should be zero. 

ai=a 2 = ... — oi 0- . 

D. Any super set of a. L.D. set is L.D. 

Let {« lt w 2 ...Ube L.D. set so that 

a x u +<*2 w 2 -f w «“® 
with at least one of the a• not zero. 

Suppose *9*0. Now consider the super set 

{«!, m 2 - Ui - tim, u) then 
* *4-^2 m 2 4-.-4-o< *4-...4-o m u m +au=Q 

and in the above combination ,he " "t d by 

which is not zero and as such it cannot be L.I. but is L.D. by 

definition. 

(c) If the set {*, ii* ..««} L '• and ,j ' f7 "‘ 

fl/uf b x , b 2 , ..,b m be scalars G 

«1 *4-O a M 2 4* ••• 4"Otn W„, 

= bi U\ + b 2 U-i 4-...4-ftf» Mm 
Oi = ^i, o,==ft 2 , a a =bi, ..,a m = b m . 

From the given relation we conclude that 

(*-£,) M,4-(o 2 -^a) M 2 4-.-4-(om— M "m-0 

y4l M,4-^2 M 2 4-... M w -0 

Above is linear combination of the vectors of the given 

set which is L I, (given) 
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Hence A j —A 2 —...— A m =0 

or a 1 ~b 1 =0, a 2 —b 2 =0,..,a m — : > m =0 
or Oi=b lt a i =b 2 ,... y a m =b m . Proved 

(0 a i, as,£ P and r lf r 2 ,~ ,r m E Mat 

the set {ao+^s®!* 034-/3 ai,...,a m +r m aj 
is L.D. then the set {ai, a 8 ..a m } is also L.D. 

Since the given set is L.D., there exist scalars 
a 2 , E Fsuch that 

a Z ( a a + ^2 a l)+^3 (a3 + ^3 a l)+ (a-m+r m aj)=0 ..(1) 

with at least one of the a • aot equal to 7ero. 

Rewriting (H as below, we get 

(a 2 r a +o 3 r 3 4-...+flw r m ) aj-ftfa a 3 + ..+«/» oot=0 

Above is a L.C. of the vectors of the set foti, a a ,...,anj 
with at least one of the a 3 not zero and hence it is L.D. 

Exercise 4 


Ex. 1. (a) Prove that two vectors are linearly dependent 
if and only if one of them is a j calar multiple of the other 
a and 0 are L D. .*. ax+bp—0 
where both a and b are not zero. 

Suppose a^O then a' 1 exists .*. or 1 (aa)-f <r» {bfi)=0 

or (a~ l a) u— — (a~ i b) £ or a=——3 

a 


Similarly if b^O then 



i.e. one of them is a scalar multiple of the other. 

Ifa=/(P then a— kfi=0 where all the scalars are not 
zero and hence L.D. 

(b) Prove that the set of vectors (/, 3, 2), (/ t _7,-S), 
(2, 1 ,-1) of V z (R) is linearly dependent. 

Let the given vectors be denoted by a lt a 2 , a 3 respectively 
and let there be scalars a*, a z , a z belonging to R so that 
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Sat a,=0=(0, 0, 0) 

/. ax (1, 3, 2)+02 0,-7, - 8 ) 4 - 03 ( 2 , 1, -1) = (0, 0, 0) 

(oj, 30 i, 20 x )4-(02, — 70 2 , —80 2 )4-(203, a 3 . —03) 

=(0,0,0) 

(01 + 0 2 +203 . 301 —70 2 + 03, 20! 8(7 2 0 3 ) = (O, 0, 0) 

.\ 0x4-03 4-203 = 0 1 Eliminating 03 we get 

30 i 7a 2 4-0 3 =O > 50i-150 2 =O or 
20i — 8<7 2 —0 3 =O ) 5ni—1502=O 
i.e. if we choose 0 2 =1, then 0 X =3 and putting in any we 
get 0 3 =—2- 

Hence the given system of vectors is linearly dependent. 

(c) Prove that the set of vectors 

a! = ( 0 , 2 , - 4 ). a,=(/, - 2 , -/), «,=(/. - 4 , 3 ) of V,[R) 

is linearly dependent. 

Proceeding as above we shall have 

a 2 + 0 3 =O 1 Eliminating 01 we get 

20.-202-403=0 )■ 0 2 +03=O and -500-503=0 /.e. 

- 40 i- 0 2 + 303 =O J 02 + 03-0 

if we choose a t = 1, then 03 = -1 and putting in any we get 

0i= 1* 

Hence the given system of vectors is linearly dependent. 

(d) Prove that the system of four vectors 

a 1= =(/, 0, -/), a 2 = (2, /, 3), a 3 =(- /, 0, 0), <*,-(/. 0, l) 

of V* (P) are linearly dependent. 

Proceeding as above we shall have 
0, + 20 2 -03 + 0i=° Solving we pet 

0 2 = 0 01=01, 02 = 0, 03 = 201, 04 = 01 

— 01 + 302 + 04 = 0 

We can assign ?ny value to 01 and get the values of 

others. 
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Then all the a 1 are not zero and hence the system is L.D. 

(e) Prove that the vectors (a u a 2 ), {b u of V 2 (F) are 
linearly dependent if a x b 2 —a 2 bi—0 

Proceeding as above we get 

a ai~\~b bi—0 Eliminating a and b from these we get 
a a 2 +b b .=0 a, h =Q Qr ^ ^=0 

Qz bz 

Above is the necessary and sufficient condition for the 
above equations to possess a non zero solution for a and b. 

(f) Prove that the four vectors 

ai =U,2,3), «, = (/, 0 , 0), a 3 =(0, 1 , 0),a,= (M, 1 ) 
form a L.D. sub set of R a ( R ). 

Proceeding as above fli=l, a 2 — — \ t 03 =—2, a 4 =— 3. 
Ex. 2. (a) Show that the system of vectors 

«!=(/, 2, 0), « 2 =( 0 , 3,1), « 3 =(-i, 0,1) of Vi ( 0 ) Is 
L. I. when Q is the field of rational numbers , 

Choosing three scalars a u a 2 , a 2 E Q wc get 
a y « 2+ fl 3 a 3 =0 = (0, 0, 0) 

(fli—0 3 , 2a 1 +3<7 2 , o 2 +fl 3 )=(0, 0, 0) 
or fli—u 3 = 0, 2fl 1 4-3fl 2 =0, o 2 + o 3 =0 

=> fli= 0 , o 2 = 0 , a 3 = 0 . 

Hence linearly independent set. 

(b) Prove that the system of vectors 

f *i=(0, l,—2), a 2 = (/, -l, l), and a s =(2, 2,1) are 

L. /. 

Proceeding as above we get 

02 + 03=° 

ai— a 3 + 2a a =0 

— 2 fli+02+03 — 0 

From 1st and 3rd we get 0 i=O 
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and from 1st and 2nd we get 

flo+aa-O .*. 3a a =0 or tf 3 =0 

-a 8 +2fl 3 =0 and hence a 2 =0 

Q^-=(i 2 =a. 3=0 and hence L.I. 

(c) Prove that the system of vectors belonging to vector 

space F n (F ) 

«.=(/. 0,0.0),a 2 =(0, 2, 0, 0, .,0)... 

where I denotes the unity of field constitutes a L. I. set 

a x on + a, « 2 + -+*« an=°-( 0 » °» °»-»°) 

(fli, ...» fln) = (0, 0, 0, 

By definition of addition and scalar multiplication of 
H-tupIes. . 

Above implies that each a,=0 by definition of equal,ty 

of n-tuples. 

Hence L.I. . 

Ex 3 Show that in the vector space F (x) of all poly¬ 
nomials iti one indeterminate x over the field F, the tnftntte 
set I x, x 2 , x‘,..M a linearly independent set. 

We know from (c) P. 320 that 

Any infinite set of vectors is said to be 1 ,nearly indepen¬ 
dent if its every finite sub set is linearly independent. 

Le, (I,x,x 2 .x") be a finite sub set of the given 

infinite set and fl„, a i, fl 3 , .. , a„ €. F. 

Then a t> +a l x+a a x 2 + .■•+a„x''=0 («ro polynom.al). 

Keeping in view the definition of zero polynomial and 

the equality of two polynomials, we get 

a o = 0 , 0 i=O, o a =0, ■• , o,i = 0. 

c o..h cm is L I and consequently the 
Thus every finite sub set is j-.i. 

infinite set is also L. I. 
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Ex. 4. Prove that the four vectors 

«l=d, 0 , 0 ), 02 = ( 0 , 1 , 0 ), O 3 =( 0 , 0 , 1 ), o 4 =(l, 1 , 1 ) 
in Vs (C) form a L.D. set but any three of them are L.I. 

(Meerut 69) 

Choosing a u 0 2 , a 3 , o, 6 C we have 

01 Oj + ff, O a -}-tf3 03 + ^4 a 4 =0 

or flj (1, 0, O)+ 0 2 (0, 1, 0)+a 3 (0, 0, l)+ 0 4 (1, 1, 1) 

=(0,0,0) 

(fli+0 2 +0 4 , + 04 ) =(0, 0, 0) 

.*. 01 + 04=0, 02+04= 0 , 08+04 = 0 . 

If 0 4 =—/: say then a 1 =a 2 =a 3 =k. 

k a-x+k a 2 +A: a 3 — k a 4 =0 or ai+a 8 + 03 —a 4 =0 
showing that the given vectors are L.D. 

2nd part. Let us show that a lf (%, a t are L.I. 

Let 0 i a x +a a Oj +04 a 4 =0 
or 0 i (1, 0, O)+ 0 2 (0, 1, 0)+a 4 (1, 1, ’)=(0, 0, 0) 

01 + 04 = 0, 02 + 04 = 0, 04 = 0 

Since 04 =0 0 2 = 0 i=O 

0 i ax +0 a a a + 0 4 a 4 =0 => a x = a % =a 4 =0. 

Hence any three are linearly independent. 

Ex. 5, If a, ft y are L. /. vectors in a vector space V (F) 
then prove that 

(a) a+ft^+y, y+a. 

(b) a+ft a—ft a— 2p+y are also L. /. 

Let a (a+ft +6 (0+y)+c (y+a)=0 0 . ft c £ F 
a a +0 p+b p+b y+cy+c a =0 

by laws of scalar multiplication in V(F) 
or (0 a+c a)+(a p+b P)+(by+cy)=0 

or ( 0 +c) a+( 0 +ft P+(b+c) y=0. As above 

a+c=0, a+b= 0, 6+c=0 as a, ft y are L, I, 
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Solving a=0, b = 0, c=0 and hence the given vectors 
constitute a L. I. set. 

Similarly we can proceed for the second part. 

Ex. 6. Find the linearly independent sab set of the set 
S={a u a 2 , a 3 , a 4 ) in V 3 ( R ) 
where ai=(/, 2, —1), « 2 = (— 3, — 6, 5), a 3 =(2, l, 3) y 
a 4 =(5, 7, 7) w/j/c/i same space as S. 

Let a £ Z, (5) a = fli a! + a a a 2 +a 3 a z + a x Oj 
Now a 2 = — 3a x and hence we can exclude a 2 so that 
a £ L (S)=b 1 ai-\-b 3 a 3 -f-Z> 4 a 4 . 

Again it can be easily verified that 

«i= 2ai + 3a 3 

«.e. (8, 7, 7)=2 (1, 2, —1) + 3 (2, 1, 3) 

Hence we can exclude « 4 also so that 


a £ L ( S)=c x «i+c 3 a 3 . 

{ai, a 3 } spans the same space as S. 
To prove. L. I. of {ai, a 3 l. 

Let fi ai + c 3 aa=0 Ci,c 3 £ R. 


c 1 (1, 2, — 1) + C3 (2, 1, 3> = (0, 0, 0) 

=> (ci+2c 3 , 2ci+c 3 , —ci + . c 3 ) = (0, 0, 0) 

=> Ci + 2c 3 =0, 2 ci+c 3 = 0, — Ci + 3c3=0 

Solving we find that Ci = 0, c 3 =0 .. {«i, * s L. I. 

Ex. 1. If V (7?) be a vector space of 2x3 matrices over 

K then show that the matrices A, B, C given below are L. /. 

A = \j -2 \ \ B A-2 0 5 ]’ 



Choosing a, b, c as scalars £ R we have 
a A + b B+c C=0 2X3 i.e. null matrix of 2x3 type. 

By rule of addition and scalar multiplication of matrices 
we have 
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\2a+b+4c a+b—c —a—3b+2c 1 ; ■». 

[3a-2b+c -2a-2c 4fl+5^+3c J 

. fO 0 01 

"L 0 0 0 J . 

By definition of equality of matrices we have 
2a+b-\-4c=0 ...(1) a+b—c =0 . ...(2) 

-a-3b+2c=Q ...(2) 3a—2b+c=0 ..(4) 

— 2a—2c—0 ...(5) 4fl-|-56-f3c=»0 ...(6) 

Eliminating c beween (2) and (5) we get 2 a-\-b=Q and 
hence from (1) we get c=0 and again from (5) we get a=0 
and then from any other we get b= 0, 

Thus a A + b B-\-c C=0 2X a ifa=0, b= 0, c=0. 

Hence the given matrices are linearly independent. 
Theorem 9. Theorem on Linear Dependence. 

The set of non zero vectors {a,, a 2> of V (F) is L.D. 

if and only if one of them say a*, 2 <. k < n can be expressed 
as a linear combination of the vectors which preceede it. 

(B. H. U. 70) 


The condition is necessary. 

Suppose that the set of n vectors {a u a 2 , ..,a n } is L. D., 
then by definition there exists scalars a lt a it ...,an (not all zero) 
such that 

ai ai +g 2 cr rt =0 

Again suppose that n* is the last non zero coefficient. 
If k=l then a x =0 but ayfiO, a x =0 which is a con¬ 
tradiction as the given set is of non zero vectors and hence 
k will lie between 2 and n and at the most k could be 
equal to n, then 

0i«i-f a z a 2 +...4- =0 (a^O) 

or 0 *a*= —axai—a^ — ...—at-iOk-i 


or 


a l a 2 a k-l 

at— -a a -- a 2 ...-— 

at Ok at 


a k-l- 
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Thus the vector at is a combination of the vectors which 
preceed it. 

Conversely. Suppose any vector <u- can be exptessed a 
a linear combination of the vectors preceedmg it t.e. 


a i a-i 

at= ~b k a ^m. 


Ok-1 
Ok 


Otjt—1 (atrf-ty 


or fl 1 o J +fl a a s +-+o»«t=o {a„a 2) is L.D. 

Hence the set {«„ a 2 , .. ,«„} which is a sub set of a L.D. 
set is also a L.D. set. 

Cor. The set S={«„ a.. a.} of non zero vectors of 

V (F) is L.D. iff one of these vectors can be expressed 
linear combination of the remaining n-1 vectors. 

§ 11. Bases. 

Definition. If S is a sub set of a vector space V (F). 
such that 

(a) S is linearly independent set of vectors in V. 

(b) Every vector in V is a linear combination of etc- 

set cannot be basis set. , 

or a zero vector cannot be an element of any basis set. 

Exercise No. 5 


Ex . 1. Show that the set of n vectors 

<,, = (/, 0 , 0 ,.. 0), e,M0, 1 , 0 . 0 , ... 0),...,e„ 

Is a basis of V ,, ( F ). 


= {0 9 0 , •••, l ) 
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Let S={e i, e 2 ,..., e n }, then S will be a basis set of 
V n (F) if S is linearly independent and L (S)=V, ie. each 
vector in V is a linear combination of elements of S. 

For linear independence. 


aiei+tf 2 ea-K.-+fl».< ? /»=0={0, 0, ...,0} 


or 

fli (1, o, 0, 

..., 0) -j - ...—On (0, 0, 

...1)= 

(0,0, 

...,0) 

or 

(a, 0, 0, 

.., 0)4----+(0, 0, 0, 

••a n ) = 

=(0,0, 

0) 

or 


( a lt a ii —>o«) = (0. 

0,0, . 

..,0) 




^ fifi = 0, flj = 0, 

• •'• t On = 

=0. 



Hence the set S is L. /. set of vectors. 




For L (S)= 

■ V • 





Let (flj, a. it 

...,a„) be any vector 

e v. 

then 

as proved 


above (a u a 2i ..., a^)—aiei-\-a 2 e i -\-...-\-a n e n 

or a £ V is expressible as a linear combination of elements 

of S, i.e. V c L (S). Also we know that L {S) C V 

l (S)=v 

Hence S is a basis set of V n ( F ). 

an a 2 are called the coordinates of vector 

(j It a a , .. ,a n ) £ V n {F) w. r. t. basis S. 

Similarly we can prove that the set of unit vectors. 
{(1,0, 0), (0, 1, 0) and (0, 0, 1)} is a basis of V a (F), 
and {(1,0), (0, 1)} is a basis for V a F). 
and the set {1} is a basis for F (F) 
where 1 is the unit element of F. 

Ex. 2. Prove that the set 

S={1,2 , 1), (2,7,0), (7, -7, 2)} 

forms a basis for V 3 (F). 

For L.I. 

a 1 a 1 +a 2 v. 2 -j-a 3 a 3 =0=(0 i 0, 0) 

=* fll (1, 2, l)+fl, (2, 1, 0)+(1, —I, 2)=(0, 0, 0) 
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(0i+ 20 2 + 0 3 , 2fli+a 2 -a3, 0 i + 20 3 )-(O, °. °) 


a 1 +2a 2 + fl 3— 1 

-03=0 >■ 


0i = O, 0 2 =O, 03 = 0. 


• • 


201 + 02 - - 
ai+2a 3 =0 J 

Hence S is L.I. . 

Now we have to establish that each vector in V can be 

expressed as a L C. of the elements of 5. 

Now any vector of 

V 3 (F)=(a lt a 2 ,a 3 ) 

= Ql (1, 0, O)+0 2 (0, 1, O) + 0 3 (0, 0, 1), ...(1) 

where ( 1 , 0 , 0 )=x ( 1 . 2 , 1 )+J- ( 2 , 1 . 0 )+z ( 1 , - 1 , 2 ) 

= (x+ 2 y+z, 2x+y—z, x+2z), 

x+2 y+z= 1 , 2x+y-z=0, x+2z=0. 

So ving we get 

x= —o, y=\> 

... ( 1 , 0 , 0 ) = -| (1, 2 , l) + f (2. 1, 0) + i (J. -1. 2). 

Similarly (0. 1, 0)=» d, 2, l)-i (2, 1, 0)-i d. 2) 
( 0 , 0 , 1 ) = J (1, 2 , l)-i (2, 1. 0 ) + 4 (1, -1. 2) 

Hence from (Don pulling for unit vectors we get that 

(a „ 0> , a.) can be expressed as a linear comb.nat.on of the 
elements of S. 

Therefore S is a basis set of V 3 (F ). 

Ex. 3. Show that the set S={ 1, x, x 2 , *") of n poly¬ 
nia i? a /or /Ac vector space P n (R) of all 

'XJXS*-* mosi n) over ""* Mofr ' al 

numbers. 

For linear independence of S. 

For fl 0 . fli> fl a.* 6 F *■ r ^ 

00 H- 0 lX + 0 2 X 2 + 0 3 X 8 +...+«nX -0, 

l.e. zero polynomial 

=> a o =0, 01 = 0, 0 2 =O, ...,0o-u. 
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Hence S' is L.I. set of vectors. 

Again any polynomial £ Pn (7?) say, 
a 0 -\-aiX-\-aiX 2 -\~ ,„-\-a n x n 

is a linear combination of the elements 1, x, x 2 ,*.., x" of S. 

S is a basis set of P n [R)» 

Ex. 4. Prove that the set 

S{{1, 0, 0), (7, 7, 0 ), (7, 1,1)A0 , 7, 0)}, 

spans //ic vector space R 3 (7?) 6w/ is no/ a basis set. 

Here we shall show that L(S)=R 3 (7?), i.e. S is a 
spanning set but S is not L.I., so that S will not be a basis 
set of R 3 (R). 

In order to prove that L ( S)=R 3 (R), we know that 
L (S) is a sub set of R 3 ( R ) (Theorem 91 P. 237) ...(1) 
and we shall now show that R 3 ( R) is a sub set of L (Sj, 
i.e . any element (a lt a 2 , a 3 ) £ R 3 (/?) can be expressed as 
L.C. of vectors in S. 

Let (fli, a 2 , a 3 )=* (1, 0, 0)+p (1, 1, 0)-f z (!, 1, 1) 

(0, 1. 0) 

={x+y+z,y-\-z+u >, z) 

=> x+y-fz=fl 1 ,y+ 2 -t-o-a 2 , z=a,. 
z=a 3 , y=a 2 — z— o)=a % —a 3 — w, fla+w. 

Choose o>=0, we get 

Z = ^ 3 , y=Q 2 #31 ^ = fll # 2 * 

(fli, fl 2 * = (1,0, 0) + (a 2 -a 3 ) (1, 1, 0) 

+o 3 (l, 1, l)+0 (0, 1,0). 
R 3 (R) C L (5). ...t2) 

Hence from (1) and (2) we prove that L ( S)=R 3 (7?). 

Again in order to prove that S is not L.I., let us suppose 

that 

x(l,0, 0)+y(l, 1, 0)+z (1, 1, l)+«(0, 1, 0)=0 

=(0, 0, 0). 
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. (x+_y+z, y-\-z+<°, z) —(0, 0, 0). 

x +^+z= 0 ,>>+z+a>= 0 , Z=o. 

z=0, y= — *— OJ - 

In particular choosing <*> = 1, we get 


0). 


i.e. Z fl ‘ a ‘ =0 ’ 

where all ais are not zero. 

Hence 5 is not L.I. but is L.D. set. 

Ex 5 If V be the vector space of orderc pair 
ple^numberswer the real field R, then show that the set. 

S={{ I. 0 M/. 0 ), (0.1),(0,/)}isabas«sofK. 

S is a L.I. set. _ qv 

0(1,O) + M/, 0)+* (0, l) + ^(°» ^-( ’ 

=> (a + ib, C f »v/) = (°. °) 

=> a-f/6=0, c + />/=° 

^ fl = 0> 6 = 0 ,c = 0,J=0. Hence L.I. 

L(S) = V. t p (/ 

Let any ordered pair c+,</) G 

Then as shown above (a + ib , c + 

-a(l 0 ) + M/, 0 )+c( 0 , n-w* (o*') 

”“ ' * ' , I c of c ements of S. 

- ^ rrs.cV L ■ 

° f,hc,cc,or 

<‘+ fA - e+M w. r. t. basis J fl)> (/ , ,, /)} 

Lx. 6. Pr»« «*«« < he set S l„ ce fi„d the coorJi- 

is a basis set for vector space K, (C) ana * 
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nates of the vector {3+41,61,3+71) inV 3 {C) w.r.t. above 
basis. 

Considering ihe relation 

a (1, 0, 0)+6 (J, 1, 0 )+c (1, 1, 1)=(0, 0, 0) we get 
a+6+c=0, b+c=ti, c=0 => a—b=c—0 L I. 

Again let (a, b t c, G K 3 {C)=p (1, 0, 0)+q (1, 1, 0) 

+r (1, 1,1) 

p+q+r=a, q+r=b, r=c 

q=b—c and p=a—b 

{a, b, c)=[a—b) (1, 0, 0) + (6-c) (l f 1, 0) 

+c{ 1, 1, 1) 

Thus the given set is a spanning set and it being L.I. 
also therefore constitutes a basis. 

Now putting a=3+4/', b=6i, c=3+7 
we get p=a—b—i — It, q—b—c= — 3—i, r=c=3 + i 

(3+4/, 6/, 3 + 7/')=(3 — 2/) (1, 0, 0) + (—3—/}(1, 1, 0) 

+ (3+7/) (1, 1, 1) 

Hence the coordinates of the given vector are 
3—2/, —3—/, 3+7/ w.r.t. basis S 
Ex. 7. Prove that the set S—{u+ip, y+id } is a basis 
set of C (R) iff ckS— (3)^0. 

For L.I. of S a (a+ip)+b (y+/S)=0 
=> a a+b y=0, a £+b 3=0 ...(I) 

=> a a (3 + b y (3=0 and a (3 u+b 5 a=0 
=> a a fi + b y p=a p a+b d a =* b (y (3—5 a)=0 
=> b= 0 provided y p- $ a^O or a 5—(3 y^d 

Also when Z>=0 then from (1) a— 0 and hence 5 is L.I. 
set if a 5—(3 Y=f=- 0. 

Again let 0+i <f> G c(R)=a [a+i (3)+6 (y+/5) 

=> 0-—aaiby,<f> = ap+b6 
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Solving these we get 

_ 68—4>y #3 — (vb 

° ad —py ’ y;3- 

provided a 8—fiy^O. 

Hence any element G C (7?) is expressible as a l.c. of 
elements of S i e. C (R)—L (5) it a $ — /3 y=0. 

Hence 5 is a basis set if the above condition is satisfied. 
Ex. 8. T u T 2 , n are //wear transformations belonging to 

the vector space L [R 3 , R*) defined as 

T x (x,y, z)=(x+y+z, x+y), T 2 (x, y. z)=(2x+z, x+y) 
T 3 (X-, y, z)=(2y t x). Prove that T u T„, r 3 are linearly 
independent. 

Consider a T x +o T 2 + c r 3 =<? /.<?. zero transformation. 
(aT x +bT 2 +cT 3 )a = 0(a) = (0,0) V a G R 3 

Choosing a=*e x =(l, 0, 0) and <? 2 =(0, 1, 0) wc get 
a 7i (e x ) + b T % (e x )+c 7*, (*»)«(0, 0) 
a Tx (e 2 ) + b T z (e 2 )+c T 3 (<? 2 )=(0, 0) 

a (1, 1)4-^ (2, l) + c (0, 1)=(0, 0) 

putting x=l, >’=0, r = 0 

a(l, 1) + M0, l)+c(2, 0) = (0, 0) 

or {a+2b, a+6-f-c)=(0, 0) putting *=0, y= i, z=0 
and ( a-\-2c, o+Z») = (0, 0) 

a + 2b=0, a+b+c=0, a+2c=0, a + b-=0 

Above relation when solved give a- b=c= 0 
and hence a T x +b T>+c T 3 = 0 => a—0, b=0, c=0 
and hence T u T 2 , T 3 are linearly independent. 

§ 121. Finite dimensional sector space or finitely 
generated. 

Definition. A vector .space V {F) is said to be finitely 
generated if there exists a finite sub set S of V such that 
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V=L ( S) 

or in other words if V ( F ) has a finite Spann 

Theorem 10. In a finite dunenswnal vector space 

V (F) whose basis set a 2 ,...,a n } ever y vec 

uniquely expressible as a linear combination of the sectors 

In other words we have to show that corresponding to a 
given vector a €. V and a given basis B there exists 

n 

unique set of scalars a> a s.t. a= 2 a t «<• 


Proof. Since B is a basis set of V ( F ). 
a £ V=2 at, at* E F. 

We have to show that the scalars af are unique and i 
not let there be any other set hf of scalars such that 

a £V=Zb i u i . -W 


from (1) and (2) we get ... 

Z at cii-£ b t on or 2 (a t -bt) a<=0 •• wJ 

Since B being a basis set is linearly independent and 

hence we have from (3) 

ai -bi =0 V i i.e. a l =b i , a*=b 2 , ..,a„-b n . 

Hence the set of scalars is unique and the unique set of 

scalars are called the coordinates of vector a w. r. t. given 

basis B. 

It should be clearly understood here that these coordi¬ 
nates of a vector a are unique only w. r. t. the basis B an 
in case we have another basis B' then the coordinates of the 

vector a would be different. 


Illustration. 

Consider the vector space V 3 {R) and we have proved 
earlier that the two L. I. sets. 
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*={(1,0, 0), (0, I, 0U0, 0, 1)1 
*'={(1, o, 0), (1, I, 0), (I, 1, I)} are basis sets 

(see Ex. 6 P. 333) 

{a, b , c) £ V 3 (R)=a (I, 0, 0)-W> (0, K 0) + c (0, 0, I) 

So the coordinates of (a, h, c) w.r.t. basis B are a, b, c. 

Also (a, b, c) £ V 3 (R) 

=<a—b) (1, 0, 0 ) + {b-c) (I, I* °) 'b f (■* '* 

as can be verified. 

So the coordinates of (a, b, c) w.r.t. bas>s B are 

a—b, b—c, c. 

Theorem 10. Existence Theorem. 

There exists a basis for each finite dimensional vector 
space (Meerut M. Sc. 67, 69, 71) 

As V (F) is finite dimensional vector space therefore 

by definition there exists a finite sub set S=-'* x , * 2 » ••»<*«} suc 
that L (S)=V.i.e. each vector in V is expressible as a I. c. ot 

vectors in S. 

Wc may suppose here without any toss of generality that 
none of the vectors in 5 is a zero vector because in any linear 
combination of vectors of S the contribution of zero vector 

would be zero as 0 . 0=0 

In case S' is a linearly independent set then tins tact com¬ 
bined with the fact that L (S)=V makes the set S a basis 
set In case S is not L 1. set then it is linearly dependent set. 
Since 5 is L. D. we have by Th. 9 P. 327 any vector a, .. 

expressible as a l.c. of the vectors which prececde it. 

i.e. «*= l.c. ofa„«* . 

Consider the set y v y-U* 

Clearly 5, C 5 .. L{S X ) C L (o) C 

L (SJ C V 

Mow we shall show that V C L (Si) 
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Let CC £ V l.C. of otjj Wo,*** • ,Gjfc, •••y'J-n , L (S) — V 

= l.c. of {aj, a 2 ,...,a*_ 1 > 

= l.c. of elements of S x -\-a k (l.c. of a lf <^,-, 0 ^- 1 ), by / 

= 1 .c. of elements of S L and hence a £ L (Si) 
a G V=> a £ L (S 1 ) V C L (S,) .. (3) 

Hence from (2) and (3) we conclude that V=L (Si) 

Now if Sj is L. I. and also V=L (S t ) then Si is a basis 
set of V. 

But if Sx is also L. D. then proceeding as above we can 
have a set So of n—2 vectors such that L (S 2 )= V and in case 
S 2 is L. I. then S 2 is a basis set. If not then continuing as 
above for a finite steps we shall obtain a set T such that 
L(T) — V and T is also L. I. and this set T will constitute a 
basis for V. 

It may happen that in the above process we may be 
left with a sub set which contains a single non zero vector 
and which spans V. From (B) P. 320 we know that a singleton 
i a ) is L.I. iff a^O. Hence this will form a basis. 

Another form of the above Theorem. If a finite set S of 
vectors spans a finite dimensional vector space V (F ) then 
there exists a sub set T of S which forms a basis of V. 

Theorem 11. Invariance of the number of element of 
a basis set. 

if V (F) he a finite dh ensional vector space then any 
two basis of V have the same number of elements, 

(Punjab 67, 69; Kanpur 69; Meerut B. Sc. 70, M. Sc. 69) 

Let B 1 ={x 1 , w 2 .•••,««}. I 

be two basis of V (F) consisting of m and n elements respec¬ 
tively and we shall prove that m—n. 

Since Z?, is a basis set .’. V—L (2?x). i.e. any vector in V 
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can be expressed as a 1. c. of the vectors in B x . Now Pi £ V 

and hence pi=l.c. of (a x , a 2 ,.,a,„). 

or S- {pi, a lt a 2 , is a linearly dependent set. There¬ 
fore there exists a vector a* such that 

<**•=1. c. of preceeding vectors fi lt a x , a 2 ,...,x*_i ...(1) 

Now V=L {B x ) a £ V=\.c. of a u a 2 ,...,a t ,...,« m . 
or a £ V= 1 .C. of (a, a 2> ...,a*_,, at+j, +a*a*. 

= 1.C. of (a x , Cfo . a*_j, at+i...a m ) 

-fat (l.c. of p lf a x , a 2 ,...,a t _ 1 ) by I 

= l.c. of {pi, a u a 2 , 

= 1 .c. of elements of S x 

where Si=fpi, ai> a 2 at-i* ®*+i>■••»««} •••(2) 

Hence F (F) is also spanned by the above set S x wnich is 

obtaind by omitting one a and adding one 3 to the vectors 

in B x . i e. V=L (Si) 

Again p 2 £ V and S, is a spanning set for V (F) and as 

such 

p 2 =l.c. of elements of S x , i.e. {Pi, a x , a a ,»’, a t-i* «t+i»* 

{p 2 , Pi, «i, 1 , a*+i.is a linearly dependent set. 

Hence there exists a vector a/ (different from p a and fii) 
such that 

«>=l.c of preceeding vectors {p a , Pi, *t+i» 

... •••(’) 

Now F=£ (Si) a £ 

F=l.c. of (Pi, aj, 

= l.c of (Pi, on, a 3 , a 3 ,.«t+i, a/-i» 

-fflj «> 

= 1.C of ( . )~\-Of (l- c °f P 2 * Pi* a i 

..•»at-i» oa+i, v.f. 1 ) by (3) 

= l.c of elements of S 2 
where S 2 ={p 2 , pi> «i,«t+ 

• • • \ w 

Hence F (F) is also spanned by set S 2 which is obtained 
by omitting one a and adding one. p to the set S,. 
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Continuing the process we shall at each stage exclude one 
a and include one 3 so that the resulting set is a spanning set. 

No we argue that the set B x of a* consisting of m vec¬ 
tors can not be exhausted before the set B 2 of (3* consisting 
of n vectors is exhausted because in that case we shall obtain 
a spanning set S m which will consist only of (3* and 
none of the a \ This would mean that S,„ which is a proper 
sub set of the basis set B 2 of ( 3 * generates V ( F) which is not 
possible. 

Hence the number of vectors a 9 in can not be less than 
the number of vectors ( 3 * in B» i.e. m < n. •••(') 

Now if we interchange the role of basis B i and B a and 
argue as above i.e. we start excluding one of the |3* and go 
on adding one of the a* we shall get that n < m. ...(6) 

Hence from (3) and (6) we obtain thatm=n. 

Hence Proved. 

T 

The above theorem is also known as replacement theorem. 

§ 13. Dimensions of a vector space 

Definition. The dimensions of a finite dimensional vector 
space V (F) is the number of cle nents in a basis of V (F) and 
is denoted as dim V. 

For example dim R n (/?)=//, as (e lt e «*„) is a basis 
set of atnve consisting of n elements. 

Theorem 12. Extension Theorem. 

If V (F) is a finite dimensional vector space and 
A = {a. 1 , y. 2 , ..., ?„} is any set of L. I. vectors of V, then unless 
the a* already form a basis we can find the vectors 

{3 lt 'jo. so that the extended set of n vectors 

{ a lj y.o , ..., Jt„„ [3i, ,3« .3n_m} is a basis I 

Thus ever v L. 1. set can be extended to from a basis. 

(Delhi Ron's 69; Aligarh 65; Kanpur 69; Meerut 68) 
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Proof Since V (F) is finite dimensional, there exists a 
basis of V (Th. 10 P. 337) which will consist ofsaynele 

r.ients and let 

.p .w be a r bas,s set 

so that V=L (B) and B .s a L. I. set. 

Also it is given that the set A={ ai, <* 2 , >«»"' 1S a L - *; 

„d such none of the .* can be expressed as a l.c. of the 

^“Cealh"ofihe ,* ts a member of V and as such i, can 

beexpre ssedasa l.c. of— offset. ^ 

Now consider the set 

, ft ft ft,,} of w+n vectors. 

which is obtained LX then 

We shall show that L PI 4,1 . 

,he extended set will be a basis otherwise not. 

Let „ e Ks-.= l.c.ofM^ 

J'z 0, w + 2? h Pt 

1 ‘ wl 

= 1 .c. of elements of S => a G. L (S) 

V * a=l-c- elements of 5 

Now let a G ^ W •* " 

-s. „ = 1 .c. of a/ +1 - c - °f r« - f o , 

KttW -* 

X (S) C K 

• • 

Hence (5). 

— . _ i n S et. because by (1 ) 

“ ® * ofH'=X 6. Pi and it can be expressed as 
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a.j=2 0 ap-f-27 b t ft 

j>=i <=1 

P^j 

i.e. 1 .c. of remaining 1 vectors of ft and hence 

by Cor. to Th. 9. P. 329 S is a L. D set 

Now since S is L. D. therefore any vector of S can be 
expressed as a l.c. of the preceeding vectors. But none of the 
a* in S can be so expressed as the set A is L. I. as shown 
above. Hence such a vector must be some one of the p in S 
and let it be ft. 

• • Pi & S which is L.D. = l.c. of {aj, a 2 > , **> a w> ft* ft, ••jft— 

...( 2 ) 

Now consider the set ft which consists of all the vectors 
of S except ft. 

•• S l ={<X l% ag, >«,tii ft, ft* »ft-i» ft+i***»ft»} 

Now we shall show that L (ft) = K and if is L. I. also 
ft is a basis set which is obtained by extending the set A 

Since ft C S .*. L (ft) c L (S') and because L (S) c V 
/. L (ft) c V. 

For V C L (ft) let us choose 

a 6 V a= Z ft ft=r ft ft + ft 3, 

& a He. of (ft, ft*•••»?<- 1 » ft+i, *..»ft) 

-fft [l.c. of {aj, « 3 ft, p 2 ../?<_!, ft +1 ...ft,}] by (2) 

=* a=l .c. of elements of ft ^ a £ I (ft) 

V C. L (ft). ... (4) 

Hence from (3) and (4) we get V=L (ft) 

Now if ft is a L. I. set and since V=L (ft) therefore ft 
is a basis set which is an extension of given L. I. set A. 
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In case S, is L.D. then we can continue the process as 
ove and obtain another set S. 2 in which one more is elimi- 
ated whereas all the a s remain which again is an extension 
of L.I. set A and we can show that L (5 2 ) = I / and if S 2 is L.I. 
then it will be basis and if not then continuing the process 
for a finite number of times we shall obtain a set S, n by 
eliminating in p* so that the set 

S m ={a„ a,.a„, f)„ p.P.-m} consisting of m + n-m=« 

vectors is such that 

V=L (SJ and also &=U set. 

This set S m which is an extension of L.I. set A is a basis 
set for V consisting of n elements equal to the dimension ot 
the given finite dimensional vector space. 

Cor. 1. Each sub set of (/!+/) or more vectors of an 

n-dimensional vector space V (F) is linearly dependent. 

(Meerut M Sc. 70, IVSc. 69) 

If the set consisting of («+l) or more vectors were L.I, 
then either it is itself a basis or it could be extended to form 
a basis of V ( F ). It would mean in either case that the basis 
set of V ( F) will consist of {n+ 1) or more vectors which con¬ 
tradicts the definition that V (F) is n dimensional. Hence the 
sub set containing n+1 vectors is L.D. 

Cor 2. E\ery sub set consisting of n linearly indepen' 
dent vectors of an n dimensional vector space is a basis set. 

We have proved that every L.I set can be extended 
to form a basis. Since the vector space is n dimensional, its 
basis shall not consist of more than /» elements As such the 
civen set consisting of n elements and which is L.I. cannot be 
further extended but it will itself form a basis. 
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Theorem 13. Dimension of a sub space of V (F). 

Each sub space W of a finite dimensional vector space 
V (F) of dimension n is a finite dimensional vector space with 
dimension less than or equal to n. i.e. dim W ^ dim V. 

(MarthvFada 70, Delhi Hon’s. 70, Meerut M.Sc. 69, B.Sc. 71) 

Since dim V ( F)=n , therefore any *+1 or more vectors 
in V will constitute a. L.D. set by Cor. 1. and as such any 
(>i-f l) or more vectors in W are also L.D. Therefore a L.I. 
set of vectors in W will at the most contain n vectors. 

Let the largest set of L.I. vectors in W be 
s={ct 1 , a 2 ,...,a m > where m < n. 

Now we shall establish that this set S is a spanning set 
for W i e. L(5) = W / and it being L.I. will be a basis consisting 
of finite number of elements and hence \V will be a finite 
dimensional vector space whose dimension is equal to m^n 
where m is the number of elements in the basis set S. 

Let a £ If 7 then the set S t ={ a, ai, a 2 ,.,a m ) is linearly 

dependent because the largest L.I. set in W contains only m 
elements. 

Hence a«+tfiai+ 02*2+ — ® 

a, a { E F •••(!) 

=> that all a t and a are not zero because otherwise the 
set Sx would be L.I. 

Our contention is that a^O because if 

o=0 then from I 

2 o<a<=0 all af are zero because 5 is a L.I. set 

Hence all o< and a would be zero which is a contradic¬ 
tion. Hence our contention that o^O is true. Since a^O 
we can write (1) as 

I Cl l CI2 . . Qtn \ 

a =— 1 —ai H-a 3 +... + —I 

\ a a a / 

a £ W=L.C. of elements of S i.e . W=L{S)* 


or 
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\V is finite dimensional 


Hence S is a basis set 

-d f 1 H '= m . dim ,^dim V 

where m^n ** w 

Deduction. Dim. T=Dim *> ■ al o a basis 

In case V= W then every basis oi 

of w dim K=dim 

■r-.trr.ss---- 

so that L(S) — ^ ti . 0 f \y and IV is 

.JZJXSZZZZ - 

n linearly independent vectors a!s0 bc a 

But dim V=n given so that tms 

••• — 

10//and 

Since y is/-d therefore its rub spaces are also/.,/. 

c_rp ft is a basis tor H a 

where b£ft -dl are Hneariy tndependent set, ;+ ^ 

In order to prove that dim basis 

(fl ) S 3 is L I. (« 


(a) Consider £ «i «»+ ^ ° 


. (I) 


o r a I ai=—Z bi [it- 
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L.H.S. is a vector in W x as S x is a basis for W x and R.H.S. 
is a vector in W 2 as S 2 is a basis for W 2 and both being equal 
we conclude that each of them belongs to both W x and W % 
and hence belongs to W x fl XV, 

2 a ( a { £ W x n XV % and -27 b 0 fi 9 E W x D W % 

or z b„ p 0 e xv x n w t 

Now V= W x © XV 2 given =► W x n XV 2 — {0} 

2 at a<=0, Zb 0 p„= 0 

=> —0 V i=l,...,/, b„ = 0 V g=l,...,ni. as both S x , 

S 2 are L.I Sets being basis sets. 

Hence from (1) we conclude that S 3 is a L.I set 
(b) V=L(S 9 ). 

Since V=XV t @XV 2 . => Z E F=a+/3, a € IV U p £ W 2 

=> Z=2 ff<a<+27 b a p g =L. C. of elements of S 3 

=>ZEL(S 3 ) VCL(S 3 ) ...(2) 

Also Z e L (S 9 ) => Z=2 at <x { +2 b 9 p 0 =► Z=a+j3 

where a £ H' u p E W t => Z E V 

L(S 3 ) c V. ...(3) 

Hence from (2) and (3j we get L (S 3 )=V 

S 3 is a basis set for V containing l + m vectors so 

that dim P=/+ro=dim JKi+dira XV 2 Proved 

Theorem 15. Let V be a finite dimensional vector space 

and XV u XV 2 be sub-spaces of V such that V= W x + W % and 

dim V=dim lV x +dim W 2 then V = W 7 © IV % 

V is finite dimensional => its sub space W x> XV, are 
also funite dememional. 


S x * — {a*, a 2 , .. , aj} be a basis of XV , 

P»* •••, pm) he a basis of XX' 2 
Consider the set S 3 ={ 0l , o 2 , .... at, . 

l+m elements. 

Since V= \V x -\-X\’, Z=a+3 

e V £ XV\ £ IV, 
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or Z=-E a< cu+Z b, f), as S, and S, are basis for W, and 
W« respectively. 

or" Z=lc. of S 3 and hence L[S 3 )=V 

Now dim K=dim ff'i+dim W, = /+«< and the set S 3 

of l+m elements which spans V must be a basts set for V. 

Therefore S z is linearly independent. 

Now we have to fhow that V—W\ © ]V * 

Since V~W x +W t given we have only to show 

W, n W*={ 0 ) c w 

Let «G Wi D ^andae 

o. = Z ax a t u = Z bt pi 

• 27 d{ ai=2 bj fit 

(ai « 1+fl2 +-. « ) -' M ' +bA+ - +bm9m) .o 

Linear Combination of L.I. set S 3 —0 
All the scalars must be zero 
ai 's =0 V i b)'s= o V j =► <*= u 

(Li n ^={ 0 } 

K=W / 1 3) ^2- 

Theorem 16. Existence of supplementary sub space. 
Corresponding to each sub space W l of a finite dimen¬ 
sional rector space V1F) there ^“aZw^ 

that V is the directrices 1 > , ^ 

Another form. Given an n din'ensi^ rector spac ^ 
and an m dimensional su p 

dimensional sub space W % oj V suen 1 . 

Proof. Since K is finite dimensional therefore x is also 

f.d. and let a basis of W / i 

then the‘set S,’ being L.I. can be extended so that the set 


or 


i.e. 
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fc-fo,. a.,a m , n>m is a basis set for V. 

Hence the set consisting of n-m vectors 

being sub set of L.l. set S, is also L.T. 

We have to prove the existence of a sub spaceJF, so that 

V= lV „_ i.e. V—H'i+ff'i and W 1 n 

Let us choose IV, to be space generated by S, so that 

(S 3 )= Wo. and we s h° w the following. 

(a) \V 3 is a sub space (b) V=W 1 +W a 

(c) IVi n IV 2 ={0}. 

(a) W 2 is a sub space. 

Let ft, 3 £ W a a- a=S a { a it (S = 27 b< a lt i=m + 
as W a is spanned by S 3 / e. W a = L (S 3 ) 

n 

• aa + (i=a 2 a { ca+2 fo a< = 2 (a^+M 

% * 1 i«m+l 

= L. C. of S 3 and hence £ W t 
Wo is a sub space. 

{b) v"--W 1 +W* 

Let Z e V => Z= 2 as S 3 is a basis for K. 

dm. 1 


=> Z = i7 + *£ 

I ^m+l 

=> Z=an element of ^ + an element of W % 
=> Z£ Wt+W 2 

v c w x +w t -0) 

Again let Z £ W^Wo* Z=vector in W x + vector in W a 

Itt n n 

c> Z = 2 atat -\- ^ = 2 => 2 £ f 
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W x + Wi c V 

Hence from 1 and 2 we get 
V=W x +W t 

(C) w, n tv,=fh anJ 7 6 in 

Let Z^O ennH':* 4 


...a) 


fTJ 


z=r *< 

<=i 


n 

r» 




b 9 a„ 


/»» 

1= l 




a,*,-- ^ k’' 

y 3 m+i 


0 


/, =0 ve= m +■ 1 »•••»"• 

=> fl< = 0 V/=*l» — » w, » ? hasis set for K 

fs .he se, n U a L. , S e« be,„? a has, sc. 

. z = 0 . Hence II , n »V a sub space of dime- 

From (<»', (W. W we f 1* i( V, is a complementary 
sion n-m such that V- W ,®'- 

sub sn i^ccfif 00 ^ i- . ( i: nca r sum . 

ff-„ l ’L -/ ■ «■»' 

flm/ /-W' l 0M' # t/'*" «t'g ^ m ^np U f69i Meerut 67, 70) 

, P J, ,K. m. - -• » 5S,Sii- 

Let SMVi'Vf-™ * , cn e is L. I set. -(D 
■ dim ( tv, n mi =* and f ;^, h ip and H' s , hence 
Now m n m ‘ s a suh space of br ^ ^ exlend ed 

the L I set S, which is a basis of 1^ £ - ,F, and II, 

so that the extended sc.s become 
respectively. 
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Let S,={y u y 2l ...,y*, a lf a 2 ,—>«*} be a basis for W x 
dim W x = k + l. - ( 2 ) 

S , 3 ={yi. y 3 .-,y*, Pi> be a basis for W t 

dim W*=k+ni. •••0) 

Now we have to prove that 

dim M'j + dim W s =dim (W^+^+dim (W x fl W 2 ) 
or k + l f/c+/?i = dim ( lV 1 + lV 2 )+k 
or dim {\V x -\-W 2 ) = k + l-\-m. • ( 4 ) 

For this we have to search out a L. I. set of k + l+m 
vectors which spans W x 4- IV 2 and let this set be 

s *—{yu y2» a i* a 2> •••> 

Now we shall show that 

(a) S t is L. 1. ( b ) L (5’ 4 ) = W\+ fV 2 . 

(a) For L. I of S,. 

Consider 2 c t y,- + 27 aj oj \ 2 bt 3*=0. •• (') 

<-l i=l A-l 

2 r, 7i + 2 cij a;= —frt Pt. 

L. H. S. is L. C. of S 2 which is a basis of W x and hence 
G W x . 

and -2 h Pt=—2 bt Pt +E 0, y< = L. C. of S x which is a 
basis of IV, and hence E IV*. But it being equal to L. H. S. 
therefore belongs to W x also. 

—£ b k . p k G W x O IV., or S bt Pt G W x D W % 

whose basis is S x . 
2 b k Pt=L.C. of S x =2 d„ y P . 

2 bt Pt—2 d p y p — 0. 
or L. C. of 5n is a L. I. set = 0. 

Each of the scalars bt and d,, for k = 1, ..,m, p = \,...,k 
are zero. 

Since each of bt is zero the relation (1) reduces to 

2 c x Vi2 Oi v j=0 
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or L. C. of So is a L. 1. set=0. 

Each of scalars c, and a, is zero and also b k are zero 

as shown above. 

Since relation (1) implies that all the solars are zero 
therefore the set S 4 is a linearly independent set. 

(b) For L (S 4 )-=Wi + W 2 . 

Let Z G Wy+W* =* Z=x+P. a G W u p G W, 

=> Z = ( 1. c. of a* and P* of S 2 ) 

+ (1. c. of y and y f of S 3 ) 

= (1. c. of a*, p s and y* of S 4 ) Z G L (S 4 ). 

Hence IVy+W* C L (S 4 ). .- (2) 

Again let Z G L (S,) and proceeding as above in reverse 

order we can show that Z G lFi+ fK,. 

/. L(S X ) C. W x +W , a . ^ ^ 3) 

Hence from (2) and (3) we get Z. (S 4 ) = H'i+ »'s- 

Therefore S x is a basis set for W'i+W's consisting of 

k + l + m elements. 

dim (IF.-f W' a )«fc f/ = f/) f - k 

=dim IFj + dim W' a -dimiW' 1 O W>). 

Note. In case IF, 0 1F 2 = (0} so that dim (W { n ^ 2 ) = 0 
then IFj + IFj is strengthened to fF,©IF 2 and therefore 

dim(W' 1 ©fF 2 )=dim IFi+dim IV 2 . 

§ 14 Quoitent space. 

Certain Definitions. 

Right and Left Cosets. 

Let W be a sub space of vector space V (F) then for any 
vector a G F the set 

i S i _ s { a .|_ii. ; w G IF} is called the left coset a + W which 
is geneated by a and \V. 
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Similarly S~={w+ a : w E is called the right coset 

W+ a which is generated by a and \V. 

Since (V, + ) is an abelian group so is (fK. +) and hence 

by commutative property 

uH-a=a+»v V a € K and w € W. 

Above relation implies a 4- W= W+ a. 

fn other words it means that the right and left cosets o 

W become identical and hence we shall denote a coset 

generated by W and a E V as 

0/+ a ={H’+a : w E W). 

The set W is a coset by itself. 

\V={w : w E tt / }=O v '+ 0 : w G 0 

where 0 is the additive identity of V. 

Therefore the set W represents the coset W+0 generated 

by W and 0 E V. 

^^The coset corresponding to a £ W is the coset W itse 1. 

HM-o={n'+a : w E W). 

But in this case a E W /. H-+a=n 1 E Was W is a 
sub space. 

W^+a-twi : Wi E IV]-W 
Heuce coset ly-fa^coset W when a E W. 

Similarly coset lf'+£=coset W when 0 E ^ 

T/zm.s all the cosets of IV with those vectors of V which are 
also vectors cf W are identical with coset W % where as the 

cosets of W by those elements of V which are not in Ware 
all distinct. 

Addition and scalar multiplication of Cosets, 
we shall define the addition of cosels as 

(H / +a)+(lK+/9)=^+(a+/3) : oJE^ -0) 

and scalar multiplication as 

a (li'-f a) = IV + aa ; a E V and a E 


..•( 2 ) 



_. 353 

Vector Spaces 

whenever a, /3 G V and a E r then since T is a vector 
space we have a+/3 E K and a a. E V and as such 

and IV+aaL are again cosets. 

Hence we conclude that the set of all comets is closed 
w . r . t. the operations of coset addition and scalar nut ti 

plication of cosets. .. 

Now we shall show that the above operations are ■ 

defined i.e. they are independent of the particular represen¬ 
tation to denote a coset. .. 

Let W+ a= o! => W=W+ «' + (-«) *’ a % V W 
=> a'-a e w. Y H / 4-a= W when a E XV. 

=> where u* x E W 

Similarly if W+P=W+?j' then fl'=9+'r. where £ • 

Now (HM-a') + (»'+/J')=W'+<«'+/n hy definition 

= W+( a+Wi + 0 + w’*) hy (3) 

= (^+h , i+m» 2 ) + (o , .+ ^) 

= 1*M-(a+/3) 

= (ff'+a) + (W'+^) hy (I). 

Hence the operation (1) is well defined. 

Again »’+«=»'+«' =* «'-« £ ly! * abovc 

=> a (a—a) E 

=> aa'—aa E W 7 => H'+n a a 

=> a (V/-\-<*)—a (W+9.') hy (»)• 

Hence the operation (2) is also will defined. 

With the above definitions of addition and scalar mu ip 
cation of cosets vse are now in a position to give vector space 
structure to the se, of all cosets and this vector space wU. be 

called quotient space and is denoted by ViW or f . 

Theorem 18. If W be any sub space of a vector spa 
V IF) then the set V' of all co.ets lfK.6 Vua vector 
space over F far the addition and scalar nwlttplUatton of 
cosets as the two compositions defined as 
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(tr+a )+(w r +w=iF+(#+j8) f «, A e p ...« 

a (K'+a)=0'+aa, a G K, a £F ...(2) 

and this vector space is called quotient space and is generally 
denoted by VIW (Delhi 70) 

Now : a 6 V) 

We have already shown that the set V is closed both for 
addition and scalar multiplication and also that the two 
operations are well defined. 

Now we shall verify the postulates of vector space one 
by one. 

1. (V', +) is an abelian group. 

(a) Closure property. (Already shown on P. 353) 

(b) Associative: [(^+a) + (» / +^)l-f(lf'+y) 

-I*r+(«+ffl+(W'+y) by (i) 

“K'-M«+0)+y by OHH'+a+CHy) 

by associativity in V 

+KHM-P)+(*'+?)] 

(c) Identity: 

( W+ 0) + (IV h a) - 1V+ (0 -b a) = w-v a 

( W+ a) + (W'+O) = W+ (a+0) = W+ a. 

V a-f 0=0-J-a=a, 0 being the identity in V. 

Hence tV+ 0 which is a coset in V' is the identity element in V ' 

(d) Inverse : 

( W- 1- a) + ( W+ (- a)) = 1V+ a + (- a) = W\ 0 

=Identity 

( W+ (- a)) + ( W+ a) = W ’+ ((■- a)+ a) = W+ 0 

=Identity 

.'. W+[— a) is additive inverse of W+a £ V 

where -« is additive inverse of a £ V. 


Vector Spaces 


355 


(e) Commutative : 

(»' + a) + ( W+fi) = W+ (a + /3) = W+(ft +«) 

= (« r +/5) + (^+a) 

V (K, 4-) is abelian group 

2. Laws of scalar multiplication. 

(a) a (M -ft)=a a+o 0. a, p £ f' and a £ F 

ol(W / 4-«) + (W / +P)]=a ( , * / +(a+/J)) = l*'+0 (* + fl 

= WM-a a+o /3=(*F+tf a) + (WM-<* 0) 

=fl(W'+a)+<?(B'+/3). 

(b) (fl-f />) «=fl a+ 6 a, a, b £ F. x £ V 
(a+b) [H'+*)=lV+(a+b) a = WM-<?a+6 a 

= (M / +n a! + (»'+* ».) = « (B'+a) 

+ /> («'+*). 

(c) (a/>) a=a (/> a), a, b £ F, y £ V 

(ah) (W+n) = W+(ab) x. = W\ a (bn) 

=a (IV+b o.)=a [b (IV+ «)]. 

(d) l.a=a, 1 is the multiplicative identity of F. 

I .(W+ti=W+ \ .*=W+*. 

We have now verified all the postulates of a vector space 
and hence the set V ' or V/lV={lV-\-x : v. £ V) is a vector 


space. 

Theorem 19. Dimension of quotient space. 


If W be a sub space of a finite diment tonal vector space 
V (F) then dim VJW-dmt V—dim IV where V/IV is the quot¬ 
ient space. (Delhi Hons 70; Aligarh 65; Meerut; 68. 69j 

Bombay 70; B. II. U. 68) 
V/W={IV -fa : a G V) 


Let dim V=n and dim IV—m. 

Suppose Si— {ai, ,•••, «■»} is a basis of II 'hen the 
L. I. set S t can be extended to 

•Ssi = { a l» a 2» a «» Pit Pit "•» Pd' 
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So that the set S 2 consisting of l-\-m vectors is a basis 
set for V. dim V=l+m=n (given). 

We have to prove that 

dim V/W= dim V— dim W=n-m=l-\-m — m=l. 

For this we have to search out a set of / cosets which 
should form a basis for VIW. 

Consider the set 

S 3 ={lV+(i u IV+fc, ..., W+fr}. 

If S 3 is to be a basis set for V/W then we should prove that 
(a) S 3 is a L. I. set, (b) V/IV=L (S 3 ). 

(a) S 3 is L. I. set. 

Consider 2 hi {W+j 3,1=0 of VIW= W. 

<=1 

=* iF-f 2 b t = IV by addition and scalar 

multiplication of cosets. 

*2 b t fa £ W 7 IVV*=W if a E W. 
=> 2 bi pt—l.c. of Si which is a basis of W 

Ml 

=> bt ,3 i=2 at ctf 
}=1 

=> S bi fti—2aj vj=0. 

Above is a l.c. of elements of L. I. set S 2 which is a 
basis of V. 

=> bi = 0 /= 1,...,/, aj=0j=\ r . ,m. 

Since S b t (IF+p<) = 0 of VjW=W => £, = 0 V i 
the set S 3 is a L. I. set. 

(b) VJW=L (S 3 ). 

Let Z £ V/IV=> Z=lF+a, 

where a £ V whose basis is S 2 
=> Z= JL+(1. c. of elements of So) 
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=> Z=W / +( 2 at a>+i bi fa). 

i-i <-i 

m 

But £ a/ a* =a say E W 7 as 5i is a basis set for W 7 . 

/-i 

=> Z=B 7 +a+ Z 1 Pi where a £ if 7 

<-i 

=» z=^+i 6, 0, V B'+a = B / when a E W 
=> z-ff+lMi+^U-lW) 

=> z=(»^+ Mx)+(Ms) + ...+(»'+W 

o Z=6i (JT+/3i) + ^i (»'+0«)+.» + fc (W'+?«) 

o- Z=L. C. of S, 

=> ze l (S s ) 

vi w c l (S 3 ). 

Proceeding in reverse-wav we can prove lhat 

ze ns 3 ) =>ze v/w l (s 3 ) c v/w. 

Hence V/tV=L (S 3 ). 

S 3 is a basis set of VjW and since S 3 consists of l 

elements. 

dim VIW=l=n-rn 

=dim V— dim W. 

yKS. Isomorphism. 

/^Vector space Homomorphism. Li.itar Transformation. 

Definition. A mapping T of a vector space U {F) into a 
vector space V (F) i.e. T: U-> V is called a vector space 
homomorphism or a linear transformation if T is such that 
(1) T(*+P)=T(«)+T(P) Vo.,P€V (additive) 
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( 2 ) T {ao)=a T (*) 


V a <=U,a£F 

(Homogeneous) 

Where T (,) and T (0 are .he elements ofK^ ^ ^ ^ 

Both the above properties I and 2 can be combined into 
single criteria 

; e T{c*+P)=T [c*)+T tf) by {\) 

or T (ca+j8)=cT (a)+T (/5) by (2) c € F, a, (J € V. 

Above is known as the linearity of T and that is why T 
is called linear transformation. [L.T.] 

§ 16. Properties of homomorphism or L, T. r s. 

/ : U(F) -+ V (F) then, 

f ( 0 )=O', i.e. the zero vectors of two spaces corres* 
pond, the vector zero on the left is additive identity of V and 
o' on the right is the additive identity of V. 

Proof. Let/(a)=a', where a £ C/and a' G V. 
/(a+0)=/(«)+/(0) bydef.O £ U. 

=> /(a)=/(a)+/(0) 

* aW+/(0). a'€ V 

=* a'-fO'=<*'+/ (0) 

or f (0)—0' by cancellation law, 

(b) /(-«)=-/(«)»“ G u - 

Let « € 1 / => -a 6 ^ and «+(-«)=0 
/(«+(-«) )=/(0) =>/ (a)+/(-«)=0' 

=> / (-a) is additive inverse of/(«) in V 

=>/(-«) = -/(«)• 

(c) Kernel of homomorphism. 

f:U(F)-+ V (F). 

The set of all those elements of t/ whose /images is the 
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zero of V is called kernel of homomorphism. If this set te 
denoted by K, then 

K={a £ U : f (a)=0} 

To prove that K is a sub space of U (F) (Punjab 60} 

Let a, p G K, so that/(a)=0',/(J3)=0\ 

/ (a* + bp) =/ {ay) +/ {bp) = qf < a) + bf (,;) 

«=a.0'+Z).0' = 0'-l-0'=0’. 

Above shows thattfa+A? e K, when a, [3 £ K and 
a,b £ F. 

AT is a sub space of U (F) 

Illustration. 

Let r: V 3 {R) -► V 2 {R) defined as 
T {a lt a 2 , a 3 ) = {a 2l a 3 ) V a lt a 2 , a 3 £ R, 

We shall show that T defined as above is a homomor¬ 
phism or a linear transformation. Show further that it is 
onto and find its kernel 

T: V 3 (R) V 2 (/?). 

Choose a - (a,. a 2 , a 3 ), P={b u b t , b 3 ) £ V 3 \R) 

T (y.) = (a t , a 3 ) t T (p) = (b 2 , b 3 ) by definition ...(1) 
then eo +p=c {a u a>, a 3 ) + (b u b 2 , b 3 ), c £ R 
or (co.+ P)={ca l -\-b u ca u -f b 2 , ca *-f b 3 ) 

T (ccr.+p)={ca 2 +b e , ca 9 +b s ) 

=(cfl^ ca 3 ) + {b., t b 3 ) 

=c (a t , a 3 ) + (b 2 , b 3 ) 

= cT(*) + T(P) by I. 

Since T satisfies the linearity property and hence T is a 
vector space homomorphism or a linear transformation. 

For onto. Let (a 3 , a 3 ) be any element of V 2 [R) then 
there exists an element (a u a lt a 3 ) in V 3 (/?) such that 
T (ffj, a 2 y a 3 ) — (a 2 , a 2 ). Hence T is onto. 
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Kernel of T : W={a £ K W ■ T M-° £ ^ W) 
where T ( 01 , a «> az) — [a 2> a^—[0 t 0) 

0 2 =O, fl 3 =0 

W={{a, 0,0 ):a£R] 

andbydef. T[a, 0, 0)=(0, 0). .*. IK is kernel of T. 

§ 17. Vector space Isomorphism. 

t . tt v i'c railed an isornor - 
Definition. A mapping T . U -+ V is cauea 

phism of the vector space U (F) onto the vector space V (t) V 
(1) T is one-one 

i.e. TM=T&)»a=fi. 


(2) T is onto 

i e for each vector a 6 V 3 a vector a in U such that 

T( a) = a\ 

(5) T preserves the two compositions of addition and 

scalar multiplication 
i.e. r(a+0) = ra+7|3 
T (ax)=a.T (a) 

Above properties can be stated as under 
i.e. T is linear 

i. e . r(ca+/3)=c 7»+r(0) V a,0 G U and c € F. 

In this case the two vector spaces U (F) and V (F) are 
said to be isomorphic and this is symbolically expressed as 

U (F) s V (F). 


Exercise 5 


1. Let T: V z (R) V* (R) defined as 

T (0i, bx)={b u a^. 

We shall verify that T is an isomorphism. 

(1) T is one-one. Let a=(0i, b lt ) P=(a 2 , b 2 ) 

T(*) = T(P) => (b l9 a 1 )=(b 2 , a a ) by def. of T 


then 
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=> b l = b 2 , and a x = a> => (<?i* by) —(a*, b») 

=> a=£. 

Hence T is one-one. 

(2) T is onto. For every element 
*'=(b lt a{\ G F 2 (/?) 3 an element 

a=(fli, *i) G F 2 (/0 such that 
T (a) = a' ie. T {a lt b 1 )={b 1 , a x ). 

Hence T is onto. 

(3) T is linear. c<x+(3=c (fli, b x )+ {.<*%» b-i) 

= {ca x +a 2t cbi+b 2 ) 

T (ca-f P)=(cbx + b 2 , ca x +a 2 ) by def. of T 
=[cb u ca x ) + {bi, a 2 ) 

=c (b x , ai)-\-{b>, a.,) 

=c T(«) + T(P) 

Hence Tis linear. 

Therefore T is an isomorphism 

2 Let V {R) be the vector space of all complex 
numbers a + ib over ,he field of reals and T be a mapping 

from V (R) to VAR) defined as 

T (a+ib) = {a, b). 

We shall verify that T is an isomorphism. 

T is one-one. Let a =a-\-ib, fi—c-\-id, x, P E V (R) 

T (a) = T (ft) => (a, b) = (c, d) by def of T 

=> a=c, b=d =*- a+ib=c+id 
=> a=/L 

Hence T is one-one. 

T is onto. For each 

(a, b) G K a (*) 3 a vector a+ib G V (R) 
s.t. T(a+ib)=(a, b). 
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Hence T is onto, 

T is linear. ka.+fi—k (a-\-ib)+[c+id) 

=(ka+c)+i [kb+d) 

T (k*+p)=(ka+ Ci kb+d) by def. of T. 

={ka, kb)+(c, d)=k ( a , b) + (c, d) 
=kT(a+ib)+T (c+id) 

=*I» + r(j&). 

Hence T is linear. 

Hence T defined as in I is an isomorphism. 

3. Let Ta : R? -+ R 3 defined as 

T a (at, y, z)=(x, y y az), a^O, where a is fixed in R. 

Show that Ta is an isomorphism of R 3 (R) onto itself. 

Let «=(a'i, y u m), ,3=(x 2 » y a, z 2 ) 

.*. ca+/3=(cxi+* a , cy,+y a , cz x +z a ) 

Ta (ck- f/3) = {c*i+;r a , cyi+y* a (czi+r a )} 

=c (*i, y lt flzi)+(x a , y 2 > azz). 

=c Ta a -\~Ta fi by def. of T a , 

.*. T« is linear. 

T is one-one T a a — T a $ 

(Xi,yu az 1 )=(x 2> >’ 2 , az 2 ) 


=> -Vi=.y 2 , y !=)’*, flz x =flz a . 

Since a^O. .*. Zi=z a * 

Hence a={i. 

.*. T a is one one. 

T is onto. For every vector (x, y, z) £ R 3 the range* 
3 a vector, ^x, z j £ R 3 the domain j.f. 

r * (*• * 7 * H *• 

Hence T is onto and therefore T is an isomorphism. 
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n dimensional vector space V(F)J^ " 

^'(VTisuiudy expressible as a . .c. of the elements of the 

basis set n) 

i.e. a=fliai + 0a a a+ — + <*n«n--Z °i a ‘ 
where a it a t ,.-,On £ F 

The elements of F„(F) are ordered n-tuples and as such 

then-tuple ^ In . 0rder “ f o'e on 

V(F)=V n (F) we have to show the existence of a one one 

onto, linear transformation. 

T : V {F)-* Vn (F) which we define as under. 

X (a) = (tfi, 02,'>‘*a n }' . 

As the scalars a/ in (F) are unique therefore r<«) given 

by (2) is a unique element of V.(F) and hence T is well 
defined. 

T is one-one. Let { 1 = 2 / 0 <a< 

Now 7» = T(p) => (oi. a, . a„)=(b„ b, .M 

^ Q\ = b\j a^ = yOn bn* 

■ £o,«,=£*<« or «=f>. Hence T is one-one 

T is onto. For this we have to show that corresponding 
to each //-tuple say 

(c„c 2) .-,<%.) e F„ (F) 3 a vector y in F (F) 

St T(Y)={c U Co,..-,Cn) . 

Let U^.+c^+.-. + r^ in terms of basis set 

T^a.c* .cj by def. of F. and it proves the 

existence of V. Hence T is onto. 

T is linear. a = £ aiv-u i' J ,a ‘ 
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7 ^ CQi + h) a * and it belongs to V [F) 

(ca+p)-(ca 1 +^ 1 , Cfl a +Z> 2 ,...,cflf,-b^ n ) by def. 

^ (^ 1 , ^ 2 »-*-,ffn) + (^i, b 2y .,. t b n ) 

=c T(<x)-\-T(p) by def. 

Hence T is linear and therefore 

V (F) & V„ (F) 

11 rH '° finUe dimensional vector spaces 

u (F) and V (F) are isomorphic if and only if dim U=dim V. 

roc . , (Meerut M.Sc. 68 ) 

Case I Given that V (F) a V(F) => 3 a one-one-onto 
linear mapping 

T: U (F) -+V (F) 
we shall prove that dim t/=dim K 

Let us suppose that dim U=n, so that by definition there 
exists 1 a basts set A={a t , consisting 0 f« elements 

We shall now establish that the set 

consisting of n vectors belonging to V is a basis set of V In 
order to prove that B is a basis set of V we have to estahli.h 
that the set Bis linearly independent and it spans V 
i.e. L(B) = V. 

The set B is linearly independent. 

Consider a x 7 («,)+«, T (« 2 )+...+ flf| T (a,,)=0' £ V. 

7’(«iai) + 7 , (a 8 « ? )+...-f-r (a„ afl ) = 7’( 0 j 0 £ (/ 


or 


• • 


or 


• • 


T(aa)=a T (a) and T <0)=0' as Tis a L.T. 

1 ( a i a i+«aa a + ...+fl f| a„) = T (0) 

r(a+^)=r(a)+r (p) as ris a l.t. 

a i+fljaj -f... -f a n v n =0 


» ( 2 ) 
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T is one-one which means that 

T^) = T(P) => . . 

But since {a lt a 3y .is a basis set and as sue 1 it is 

and by definition of L.I. we must ha\e 

ai=0, a 2 = 0 ,...,tf «=0 from (2) 
and hence from I we conclude that the set 

r(«,). TM^TM is also L.I. set. 

The set B spans V. , _ 

Let a e U and ft G V and since T is onto therefore 

have 

rw-n . , ,7 

or r (a,«i+Oiot>+-.+«««») = P as A is ® basis set or 

or r(a 2 ) + ...+ 0 .r(a.) = PbyL,r,ar,tyofr 

Hence a vector 0 G ^ has been expres , 

combination of vectors T(a x ), Tfath—'TM ° L 

therefore the set B spans V. 

B is a L.I. set of #i vectors which spans V and as 

it is a basis set dim K=n=dim V. 

c7r h %lTe 'that the image set of a basis set under an 

isomorphism is a basis set 

We have already proved it in the above 

Converse. Given, dim U=dim V=n say. 

To prove that UsV i.e. 3 a linear transformation 

7 ’•(/_*!/ whic.i is one-one and onto as well 

\ n _ t Pu) be the basis sets 

t A =*fai, a®t•••»#•</» B—\pi, e u > . 

consisting of n dements each for V and V respectivey 
... a 6 y => a = £ x,«. as A is a basis set of U. 

Now let us define a mapping T : V - V 

such that = f = S ** aS B^“ baslssCt 

of V. 
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We have chosen the same scalars x { for expressing a and 
p as l.c. of their respective basis. 

We shall establish that T defined as above is an isomor¬ 
phism. From definition (1) we conclude that if a t is a member 
of basis set A then 

r(« < )=7 , (0a 1 + 0a 2 -|-...+ l.a<+ ..+0a») 

=0 J 8 1 +0& + ...-H.j3<+.-.+0/3n)=ft 
by def. of T choosing same scalars. 
i.e. T (a<)=/3< for each / 

T is Linear. 

Let a—E Xi(u t V=2 yt*t G U. so that 
c*+Y*=Z (cx t +y t )*i € U 

T (c<x.-\-y)=E (ext +y t ) ft by def. of F 

Also c T (a) 4- T (y)»e E x { fa +2* fa by def. of T 

-E (exi +->><) fa 

T {ca.+y)=cT (a)+ T (y). Hence T is linear. 

T is one-one. 

Let r(a) = T (yl where a y £ U. 

T (E XiVi)=T (E y t *i) 

=> Exifa=Ey t fa by def. of T 

=> E ( xt—yt) ft=0 V i 

=> Xi—yi =0 V / as basis set B is L.I. 

=> xi=y t V / 

=> E Xi*i=E yw => cL—y 
Hence T is one-one 

T is onto. Let 3 =E x t fa be a vector in V , then by 

<-i 

definition of T the vector S .Yiai=a say which is in U is such 
that T (a)=ft Hence T\s onto. 

/ U st V. 
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Exercise 6 

Ex 1 It V and Ware wo finite dimensional vector 

spaces such lha, dim Victim W and f is an isomorphism of 

V into W, prove that f must map V onto W. 

Let dim V=n and/ : L-+IL be an isomorphism of V 

into W which means that / is both linear and one-one but 

onto, we have to prove that / is onto also. 

Let A ; ={aj, a 2 , «•) be a basis of V of dim «, 

then T **, . , 7U is a L.l. set as shown on P. 364 

Since B is k L.l. se, ofn vectors of finite dimensional 

vector space V therefore it should be a asi 
dimension is also ». Hence any vector « € H is expre 

as a linear combination of elements o 

f is onto : Let B & W Ihen as shown above 
fi-lc. of B= (aifai ++ • • • + 
or p«/( fll a,) +/(«*«•)+ ..+/(«•*-) 

rsf[%) as A is basis for V 

thus for every 0 £ W' 3 '/■ in V such that/(»)~“' a "d hence 

/is onto and consequently/is isomorphism. 

we can in a similar manner prove that 

dimensional vector space of dm « 

^^rfTvXiTdZLiono, and f is a homo- 
“ is'finile dimensional say of dimension n as such it 

has r:: s : 00,,^ of l.,.**.* 

}: and / is a homomorphism which is onto 
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Hence any vector a. £ V is the/image of some vector 

PG V 

a =/(p)=/(fl 1 a 1 +flo«,+...+fln-n) v S is basis of V 

a*=<i 1 /(ai)+flr 8 /(a*) + ‘-*+ fl ii/( tt «) , < 

a 6 F= expressible as a l.c. of elements of S' where 

..,/(«•)} i *• a set of n vectors * 

V C L (S'). Also L (S') C V 
:. V=L (S'). 

Now V is a finite dimensional vector space of dimension 
n and S' is a set consisting of n vectors of V such that L (S) 
= V, it follows that 5' must be a basis of V. Hence S' is 
linearly independent. 

In order to prove / to be an isomorphism we have only 
to prove that /is one-one as it is given that / is homomor¬ 
phism /.<?. linear, and onto. 

f will be one-one if 

/(=.)-/(»*«=? 

Now a=Z am bo t as S is a basis 

/ (a)=/(?) => f(S am)=f (S bm) 

=► S <7. /(a.) = S 6,/(a # ) as/is linear 

=> S (at—b,) f («i)—0 

=>• a t —bi=0 V / as S' is L.I. set 

=> Oi—bi v / =>■ 

Since/(>-)=/ (?) => « = p is follows that /is one-one and 
hence f is an isomorphism. 

Ex. 3. If V is finite dmensional and f is a homomorphism 
of V into itself which is not onto prove that there is some a^O 
in V such that /(a)=0 

We know that if/ be a homomorphism then/(0)=0 

Let us suppose that there is no non-zero a in V such that 
/(«)=0 
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It means that /is one-one because 

f(P)=f(y) =►/((*)-/ (y)=o 

=> / (3— y) = 0 as/is linear 

=> /3—y =0 by supposition 

=> /3=y 

Hence / is one-one. 

Now V is finite dimensional and / is homomorphism 
which is one-one and hence / must be onto. We arc given 
that/ is not onto. Hence our supposition that there is no 
non-zero a such that/ (a)=0 is wrong. In oth;r words there 
is some a^O such that / (a)=0. 

Ex. 4. If A = {d t , a 2 , ..., an} is a basis of V over F and if 

B={p u A>, •••, £>„} in v are linearly independent over F 
then show that rn <. //. Hence show that F n s /•'"* if n = in 
where F n is the totality of all ordered n-tuples over the 
field F. (Delhi 70; Meerut 70) 

The basis set A contains n vectors so that dim V=n 
also we know from Cor. P. 343 that any set ol (//-+- 1) or more 
vectors in an // — dimensional vector space is L.D. 

Hence m ^ //. 

Again from theorem 20 P. 363 we know that V ~ F n 
where dim V—n •••(*) 

Also if W be a sub space of V of dim. ni then 

W ss F' n — W 

Iso rom Theorem 21 P. 364 

V ss Wo dim V-— dim W •••(-3) 

Hence F n s F m ill //=///. From i, 2 and 3. 

Theorem 22. Let U be af d. V.S.ovcr the field F ami 
the set /!={«!, . ,*„} /. a basis of V. Let V be a vector 

space over the same field F and let D = {[j iy be a basis 
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of V. Then there exists a unique linear transformation T from 
U into V such that 

j=l, 2 

Let a E U a=2 Xi a f =.Y 1 ai+*2 a 3+'*-*f 
Let us define T: U -*■ V such that 
T (a)=27.Y,i8,=x 1 j8 1 +x 2 8 2 4-...+A- fl 3n G V as B is a basis 

for V 

From above definition we conclude that 

a< = Ox*-f"0a 1 -f-0a n 

T (ai)= Oft + 0.3 2 -h... ■+1. ^ -h...+0a„=(3, by def. of T. 
Also T is Linear. 

Let a=s xtT-if y=Ey<a< G U so that 
Ca+y=2 

T (ca+y)=2 {3< by def. of T 

Also c T[a) + T{y)=c 2x t fo+Xy f B t by def. of T 

= 2 (cJf,+r,) fii=T (ca+y) 

Hence T is linear 
Uniqueness ofT. 

Let T be any other linear transformation from U -* V 
so that T'iXf = fi] V< 

then a=2 x m T (a) =T (27 x,a<) 

=2 Xi T' (at) by linearity of T 
or T' (a) =27 XiSi =T (a) V a, 

Hence T=T' 

Theorem 23. If and fV 2 are complementary sub 
spaces of vector space V (F) then the mapping T : W%-*VIW X 
which assigns to each vector 3 G the coset W x +fi £ V!W X 
i.e. T (3) = lF 1 -f- 1 3. is an isomorphism. (Meernt 69) 

Since IV X and JV S are complementary sub spaces hence 

Wx n w 2 ={ 0 }. ...(l) 
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T is one-one. Let ft and ft £ /ft then ft -ft also G /ft 
^ (ft) = 7’ (ft) => /ft+ft = /ft-|-ft by def. of 7\ 

=> /ft •Hft—ft)=/ft 

=> ft-ft G /ft V W 1 +a=tV 1 when a £ /ft. 
But ft —ft G /ft also and therefore ft —ft G /ft n /ft. 
But by (I) /ft n /ft = (0) 

ft—ft=0 and hence ft=ft 

V ft=ft 

.. 7* is one-one 

T is onto. Let the coset /ft-fy G ft /ft then wc have 
to show that 3 a vector ft G /ft whose T image is the coset 
fVi+yi.e. r(ft=/ft-fy. 

/ft+V G ft/ft when y G /ft 
Since y G fV, => y G V => y = a+ft a G /ft, ft G /ft 
as /ft and /ft are complementary sub spaces i.e. 

K=Zft0 /ft 

/ft + y=/ft-Ha+ft = (/ftH-a)-f(/ft+ft 

= /ft + (/ft+ft V /ft + a*/ft as a G /ft 
= /ft+^=r (ft by cef. of T 
Thus for each coset 
/ft + y G ft/ft 3 a vector ft G /ft s t. 

T (ft) = /ft -{-y and lienee T is onto. 

T is linear. Let ft and p 2 G /ft so that c ft-f ft also 
G Zft which is a sub space, then 

T (eft + ft) =/ft + (eft + ft) by def. of T. 

= (/ft+cft)-f (Jft-f-ft) by addition of coscts 

= c (Zft + ft)-f-(/ft-f ft) by scalar mult, of 

cosets 

=c r(ft) + 7’(ft) by def. of T. 

Hence T is linear. 

Since T : /ft->ft/ft satisfies all the properties of isomor¬ 
phism and as such it is an isomorphism. 
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§ 18. LINEAR TRANSFORM ATIONS 

Definitions. Linear Transformation. 

(a) Let V ( F ) and W (F) be two vector spaces over the same 
field F. A function T : V-+W is called a linear transformation 
(or vector space homomorphism) from V into W if it satisfies 
the following properties 

{1) T(*+P) = T*+Tp. V a,jSG V. 

i.e. T carries the sum of two vectors ofV to the sum of 
the T images of the vectors. This is known as additive pro¬ 
perty of T. 

(2) T ( aa)=aTa . Va £ V and a £ F 

i.e. T carries the scalar multiple of a vector a £ V to 
the same scalar multiplication of the T image of that vector 
This is known as homogeneous property of T. 

Above shows that T preserves the vector space compo¬ 
sitions of addition and scalar multiplication. 

Both the above properties could be combined into one 
as under. 

T (c a+(3) = T (C'j.) + T (P)=c T (a) +T (j8) 

This is known as linearity of T. We shall use this single 
criteria instead of satisfying the first two properties given 
above. 

( ) Linear operator on V. 

If in the above definition ( a ) the vector space fV is the 
same as V then the linear transformation T : V->V is called 
a linear operator such that 

T(c s '.+(i)=c T(a)+r(fi). 

V a, 3 £ V , c £ 

Thus a linear operator is a function or mapping from V 
into itself. Whenever it is referred that T is a linear trans¬ 
formation on ( it would mean that T is.?, linear operator. 
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(c) Linear Functional on V. 

Again if T be a mapping from vector spa:e V ( F ) to its 
field F 

i.e. T:V-+F s.t. T (ca+ jS) =c T {a)+ T (/?) 

V a, fi E V, c e F 

Then T is called a linear functional on V. 

(d) Identity Transformation I on V 
i.e. (Identity operator) 

If 1(a) =a V a £ V 

then I is called identity transformation on V. 

I is linear. 

Let a, p e Land c G F 
then ca+£ £ V which is a V. S. 

I (ca-f £) = ca-f/i by def. of / 

=cl(a)+l (fS) 

V / a=a and / £=? 

Hence / is linear. 

(e) Zero transformation O on V. 

If O (a) = 0 G V V a 6 V 

then O is called zero transformation on V. 

O transformation is linear 
Let a,p 6 V and c G F so that 
ca+0 G V as Vis a V.S. 

/. O (ca+/J)=0 by definition of zero transformation 

=0 + 0 as 0 is the additive identity of V. 

= c0+0 as in a V. S. c0=0 
—c O (a) + 0 (?) 

O (*) = 0, O (/?) = 0 

Hence O : V-+ V is a linear transformation (operator). 

on V 

Zero functional. 

If o (a) = 0 G F V a £ V. 
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then O is said to be a zero functional. 

Zero transformation from V(F) to W (F). 

IfO (a)=0' GW'.VaGK. 

then O is called zero transformation from V to W. 

Hence T : V~> V such that !T(a)=0 £ V V a £ V 
then T— O i.e. zero operator 

T : such that T(a)=0 EfV a E V 

then T= O i.e. zero functional 

T: V-+W such that r(«)=0' £ W V a £ V 
then T= O i.e. zero transformation. 

Note. If T : V-+W then we shall denote the additive 
identities of V and W by 0 and 0' respectively 0 will stand 
for zero of field. O will stand for zero operator, functional or 
transformation as the case may be 

(/) Addition of linear transformations. 

Let T x and be linear transformations on V into W 
then sum of two linear transformations is defined as 
(Ti+T 2 ) a=Tj a+To a V a E V 
i.e. Ti+T 2 is a mapping which carries any element 
a E V to the sum of its T x and T 2 images in W. 

To prove that Ti+T* is linear. 

Let c/., f$ E V and c £ F so that ect+p £ V 
then (r, + r 2 ) (cz+P) 

= T X (ca+.SJ + T’a ( cx+p ) by def. of T x +T 2 
= (cT 1 a-^T i p)+(c T^+TtP) as 

Ti and T % are L.T.’s 

=c\T 1 7.+ T 2 y.)+[T l p+T i p) 

=c [ (Tx+T z ) a]-h(r l +7’ a ) p. by def. of T x +T 2 . 
Hence T x -\-To is linear. 

(g) Scalar multiplication of a linear transformation. 

Let T be a linear transformation from V into W and a be a 
scalar E F, then the mapping aT is defined as 
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(aT) 0 L=a [T (a)], V a £ V and a £ F. 
ie. aT carries an element a £ V to the same scalar 
multiple of T image of a. 

To prove that aT is linear. 

Let a, p £ V and c £ F then c-x-\-p £ V, 

(aT) (ca-f/3)=o [T(ca + P)] by def. of aT 

=a [cT (a)+rp] as T is linear 
=c aT(*) + a T($) 

=c (aT) a -\-(aT) p by def. of aT. 

Hence aT is linear. 

(h) Additive inverse of a linear transformation. 

The mapping — T defined as (— T) x=—[T (a)] 
is called the additive inverse of linear transformation T. 

To prove that —T is linear. 

Let a, ft £ V and c £ F so that ca-\~P £ V 

(-T) (ca+p)=-[r(ca + p)] 

= — [c T (a)+ T (p)] as T is linear 

-c [-T(*))+[-Tim 

=c (-T) u. + ( —T) p by def. of — T. 

Hence —T is linear. 

Cor. T ( — v.)= — T (a) V a £ l 7 
T (— a) = T [(— l) a] 

=-(-1) T o= — Tca V T(ax)=aT( a) 

r (a-p)=T[( a +(-^)I 

= 7’ (a) + r (-p) by linearity of T 

(f) if t : V->W then zero vectors of V and W correspond. 

' i.e. T carries zero vector 0 of V to zero vector O' of W. 
Let a £ V so that T (a)=a' say £ W 
Now a + 0=oc where 0 £ V 
then T (a) = 7 T (a+0) = 7 T (a)-f T (0) 
or a'=a' + r(0) where x £ W. 
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Above shows that T (0) is the zero vector of W. 

i.e. 7(0)=0' 

where 0 and 0' are the additive identities of V and W 
respectively. 

O’) Vector space isomorphism. 

If T be a mapping from V ( F) to W ( F) such that 

(!) T is one-one. 

(2) T is onto. 

(3) T preserves the vector space compositions which in 
other words means that 

T(cjl+?,)=cT(«) + T(P) V a, p e Kand c G F 
then the two vector spaces V ( F) and W (F) are said to 
isomorphic and expressed as V ^ W. 

Theorem 24. Vector space of linear transformations. 

Prove that the set of all linear transformations from 
V (i 7 ) to W (F), denoted by L (V, W) forms a vector space 
over the field F with respect to addition and scalar multipli¬ 
cation of linear transjormations as defined in ( f) and (g). 

(Kanpur 69, Meerut 68, 69) 

We shall now verify that the set L ( V , W) satisfies all the 
axioms of a vector space. 

L (V, W) is an additive abelian group. 

Let T u To, r 3 £ L (V, W) then 

(1) Closure. The sum of two linear transformations is 
again a L.T. as shown in (/) [Reproduce here) 

(ii) Associative. (7 T 1 + r 2 ) + r 3 =r i +(7 , 2-|-r 3 ), 

[(T’l + T'aJ + Ty a=(r 1 +T 2 )a+r 3 (a) by def. of 

= [T\ (a) + r a (a)]-f r 3 (a) 

But Ti (a), T 3 ( a ), T 3 (a) are all elements of W which is 
a vector space in which addition is associative. 

(«)+[r, (a)+r 3 (a)] 

= T 1 (*)+[(r a +r 3 ) ^(Ti + iTt+T,)} a 
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or [(r 1 +r 2 )+r 3 ]x=[r 1 +(r 2 +r 3 )]a. v a e v. 

(73+r 2 ) + r 3 =73+(73+ r 3 ) 

(iii) Identity, zero transformation is the identity element 
of L (V, W). 

V (r+O) a= T (a)+0 (a ) = T (a)+0'=7' (a). 

r+o=r. 

Similarly O + T=T. 

(iv) Inverse. The inverse of any transformation 

TG L (V, W) 

is -73 where (-T) a =-[r(a)] by def. 

Now [r+( — 7*)] a =T (a)+(--7’) cj.= T (a)—7 (*). 

= 0=0 (a) 

T+(—T)=0 i.e. identity. 

Hence the inverse of every transformation T exists which 
is —T and which is a L.T. as shwon in (//) P. 376 

(v) Commutative, i.e. 73+73=73+73* 

(73 + 73) a= T\ (a) + 73 (*) 

But 73 (a) and 73 (a) are elements of vector space W in 
which addition is commutative and hence it can be 


written as 


=7- s w+r 1 (a)=(r 2 +r 1 ) 


Hence 73+73—73+ 73. 

Thus L (K, W) is an additive abelian group : 

Laws of scalar multiplication. 

For any vector space V the following laws of scalar 
multiplication hold good for all V, a, b G F. 

(1) a (a+p) = aa+o;i, 

(2) (a + b) a = aa+Z>a. 

(3) ( ab ) a=a (M- 


(4) l.a = a. 

Here the vector space (to be proved) is L ( V, W) whose 
elements are linear transformations 
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Ti, T 2 say and let a, b £ F 
then we have already shown that 
a T 1 is also a L.T. s.t. (a T) a=a [T ( a )J 
we shall now show that L{V, W) satisfies the above four 
laws of scalar multiplication. 

(i) [a (71+r 2 )] a=a [(7' 1 +r 2 )a]=fl [71 (a) + 7 a (a)] 

£ W £W. 

=fl Ti (a)+fl r 2 (a) by I for W. 

—(a T x ) a+(a T 2 ) a. by def. of a T. 
=[aT 1 +aTo ) a by def. of addition of L.T.s. 
a (T 1 +T 2 )=aTi+aT 2 . 

(ii) Kfl+A)71««(a+*)[7’(a)] 

£W 

=a [T (a)]+6 [T (a)J by 2 for W. 

={aT)*+(bT) a. by def. of aT. 

=(aT+bT) a by def. of addition of L.T.s. 

(a+b) T=aT+bT. 

(iii) [( ab) T) x=(ab) [T (a)]=« [b T (a)], by 3 for W 

£W 

=a[(6 T) a] by def. of aT. 

=[a (67';] a. 

/. (ab) T=a (bT) 

(iv) (1.7) a=l [7 (a)]=7 (a), by 4 for W. 

etv 

i.T=T. 

Thus all the axioms of a vector space are satisfied by 
L ( V, IV) which therefore is a vector space. 

§ 19. Composite Transformation. (Kanpur 69) 

Let U, V , IV be three vector spaces over the same field F. 
Let T x and 7 a be two linear transformations defined as 
below 

7 X : V->tV r T 2 :U-+V 
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then T X T 2 is a composite transformation from U-*W 
defined as 

T T z M=T x [r 2 (a)] G IV. 

G V 

Above shows that T 2 : U-+V transforms 
a G UtoT 2 (a) G F 
and Ti : F->PF transforms 

T 2 (a) G V to T x [T., (a)] G IV. 

Thus T x T 2 is a transformation from U to W. 

V~>\V U-+V 

Hence T a T 2 is defined if the range of post factor T 2 

i.e. V is equal to domain of prefactor Ti i.c. V. 

It may be noted that in the composite transformation 

TxT 2 , T 2 is applied first even though it is written after T x . 

In this case though T X T % is defined but T%T x is not 

defined because applying T x : V -> IF it will carry p G V. 

to Tx (P) G W. and now 1\ [A (p)] is meaningless as 

W. 

T % is a transformation from£/-* , F. i.e. A carries elements 
of U to V and not elements of W. We can also say that AA 
is not defined because range of postfactor T x i.e. IV is not 
equal to domain of prefactor 1\ which is U. 

To prove that ATo is linear. 

Let a, p G U and c G F so that cx+p G U 

Now TxTz\.(cv.-V$)\=Tx[T z (ca+fJ)] 

= T X [cT 2 (a) +A (fi>] as T 2 : U -> V is linear 
G F GF 

= A [<?A (a)]-f A [r 2 (p)] as T X :V-*W is linear 

=cA [Tti «)]+AlA(P)] 

=c (AA) a+(AA) p. 

Hence A A is a linear transformation. 
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§ 20. Composite^ inear operator. 

We have seen in last article that if 

T x : V-*W and T z : ZJ->V then T x T t is a linear trans¬ 
formation from U-+W whereas T 2 T X is not defined. 
However in the case of linear operators i.e. when U=V—W. 
then both T X T 2 and T 2 T X will be defined but T x T t is not in 
general equal to T 2 T X i e. multiplication of linear operators 
is not commutative in general. Let us illustrate this by the 
following examples. 

Exercise 6 

Ex. 1. Let T x and T 2 be linear operators ( L.O .) from 
R z {R) to Rr (R) defined as follows. 

Tl ( X lt *2) = (*2» *i) ...(l) 

T 2 (.Vj, *2) = (*i> 0) •••(2) 

Now T X T* [x u x 2 )=T x [T t {x u ,Xi)) by def. of T x T t 

= T x [(x x , 0)] by (2) 

=(0. x x ) by (!) 

Again T*T X (Xj, x 2 )=T 2 [7\ [x X9 x s )] by def. of T 2 T X 

= T 2 (* 2 » *i) by (1) 

=(**, 0) by (2) 

Above shows that T X T 2 ^TJ X i.e. T x and T 2 are not 
commutative. 

As an other example let us consider the following. 

Ex. 2. Let V be the vector space of all polynomial 
functions f in one indeterminate x with real coefficients. Let 
D be the differential operator and let T be the linear operator 
multiplication by x. 

[DT]f(x)=D[Tf (x)]=D[xf(x)] 

= !•/(*)+*/'(*) ...( 1 ) 
[TD]f(x) = T[Df(. v)] 

= r K]=4=*/'w 


...(2) 
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Hence DT^TD. 

In fact [( DT - TD )] / (*) -/ (x) = I [ f ^ x)) 

DT—TD— I i.e. the identity operator 
Also prove that (TD) 2 =T-D- + TD 
( TD) 2 f(x) = TD [(TD)f(x)] = TD [xf (.v)] by (2) 

= T{D [xf (x)] 

=T[f (x) + xf" (a)) 

=xf (x)+x 2 f (x) -(3) 

Again (T 2 D l ) f [x) = T i [D 2 f (x) 

= T 2 [f" (x)]=x 2 /" (x) 

Also (TD) f(x)=xf (x) by 2. 

( T-D 2 + TD) f (x) —x~ f" (x) +xf (x) 

= (TD) 2 f (x). by (3) 

( TD) 2 =T 2 D 2 +TD . 

Ex. 3. In (he vector space of Ex. 2. ij the operator T 


be defined as 

T(f(x))=\ X fix) dx. 

J 0 

then DT=I but TD^I. 

I.ct f (x)=po+PiX+p>x- + .G V . 

(DT)f (x)=D [T(f (x)}]=2>^y(-v)r/.vl 

= D [\ ( Po+PiX+PiX 2 -\- . }dx J 

[ x 2 x 3 1* 

+A T + ”' Jo 

d [ . x 2 . x 3 1 

= dx[P° x+Pl i +Pl T + " J 

—Po+Pi x +P* x *+ ■ —f l*)—I [/Ml 

Since (W)/W=/[/WI V/(.v) £ K 
/. DT-^I the identity operator. 
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(TD)f(x)=T[D(f(x)] 

=r 0s (p ° +pi * +p2x!+ '" ) ] 

= T [ Pi~\~2piX +...] 

=(•^+2^+...) dx 

= [piV+/7 2 X 2 +... J o 
— PiX-\'P*X 2 ’\~ —ifif ( x )t^1 !/(*)] 

TD&. 

Hence DT^LTD. 

§ 21. Properties of multiplication of linear operators. 

Let A, B, C be three linear operators on J vector space 
V (F) and O and l are the zero and identity operators on V. 

Then the following algebraic results hold good. 

(1) A0=0A=0 

(2) Al=IA=A 

(3) A (B-fC) = AB-f AC. Right distributive law. 

(4) (A+B) C=ACH BC. Left distributive law. 

(5) A (BC)=(AB) C. Multiplication is associative. 

(6) k (AB) = (kA) B=A (kB) where k is a scalar, 
i.e. maltiplication by scalar is associative. 

Let a £ V then by definition / (a) = x, O (x) = 0 G V, 
AB{o.)=A[B (a)]. 

(1) A O (a) = /l [O (a)] = /i (0) = 0=O (a), 

/. ^0=0 

0-4 (a) = O [A (a)]=0 (j3) where | l = A (a) £ V. 

=0=0 (a). 0-4=0. 

2. Al (a) = -4 [/ (a)]=^a. .\ / (oc)=a. 

/. AI=I 
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IA (a ) = I[A (a)]=/[p] where/# (a) = P 

= p = A (a) 

/. IA — A. Al=l A=A. 

3. [4 (5+C)] a=/i [(£+C) a]=/l [5 (a) + C (a)] 

G K G K 

= A [5 (a)] + /< [C (a)] by linearity of A. 
= (AB) a + {AC) «.= (AB+AC) a. 

.*. A (B+C) = AB+AC 

4. [(/i + B) C] a=(/l+B) [C(a)] 

G K 

= /l [C(a)]+fl[C (7.)] 

by def. of addition. 


=(AC) a.-\-(BC) a 
= (/4C+/?C) a. 

(A + B)C=AC+ C 
[A (BC )] a *~-A [( BC ) a ] = A [B [C (a)}] 
=[{AB\ C(rj.)]=[{AB) C] a. 

/. A (BC) = (AB) C. 

S. [k {AB)] rj-kA [B (aVl = [(/:.-f) B (a)]. 

=[(kA) B) a. 

.*. k(AB) = (kA)B. 

Again [A (kB)] a=/l [(kB) a ] = A [kB (a)] 

= kA[B(<j)]=k[{AB) o] 

A (kB)=k (AB) 
k (AB) = (kA ) B=A (kB) 


Algebra 

§ 22. Define Algebra and prove that the set L (V, V) of 
all linear operators on V constitutes an algebra. 

Definition. Let V (F) be a vector space over the field I 
Then V (F) will be called an algebra over F if it is equipped 
with another composition called multiplication of vectors 

satisfying the following : 
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(1) Multiplication is associative 

i-e. (a/3) y=oc (py). 

(2) Multiplication is both right and left distributive 

i-e. a (P+y)=a3+ay 

(a+p) y*oty+py. 

(3) Multiplication by scalar is associative 

i-e. c (a3)=(ca) p = a (cP). 

Alternate definition. 

Recalling the definition of ring we know that ( R , +, .) 
is a ring if 

(a) (/?, +) is an abelian group w.r.t. addition. 

(b) Multiplication composition is associative. 

(c) Multiplication i> both right and left distributive 
w r.t. addition. 

The properties (b) and (c) are same as 1 and 2 given in 
first definition. 

Hence we can define algebra as a ring (R, +, .) if the 
set R is a vector space with the additional property that 

c (ap)=(ca) 0 = a (cp) 

i e. multiplication by scalars is associative which is property 3. 
In other words. 

A ring (R, + ,.) along with an external composition known as 
scalar multiplication satisfying the laws of scalar multipli¬ 
cation along with the property that 

c (a£) = (ca) =a (c/5) 
is called an algebra. 

Algebra with unity. 

In case there exists an element in V (F) such that 

1 . c/.=a. 1 = 1 

then it is said to be an algebra with unity. 
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Commutative Algebra. 

If the elements of V are commutative for multiplication 
then it is called commutative Algebra. 


Thus we see that whereas in a group there is one com¬ 
position (internal) and in a vector space there are two com- 
positions namely addition of vectors (internal compostt,on) 
and scalar multiplication of vectors (external composition). 
But in an algebra there are three compositions, the two being 
the same as of vector space and the third an internal com¬ 
position known as “multiplication of vectors" sastify.ng car- 

tain axioms listed above. 

2nd part. The set UK V) whose elements are linear 
GDerators A D, C is a vector space as has been established in 
Th. P 24. 377. Again from § 21 P. 283 we know that multi¬ 
plications of operators satishes the following 
(|) (AI3) C=A (BC) 

( 2 ) A ( B+C) = AB-\-At 
(A+B) C=AC+BC 

(3) k ( AB) = (kA ) B=A ( kB ). 

Also IA = A1= A 

Hence L (V, V) is an algebra with unity. 

Similarly the set of n < « matrices with elements over R 

an algebra over R with identity. 

Another Theorem. The set U V, V) of all linear opera¬ 
tors on a vector space V is a ring with unity element with 

respect to addition and multiplication of operators dcfii 

as before. 
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§23. LINEAR FUNCTIONAL ON 
VECTOR SPACE (V. S.) 

Linear Functionals. 

If V (F) and W (F vector spaces over the same field 

F then 

1. T : K-* W is a linear transformation from V to W. 

2. T : V-+V is a linear operator from V to V. 

3. /: V-+F i.e.f is a linear trasformation from a vector 
space V to its field F then this particular type of transforma¬ 
tion is said to be linear functional (L.F.). 

Hence a linear functional f over V (F) is a mapping which 
assigns to each member a E V (F) an element f (a) which is 
in F, such that f is linear. 

In other words 

/(*+!*)=/(<*)+/(ft *,0e y 

f{a a) —af (a) a E F 

Combinning the above two we can define linearity by a 
single relation i.e. f(a a+ft=a/(a)+/(ft. 

Zero functional : If/ (x)=0 (scalar) V a E V {F) then 
/is said to be zero functional and is denoted by O. Similarly 
(— /) a =—/ (x) and we can show that both O and —/are 
alsol inearfu nctionals as shown on P. 375-376 that O and — T 
are also linear transformations. 

Exercise 6 

Ex. I. Let us consider the vector space R n (R). 

Let a. E R n ( R) = [a u fl 2 ,•••,«»») € R i.e. F 

$ E R n {R) = {hiyb i . ...ybn), bi E R i.e. F. 
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Let us define a mapping/ which sends each a £ A" («) 
to its first coordinate i.e. ay G R i- e - F■ 

f : a-* fli i c. /(a)= fl i 

/:/3->6i /.e. /(.3) = ^i- . J . 

The above mapping is a functional as it sends t e 

elements of the vector space to its field and we have only to 

establish its linearity. Consider any element ca+P € * W 

ca+p=c (flj, btf’M 

ai + ^x, ^ 

• # y (ca-b^) = ca, + 6i by definition of f i.e. it sends each 

element of vector space R* {R) to its first coordinate in R. 

or /(c* + p)-t/(«)+/(«. b y( A ^ 

Hence/is linear. , . , . 

Ex. 2. /« example l if x u x 2 , x 3 , .... An be fixec e emeu 

of R i.e. F then a functional f defined as under 

f ( a ) = *i +0*+.+*" °" 

/5 a //wear functional. 

If /3=(&i, *2 .&«) then 

f(P)=Xy bi + x z b 2 + . +*n b n . 

Now c a+P = (c a x -\-b u c a 2 +b 2 .. . . 

• f(c *+P)=Xy (ca x + bi)+x 2 ( ca 2 +b 2 ) + .~ ••• 

* J +Xn (can + bn) 

by definition off 
=c (xi a\ 4- x 2 a 2 + ...+.Vn a*) 

+ (Xy by+x 2 b 2 +...+x n b„) 

= cf(7.)+f(P)- 
Hence/is linear. Also 

x, G F,a t G F* Z x % a 4 G F. 

... /(.) = £* a =*• f ■ *' (*> - R r e - R 

Hence / is a linear functional. 

Ex 3 Let V be the set of all nxn matrices overaJteU 

F V e. R ) Let A*-la,] where a„ £ F then we know that 
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Trace A=sum of the diagonal elements of A 
— ffn 022 “!■••• "I"G F’ 

Now if/ be a mapping which sends each matrix A of 
the vector space V to trace A which is in F 

f : A-+ Trace A. or/ M)= Trace A. then/ will be a 
linear functional if we establish the linearity of/ 

Let A, B be any two square matrices G V 
The matrix cA + B will have its diagonal elements 
ca it 4-b ti ,... t cann-\-bn n 
/(c/4-f-^)=Trace (cA + B) 

— O0n + ^ll + c 022 + ^22 + • •• "t* ca„n + bt in) 

= C {a n + 6 22 + ... + 0 nn)+ (^11 + 622+ ••• -\-b n n) 

=c Trace A 4-Trace B 

f ( r A + B)=rf(A )+/ {B) so that/is linear functional. 

Theorem 25. Iff be a linear functional on a vector 
space V (F) then 
(fl) / (0)« 0 

(b) /(-*)=-/(<x) V a £ V. 

Since/is a linear functional hence a G V =>•/(a) G F 
f (a)+0=/(a) where 0 is zero of F 
or /(j') + 0=/(a+0) a + 0=a. 

=> / (or) + 0=/ (a) +/ (0) / is linear 

=>■ f (0)=0 by cancellation law in F 

(ii) /[*+(-*)]=/(*)+/(-«) ^ / is linear 
or /(0)=/(a)+/(-«) V a + (-a)=0 
or 0 =/(«)+/(-“) 

Above relation shows that /(—a) is the additive inverse 
of / (a) in F which is /(a) 
or /(-«)=-/(v) 
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§ 24 Dual space of vector space V (F). 

We have already proved that the set L (V, W) of all 
linear transformations T:V^W is a vector space vv.r.t. the 
two compositions namely addition of transformations and 
scalar multiplication of a linear transformation defined 
as under 


(Ti+Ti) <x. — T l u.-\-T 2 v.. 

(aT) «=a [T (a)] (see Th. 24 P. 377) 

Similarly the set of all linear functionals/ on V denoted 
by L {V, F) {F is regarded both as a field and a vector 

space F (F), is a vector space w.r.t. the two compositions 

defied as above. 

i.e. (/x+/«) «=/i («>+/. (*) v « G V 
(of) a = *[/(*)] V a G V, a G F. 

This vector space of all linear functionals on 1 
ie. L (V, F) is called the dual space of V and is denoted 

by V* 

Hence V* = {f‘ V -► F such that/is linear.} 

Theorem 26. The set V* of all linear functionals on a 
vector space V ( F) is also a vector space over the field 
F with addition and scalar multiplication defi ,ed as 

(a/) cc—a [/ (a)] V a G K a G F 
First of all we shall prove that/H /. and a f are linear 
functionals which in other words means that the set V* is 
closed both for addition and scalar multiplication. 

Since f x («),/* U) € F it follows from I that 
(/,+/,) a G. F i e. fi+f* : V -*■ F 
and as such/i-b /2 is a functional. 

Similarly /(a) G F, a G F => «[/(«)] ^ F and hence 

from (2) we get (a f) a G F 

i.e. af: V-* F so that (a f) is also a functional. 

Linearity of fi+fa 
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Let a, (3 G K and c £F 

f/i+A) (ca+p)*/i (<?a+M+/ t (ca+(3) by 1 

=cfi (a)+/i (P)+f/i («)+/* (.3) 

by linearity of / lf / a . 
=d/i(a)+/ 2 («)]+/i(P)+/ 8 (P) 

=c[(/i+/ 2 )a] + (/i+/a)Pby / 

Hence /i+/ 2 is also linear 
Thus/„/, £ F* => A+A £ F*. 

Linearity of a f. 

(a /) (ca +(})=0 [/(ca+p)] by (2) 

=a [cfb)+M] V /is linear 

=a [c/ (<x)]-f-a [/ (p)] by Dist. Law in a field 

= M/(a)+fl[/(p)] 

-M/(•)+«[/(«] 

V ac=ca in a field. 

=c[a/(«)]+fl[/(»] 

=d(a/)a]+(fl/)P 
Hence a / is also linear 

Thus / £ V*, a £ F => af £ V* 

Hence the set V* of all linear functionals is closed both 
for addition and scalar multiplication. 

Axioms of vector space. 

The set ( V*, +) is an abelian group. 

1. Closure property. / lf / 8 £ V* => f x +f % £ V* 

This we have already proved above. 

2. Associative. (fx+f i )+f,=f 1 +(f i +f 3 ) 

[(/l+Zal+Zal a = (/i+/>) a+/ 3 {a.) V a. £ V by 7 

=[/x («)+/, <«)]+/. («) by 7 
= /i (i)+[/ 2 (a) («)] 

As /1 (a),/ 3 (a)./ 3 («) 
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all belong to F in which addition is associative. 

=/iW+i/.+/.)«' fe y 7 
=[/i+(/s+/a>l a - V aE V 

■I ^S^r^f-ct'iona. O O W-0 e F 

is^e.i^o^a^/laJ+O (a) V a G K 

=/(a) + 0=/(a). 

as 0 is the identity of F. 

. /-4-0=/ similarly O +/-/• 

4. Inverse. The inverse of any functional / G 

c y* such that . . 

J ( -f) a—l/(*)] by definition. 

r ])] a=/ (a)-K — /) a ^ 1 

=/(«)-/(«) by defof -/• 

= 0 G F=0 («) V a G V 

by def. of O functional. 

. /•,(_/■)=(). Similarly (-f)+f=° 

5. Commutative, i.e. f x +fz=h+fi V ju ^ E ^ 

</.+/.)«=/■ (a ; ( , a) , by ' 

=/* (a)+/x («) 

• • Addition in F is commutative 

= a V a G ^ by / 

* + /‘.=/a+/i 

Hence (K*. + > « an additive abelian group. 

R Laws of scalar multiplication. 

Jor any vector space V the following laws of scalar 

multiplication hold good. ^ ^ 

’ (2) te+A)a~<«+*« 

(» ,1 
(3) («W l* (a)1 
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Here the elements of set V* are linear functional fi,f% 
say and let a, b £ F then we have alrady proved that af 
is also a linear functional such that 

(u/x) [f («)]. 

We will now show that the elements of V* satisfy the 
above four laws. 

(1) [a (A+M a=u [(/i+/ 2 ) a ]=a [fi («)+/> («)] 

=afi (a)+fl/a (a) by Dist-Law in F 
— (af) a+(fl/ 2 ) a by def. of af 
=(af+af) a. by def. of addition in V* 
a (f+f)=af-\-af. 

(2) [(a+b)f] a=(a+b ) [/ (a)] by def. of af. 

=af (a )+bf (a) by Dist-Law in F 
= {af) a +[bf) a by def. of af 
=(af+bf) a. by def. of addition in V* 

( 3 ) [W/J (/(a)] by def. of af 

—a [bf(o)] 

V Multiplication in F is associative. 

=a [( bf) a] by def. of bf. 

=[a (bf)] a. 

/. (ab) f=a (bf) 

(4) (1./) a=l [/(a)] by def. of*/ 

=/ («) 

as 1 is the multiplicative identity 

of field. 


1 ./=/. 

Hence V* the set of all linear functionals on V is a vector 
space w.r.t. addition and scalar multiplication as defined in 
1 and 2. 

The vector space V* is called the dual space of vector 
space V. 
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Theorem 27. If V (F) is an n dimensional vector space 
° nd S< A={o. u a 2 «„} be an ordered basis for V then for any 

B={x„ x 2 x„} there exists a unique l,near functional 

f on V such that 

f (a i)=Xi, i=I. 2 , . , n. 

Refer Theorem 22. P. 369. 

Proof. Let a G V => *=a 1 ai + a a +...+ fl« 

as A is a basis. For this vector a let us define/as under 

/ (a) = fli X\-\-a»X 2 -\-" 

i.e. we liave chosen the same scalars a v a,. ,o» which were 
used for expressing a. 

Since e F, xt £ F E a* ^ F - 
Thus from 1 we conclude that/is a mapping which asso¬ 
ciates each a G V to an element of F. Thus/: V-+F 
f is linear. 

Let P G V £=/>ia, + Z> a a a +... + />„ «n 

For this vector (i let us define 

f (p)=b l x l +boX i -\- — + b n x n . **'' ' 

Now ca +?-=c( a ,a 1 +a 1 * 2 +-. 

+ (6iKl + ^2«2+---+^ n 
= (Cfll + 6l) «1 + • +(^n+/’o) an 
. f( C: -yp) = {ca 1 + b 1 )x 1 +.. + (ca n +b n )x n . 

We have chosen the same scalars which we used in 
representation of c«+/* in terms of basis set. 

• f(c<x+P)=c(a 1 x l +a 2 x 2 +..-\-OnXn) 

-f- (6iXjT b 2 x %-\-... -b b n x n ) 

= c/(a)+/0) by 1 and 2 
Hence/is linear. 

Again from above definition of/we have 
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a < =0ai4-0a2+...+1 .a<-|-...-J-Octn 
/(a<)=0x 1 +0x 2 +...+ l.x < +...+0.x„ by I 
or fWt)=x i V \.Xi=x { in a field F. 

Hence f{au)=Xt, i=l, 2, ... ,n. 

Uniqueness of f. Let g be any other linear functional 
such that g (*<)=*< V /. 

NOW g ( 9.)=g (fliai + £r 2 a 2+‘*-+cr/J a n) 

=a x g (a a )+a 2 g (a 2 )+ ...+<*« g ( a «) 

by linearity of g 

=z aiX x -\' a^x^-F ...-\-a n x n , g(tt-t) Xi 

-/(«) by (I) 

Since g (a)=/(a) Vi 6 i' £=/• 

Hence above establishes the uniqueness of/. 

§ 25. Dimensions of the dual space. 

Theorem 28. The number of elements in the basis set of 
V* the dual space of V is called the dimension of dual space. 

The dual space V* of a finite dimensional rector space 
V (F) of dim n is itself of dimension n. 

Or 

If V (F) is an n dimensional vector space and 

is a basis for V then there exists a unique basis 
‘S’ 2 = {/i, /a,..., fn} 

of the dual space V* with the property that 

fi (a<)=S<j, y=7,...,« 

where is the Kronecker Delta which means that 
f (a,)=0 

f (*,) = ! i=j (Meerut 69) 

Gwen. The vector space V (F) is finite dimensional and 
has dimension n and hence it has a basis set Si consisting of 
n vectors i.e. 
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S x —Wu «*, is a basis for 

so that any vector a G V can be uniquely expressed as 

a*=27 a t ot| 

‘=1 

To prove dim V* = n. In order to prove that dimension of 
dual space V* is also n we have to establish that there exists 
a basis consisting of n elements of V * which are linear 

functionals. 

So={fuf* ./„} where// are in V* and are linear 

functionals on V is a basis set for V*. 

Method. 

In order to prove this we will have to establish the 
following. 

(1) S 2 is linearly independent. 

(2) 5a is a spanning set for V * i.e. any functional / G V * 
is expressible as a 1 .c. of// the elements of basis set S*. 

Proof. 

Step. 1. Let us define the linear functional / on V 
as follows 

a g: V— ... -\-a n y. n and let 

/ (a) =fi (2 a l <x i )=a i G F(by definition) 

In other words/ assigns to each vector a in K the/h 
coordinate of a, relative to its basis Si. 

Clearly/ is a functional and we must establish its 
linearity, 

Let a,p£ F and c G F so that o=27a«x<, p=27&<a< 

/. ra -f p = c 27 a < a 1 + 276<a< = 27 (ca, + 6<) a, 

V ( Ctt +|j)=ca#+6/ (by definition) 

-c/ (a)-+/([*)• 

Hence / is linear. 
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Also f) (x<)=/j (Ox-i-f 0a 2 + — + l-«<+—+® a »>) ® 
i.e. as tfj = 0 

fi {v,)=fj (0ai+0a a +... + 1 .«J+ - +0a„) = l as fli-l 

or fi (a.)=5<# which means=0, =1»i=7- 

Uniqueness of f. If gi be any other functional s.t. 

gi (a,)=8<j then 

g, (a)=g, (Z a<)=2 at gi (a,) by Linearity of gs 

i i 


=dj—fj (a) gf—fi- 

Hence fi is unique. 

Step 2. The set S 2 is linearly independent. 

Consider a linear relation 27 c t f = 0 i.e. zero functional 
say f and we shall show that each a=0 in order to establish 

Now /(co)=0 (a/)=0 for each j as/is a zero functional 

Put f~L 7 £</< tbe L.H.S. 

• 27 (ft/,) a/=0 =>27 c, (/, ai) = 0 


=> S ft 5,i=0 => ft. 1 = 0 
<-i 

because &j. 8«=0 and when i=j then 8<>=1. 

Now in place of ai we could take any of the aj, a a , . ,x n 
and thus prove that 

ci = 0, <*2=0,.jC’ n =0. 

Thus c< = 0 for each i and hence the set S a is L.I. 

Step 3. To prove that S 2 spans V* 

Let /be any functional £ V* such that / (a-j)=Cf 
Now if a e V then a=27 a t o t 

/(a)=/(27a < a < )=27fl,/(«i)=-27a, c, 

Again (S Cj fi) a=(27 a fi) (S ai *<) 


...(1) 
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= £ Cj fi (Z at a,) 

1 

=Z a Z aift (on) Linearity of ft 

i * 

=Zc,a, /,(a.)=5«/=l when i=/ 

i =0 when i^j 

=Z a a t =f (a) by I. 

i 

Thus we have proved that 

(Z C,ft) a=/(a) V a G K 
/. f=Z cj ft or [f-SfMfi on putting e,~f M) 

i.e. f has been expressed as a L.C. of/„/ 2 , ••» /» and thc " e '' 
functionals have been shown to be L.I. an as sue w 
form a basis for V*. Since it consists of i> elements and 

such dim V* = n. 

dim K=dim V*=n, 

Also the set S 2 is unique as each member f, in it is unique 
as shown earlier. 


This set is called dual Basis of V* corresponding to 
given basis S\ of V (F). 

Cor. Prove that the vector space V and its dual I * 

are isomorphic to each other. 

We know that two vector spaces are isomorphic to each 
other o they have the same dimensions (Th. 23. P. 370) 

Here dim P’=dim V*=n. 

Hence V^V*. 

Therefore the rroof of the above corollary is same as the 

proof of the main theorem. 

Another form of the above Theorem 
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Theorem 29. If V be a finite dimensional 

over rhe field F and let 

B = {a i, a 2 ,*..,a n } 

be a basis for V. Then there is a unique basis 

B* = {fi, fif-ijn} 

for V* such that 


(1) fi (at)=Sij 

(2) f=2f( a«) ffor eash l.f on V. 

i a i 


vector space 


(5) a=27 f (a) a, for each a in V. 

i a i 

(1) We have already proved that B * is a ba'is for V* 
such that 

f (&;)=$<>. 

(2) We have to show that 

/=S/(*,)/. 

<-i 

Since B* is a basis for V*. 

f G V* is expressible as a 1 .c. of/,* in B* 

n 

/=27 cif we have to show that c<=/(a<). 
i 

But/(ay)=S (e</,) «y=27 c, [/ (ay)] 

i-l i-1 


fl 

=27 r, h i} =ci. On summing w.r.t. / 

<=i 

/ (ay) = o or/(a ( ) = c< 


.*• f=Z fWt)fi 
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(3) We have to show that a.=2 ft ( a ) cn 

5 is a basis set for F and a G K 

a=r c, a<. We have to show that f<=/» (a) 

<-i 

' Now ft (o)=fi U « a, )-* Ci f> W 

<-i <-i 

2 c t &o=cj />(«)=<*< 

Ji (») = <*< 

n n 

Hence a =2 Ci a< = 27/< (a) c*< 

<-i < c i 

Theorem 30. For every non rero vector a in a finite 
dimensional vector space V there is a linear functional f in V 

such that f (aJ^O. 

We know that fi (a)—ft {2 a t y t ) = 2 a t f (<*«) 

= Za i * i t = aj 

4 

Now if/(v)=0 V /G V* then as a particular case we 

have /iW= 0 ,A U) = 0 , W = 0 where {/.,/>./■> > s a 

basis for V * 

i.e. f> («) = ° v J 

=> fl/ = 0 V 7 => a —2 a t a 4 =0 

which is a contradiction as y. is a non zero vector in V. 
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Therefore if a^O then for at least one/ £ V* we have 
Cor. If 0.9*3 3 a linear functional f on V such that 

/(aWW. „ . „ 

Since ^ => a-/5?*0 => 3 a linear functional/ on V 

such that / (a—p)r^0 

=> / (a) -/ (?)?*0 => / ( a )^/(i 3 )’ 
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CHAPTER V 

normal subgroups 

s 1 Introduction. Let G be a group in which the com¬ 
position is denoted ^ 

the elements of fub group H by' « £ O on the ngh • o 

SimiiarW .*-(*: ^ £. Cements of 

Switch are' obtained by multiplying the elements of sub 

8 r 0 U ?n H ca b se Vbean ,Wi.- group .ben we Enow .ha, 

ha=ali v /; (E H. 

ard •r e HgVt"and h |eft cZ'^Lmed by „ coincide. 

Since a is arbitrary it follows that 

H 27-on^rheiT dscfit is possible to have 
But if G be not abeli«n then also it 1 

, n . u 0 f G for which Ha—all V a G • 

sub gr° u P• j c f t cosets coincide. 

Such sub groups II of O' will be called normal sub groups 

of G. 

8 2. Normal sub group. 

Definition I. X ^ * »/ a zroupj -// 

„ 0 r/Ufl/ JM& 1 ^ A G ( Ra j. 6", 67) 

have x / jx -1 G. 

e«!r?:sts?w«s 


/.c. 
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that heH^xhx-'eHvxGG «(D 

Since above holds for all h E H we can say now 

.v Hx~ l ={xhx ~ x : h G H) 

Now if a be any element of xHx~ x then 
a =xhx-\ h 6 H=> a £ H by I. 

Hence xHx~ x c H. 

A sub group H of a group G is a normal sub group of G 

if and only if x Hx~ x C H. 

From the above definition of normal sub groups, we shall 
deduce here in below other definitions or criteria for a sub 
group H to be a normal sub group of G. 

§ 3. Different characterisation of normal sub groups. 
Theorem I. A sub group H of a group G is a normal 

sub group if and only if 

xHx~ x —H V .Y £ G. 

Given xHx~ x =H. To prove H is normal sub group. 
Since xHx~ x —H hence xHx~ x c //and hence by defi¬ 
nition of normal sub group in § 2 it follows that H is a nor¬ 
mal sub group. 

Converse. Given H is a normal sub group 

i.e. xHx~ x C H V x£ G ».(0 

To prove that xHx~ 1 = H (2) 

The only thing that we have to prove now is that H C 
xHx~ l so that the condition along with condition (I) would 
prove the relation (’) 

Now from (1, \7/y _1 C H V x £ G. But if .y £ G 
then v -1 also £ G which is a group. 

Hence replacing v bv x~ x in I we have 
A -i//( v -j)-i c H v y G G. 

<=y“ i Hx C //, V .v £ C as (a- 1 ) - *= y 
=> -Y {.Y- 1 Hx) x~ l C -Y Hx~ l 
=> H C xHx~ x . 
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V x x -1 = p, and eH—He=H 
Also xHx- 1 C H by (1) 

.'. xHx~ x =H. V x G (7. 

Note. The relation xHx~ x =H implies that if // £ // 
i.e. xhx- 1 E xHx~ l then x/jv - 1 will only be an element of 
//but not equal to /; 

i.e. xhx~ x ^ h V .y E G and V // E //. 

The above will be clear from the following example 

From Ex. 3. P. 75, we know that the set of all permu¬ 
tations on three symbols a, b , c is a finite abelian group w.r.t. 
permutation multiplication as the composition. 

<?={«!, a 2 , a 3 , * 4 , the composition table being 

O | a x a 2 a 3 a 4 «6 a c 


<*1 


0 3 

«3 

*4 ** 


a., 

a 2 


0| 

«3 ^ 

* j 

«3 

«3 


«1 

a,-, *•» 

v-i 

a 4 

«4 


a* 

*S «1 

0-3 

«6 

| 

»3 

ao 

*1 -<4 




<*4 

«5 

a 2 «a 

«1 

Consider the sub 

group. 

//={*!» <* 4 , a s}. 



H is a normal sub group. 

// will be a normal sub group if 

x/Zx" 1 =H V x E G 


Choose a 2 E G then a 2 _I =a 2 from the table. Also 
oca H a z _1 ={«2 h a 2 _1 : * G //} 
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= {a 2 7.ia2 \ «2<*4*2 *» *2*6*3 *}• 

V It E H is oi, 04 , a 6 /. 

={(a 2 «i) a 2 , (a 2 “ 4 ) * 2 > (** 

={o 2 0 3 . 03 o 2 » ao «*} from the table 

xHx~ l =H^V x E G and hence H is a normal sub 

group. — it 

But xhx- 1 ^hVx £ and V h£ H. 

because is an element of the type xhx- and it 

is not equal to a,, _. 

V aoy 4 a,- 1 =a 2 04 a 2 = (a 2 a 4 ) a 2 =a 3 a 2 -a 5 

Theorem 1. A subgroup H of a group G is a normal sub 

group of G if and only if each right coset of H in G is the left 

coset of H in G i.e. x H=HxVx £ G. (Meerut M.Sc. 1969) 

Given H is normal sub group 

i.e. xHx~ l = H V x £ G Theorem. (1). 

To prove. Each right coset of H in G is a left coset. 

xHx~ l =H => (xHx~') x=Hx => xH = Hx V x £ G. 

Hence each right coset of H in G is a left coset. 

Converse. Given. Each right coset of H in G is a left 

coset. 

i.e. if v E G then the right coset Hx is also a left coset xH. 
To prove H is a normal sub group 
i.e. xHx~ l =H V x £ G Th. (1). 

Now if x £ G then the right coset Hx={hx : h £ H\ 
but e £ H and ex=x and hence x belongs to right 


coset Hx. 

Now we have to search a left coset say P to which the 
r'ghs coset Hx is identical. 

Since x £ Hx hence the required left coset P must also 
contain x. But as argued above x also belongs to left coset 
xH. Thus the two left cosets P and xH have a common 
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element x and we know that the two cosets (light and left) 
are either disjoint or identical (Th. 14 on P. 152). Hence it 
follows that the required left coset P is xH. 

Therefore xH is the unique left coset which is equal to 

right coset Hx. 

• Hx=xH V x E G. 


or Hx x~ l =xHx~ l 

or H=xHx~ l V x € G 

So H is a normal sub group by Th. 1. 

• II is a normal sub group of G o Hx = xH V x EG. 
Theorm 3. A sub group II of a group G is a normal 
subgroup ofG if and only if the product of two right coset, 
of II in G is again a right coset of II m G. 


Given. H is a normal sub croup. 

/ e. Hx—xH V x E G 

To prove that the product of two right cosets of H in G 
iS ag Let l!be °G* ah eG* Ha , Hb , Hah are all right 

cose N°ow \mm=mam b-n m b. by i. 

=H Hab=Hab • HH-tt 


Since ah E G 

• blab is again a right cosel. 

Hence the product of two right cosets of H in G is 

aeain a right coset of H in G. 
g Converse. Given product of two right cosets of H in G is 

again a right cosct of H in G. 

To prove. II is a normal sub group. 

Let x E G => x" 1 E G so that Hx and Hx~ l are two 

right cosets of H in G. 

Since e E H ex E Hx and ex" 1 € Hx 
• ex ex" 1 E Hx Hx~ l or cE Hx Hx •••(*) 
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Now product of two right cosets is again a right coset 
and as such [Hx) (Hx~ l ) is again a right coset and e belongs 
to it. But H=He is also a righ. cost of H in G and e belongs 
to it. Hence e belongs to Hx Hx~ l which is a right coset by 
given condition and e belongs to H which is also a right 
coset. But two right cosets are either disjoint or identical 
(Th. 14 P. 152). Hence the two right cosets [Hx) [Hx ) 
and H having a common element e must be identical. 

Hx Hx~ 1 =H V x E G 
=> h x x hx- 1 E H V .v G G and h, hi E H. 

=* he 1 [hixhx~ l ) E h~ x H or G H (See Note below) 
or xhx' 1 G H V * G G and V h G H 
as hr 1 hi=e. 

Hence H is a normal sub group by def. § 2. P. 401. 

Note hi E H => hi -1 G H 

=> hr 1 H= H by Th. 12 P. 151. 
i.e. right and left coseis corresponding to any element 
li£Hi>H i.e. Hh=hH=H if h£ H. 

Theorem 4. The intersection of any two normal sub 
groups of a group G is a normal sub group. 

Let H and A be two sub groups of G then H O K is 
also a sub group of G. (Th. 4 P. 140) 

Hence a E H C\ K a E H, a £ K. 

H is normal sub group j 

=* x ax- 1 E H V x £G,a E H. I 
K is a noimal sub group I —A 

=> x ax' 1 EK V x EG, a £ K ) 

Relations in A prove that for V x E G and a £ H D K 

we have 

x a a : -1 £ H and x a x' 1 £ K 
or x a x~ l E H C\ K. 

Hence H n K is also a normal sub group. 
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Generalisation of the theorem on intersection of two 
normal sub groups. 

The intersection of any family of normal sub groups of G 

is again a normal sub group of G. 

[See page 141 also] [Raj. M. Sc. 1967) 

Let A—{Nj , N- it ...} 

A—{N i : Ni is a normal sub group) 

Let N*= H {Ni : N t £ A i.e. N t is a normal sub group} 

We have to prove that N* is a normal sub group for 
which we shall use the criteria of § 2 P. 401. 
i.e. x a x~ l E N* V x E G and a E N* —(1) 

Let a E N* then by definition of intersection 

a E N t V Ni E A. 

Hence x a x~ x E n {N t : N t is a normal sub group), 
or x ax~ l £ N* v x EG and a E N *. 

Therefore N* is also a normal sub group 

Exercise I 

Ex 1 Prove that every sub group H of an abelian group 
G is a normal sub group and hence deduce that every sub 
group of a cyclic group is also normal. 

H will be a normal sub group of G if 

x h x _1 E H V x E G and h E //. 

Now x h x~‘=x (/* x-*)=x (x-> h) as G is abelian 

= (x X- 1 ) h=e h=h. which belongs to H. 

Since xhx-'EHVxEG and h E //, it follows that 

the sub group H is a normal sub group. 

Again as every cyclic group is abelian therefore every 
sub group of a cyclic group is a normal sub group by part f. 
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Ex. 2. If H and K are normal sub groups of a group G, 
show that H K is also a normal sub group of G. 

Here first of all we should prove that H K is a sub group 
of G and then show that H Kis a norma! sub group. 

Let h e H * kxht'e H=h s&y 

as H is a sub group. 

k lt k 2 £K=> k\ hf 1 £ K=k say 

as A: is a sub group. -W 

To show that H K is a sub group of G ...(2) 

Now h x k lt h 2 k» G H K and it will be a sub group, 
if (hiki) (h z k z )~ l ={hiki) (A * 2 -1 h 2 ~ x ) 

= jj (jtjfc, -1 ) lu~ l 

= (Ihfh 1 ) {/h (kiko- 1 ) hi- 1 }) (Note this step) 
= /i {ho k ho' 1 } by 1 and 2 

£ HK and hence H K is a sub group if we show that 
lukhf 1 G K which is true as K is given to be normal sub 
group by § 2 P. 401 

i e. x /;.x -1 G H V x G G and h G H. 

Now we shall show that H K is a normal sub group. 

Let h G H, k G K h k G HK. 

Also II is a normal sub group 

=> .Y h x- 1 £ H V x £G, h£ H 
and K is a normal sub group 

=> a k a - 1 £KVx£G,k£ K 
(.y h a- 1 ) (a- k x- 1 ) £ HK 
or a* h (a -1 x) k .y ' 1 £ H K 
or x (h k) a - 1 £ II K V x £ G, h k £ HK 
H K is a normal sub group. 

Ex. 3. If H is a sub group of G and K is a normal sub 
group of G then prove the following. 
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(a) H K is a sub group of G where on , y the 

cup used for proving 

HK to be a sub group, 
elements of KH t ^ 

then (kA) ikM '** = /,, /, 2 - 1 (Not this step) 

=*‘ [ ^ lh /2 I, ^ & H=h ‘say as H is a sub 
Now hu lh G. H 1 - 

gr0UP ' ; -* £ o also as H is a sub group of G 

Again' since A' is a normal sub group of G and fc, 

w ,»s w -«sr‘ 

N°w /fi e _^f ay ; as K is a sub group. •• 

■^ssssa'ss.** 

Hence A H is a sub group. 

Tel H n Kis normal sub group of H. 

Since both 1/ and A' are sub groups therefore H 

also a sub grouo of O’ // a r>d hence it follows 

Again we know that li n a l. 

that Now £ nK U wiU r b 0 e UP a — suh K rou P of H if we show 


that 
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x a x" 1 £ H n A V * £ H and a £ H D A. 

Leta£ H n K=> a £ H, a G K. 

Again AT is a normal sub group of G 

x a X' 1 £ K V x £ G, a £ K 
or V x £ H, a £ H C\ A. .. (1) 

Again since H is given to be a sub group therefore 
a £ H,x £ H=> ax" 1 £ H, => x a x~' £ H 
xax~ l £HVx£H and a £ H 

or V x £ H and a £ H n K. ...(2) 

Hence from (1) and (2) we prove that 
x a .V 1 £ H n K V a £ H and a £ H 0 K. 

Therefore by § 2 P. 401. 

II n A' is a normal sub group of H 
(d) K is a normal sob group of HK. 

Let k £ K and e £ H. 
then k=e k £ IIK 
k£K*k£ HK K c HK 

Now A' is a sub group of G and HK is also a sub group 

of G by part [a) and K c HK. therefore A - is a sub group of 
HK. 

Now we have to show that K is a normal sub group of 
HK for which we shall use the criteria 

xax l £H\/x£G and a £ H, for H to be a nor* 
mal sub group of G. 

Now hyki £ IIK , k £ K 

• * A- (//! A'a )- 1 should be shown to belong to A 

for proving A to be a normal sub group of HK. 

Now (l h k x ) k (l h Ar 1 )~ 1 =(/i 1 ki) k (kr 1 hr 1 ) 

=l h (ki k kx- 1 ) hr 1 . 

*=/>! (an element a of A which is a normal sub group) hi" 1 . 
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= hi a hr 1 G K V //! G G and a £ /T as K is a nor¬ 
mal sub group. 

Thus (/ji A:i) k (hi k\)~ l e K V h x k x e HK and k £ /f. 

K is a normal sub group of HK. 

Ex. 4. If H ami K are normal sub groups of a group G 
such that H fl K={e }, show that every element of H con.mu¬ 
tes with every element of K. 

Let h £ H and k G K, where // and K arc normal sub 
groups of G. 

Now h k It" 1 k~ i= (h k Ir 1 ) k' 1 

But h k h~ l £ K as K is normal sub group. Also 

k £ K => k- 1 £ K 

(h k hr 1 ) k~ x £ K. 

Again h k h~ l k~ x =h ( k h~ l k~ l ) 

But k Ir 1 k~ x G H as H is a normal sub group. Also 

h G H. 

h k Ir 1 k l G //. 

Hence li k h~ x k~ l G U n K by 1 and 2 
Since H fl K={e) given therefore it follows that 
h k Ir 1 k~ l =e => h k h~ l k~ l k=e k 
=> /, k h~ x =k =► hk Ir 1 h=kh. 

=> hk=kh 

Hence every element of H commutes with every element 
of/f. 

Ex. 5. Prove that a normal sub group is commutative 
with every complex. 

Let // be a complex and K be a normal sub group 
Let h G // and H being a complex is a sub set of G. 

h€. H => h G G => h~ l G G and h h~ l = e. Choose 

k r" 

We have to prove that IIK=KII. 

Now hk G H K but hk = h k h~ l h 
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={hk h~ l ) h=( some element of K) h £ H. 

V K being a normal sub group. 

=* hk Ir 1 £ K V /* £ G and k £ K 
hk £ HK=> hk £ KH 

HKCKH -(1) 

Again kh £ KH 
But kh=h Ir 1 kli=h (Ir 1 k h) 

=h (some element of A') £ H K 
Because K being a normal sub group 

=> Ir 1 k h£ Kv h~ x £G and k £ K 
Since kh £ KH =>■ kh £ HK 

K H C HK. ...(2) 

From 1 and 2 we conclude that HK- K H. 
i.e. a normal sub group K of G commutes with every com¬ 
plex H of G. 

Ex. 6. Prove that a sub group H of index 2 in a group 
G is a normal sub group of G. 

Refer P. 160. The index of a subgroup H of G is equal 
to the number of distinct .right (left) cosets of H in G. 

Also we know that 

G=H U // a U H b U H c ..Cor l P. 153 

=H\jaH\jbHU c H... 

where all the coscts are distinct. 

Here the index of sub group H in G is 2 and as such the 
number of distinct right (left) cosets of H in G is 2. 

1 et x be any element of G then it may or may not be¬ 
long to H. 

If x £ H then we know' that Hx—H and xH=H. 

Th. 12. P. 152 

Thus Hx=xH. if .x £ H. 

If -V ^ H then the right cosets Hx and H are distinct 
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coset. rr jj .. (1) 

G=K U Hx=H U x . and a)so in 

But no elements are common in H and H. . 

// and xH for otherwise they win no he d, .men 

Hence from <H it follows that Hx-xH. tf 

yjgC and as such H is a normal 
Therefore Hx^xH V x e 

sub group by Th. 2 P 404. c anil K is 

F.x. 7. /f// " - ^ ° ;j l, „ is also 

subgroup of G such that H C K C G., P 

a normal sub group of * ko a suh group of 

H being a sub croup of G and of *. 

•^SUSSSSSSf,"- 

“ - ‘"" d 

V v e G „ u w v £ G H being normal sub group. 

Ht = xH V , such „ is normal sub 

Hence relation / is true and as sucn 

// // 6e «*« rW.v ,.b g-P "/>''* 
r orore that II is a normal suh group of O, 

»(//) = «> given and // is a sub group. 

• //■={//1« 

V x //.v- 1 is also a sub group V .v 6^ ^ 6 p , 39 

v r/ v-» = {v //. X*" 1 , X h 2 X - 1 .* /,m * _ ! 

In lhe clients are ^ 

^ h<=h, Which is not true as o (f/)-mb' 
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•* o (x H x" 1 )=m. 

But H is the only sub group of order m. 

-v H x-'=H. V x £ G. 

Hence H is a normil sub group by Th. 1 P. 402. 

Ex 9. If H is a .sub group of G, let 

N £ G : xH x~ l =H), then prove the following 

{a) N (H) is a sub group of G. 

(b) H is a no r mal sub group of N (H) 

(c) If H is a normal sub group of the sub group K in G 
then K C N (H) 

i.e. N (//) is the largest sub group of G in which H 
is normal 

id) II is normal in G if and only if N ( H)=G . 

(a) N (H) is a sub group of G. 

N (H)= x £ G : x H x~ l ==H). 

Let a, be hi (H) => a H a~ l =H, b H b~ l =H. 

=> b' 1 (b H b~ l ) b = b~ l Hb, 

N (II) will be sub group of G if we s.iovv that 

ob~ l G N (H) 

Now ab~ x H (ab-^-'-^lab- 1 ) H (b a" 1 ) 

^a{b’ 1 Hb) a-' = a II a~ x =H by /. 

Above relation shows that a b £ N (H) ^ ab~ l G N(H) 
and hence /V (//) is a sub group. 

(b) H is normal sub group of N (H). 

First we show that II is a sub group af /V (//> 

Let h G II then /; H fr 1 = H which shows that 


.. II C hi (H) and as such II is a sub group of N (II) 
Agam V x G hi (H) we have xH\~ l =H and hence 
by Th. 1 p 401 // is normal sub group of N ( H). 

(c) If H is normal subgroup of K then 
V x £ K we have II x ~ x =// by Th. 1 P. 401 

Above relation shows that x G N (II) 
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. v£ A ;* x eNm ••• KCNUI). 

• • .1 r. v X G_ G we have 

(d) Let H be normal m G => V - ^ 

N(H) = G 

Conversly Let AT (»>-«• V x £ G 

. x £ G x €. N \H) x n ' 

II is normal sub group of G. 

element alone. These _ q All other normal 

proper normal sub groups , w0 wi || be ca’lcd 

sub groups of G i-ther than 

prop s:;SoS rru -**«* ^ -* ^ 

iS '“'/‘"'ir'svords'a'croup C whose only normal sub groups 
are O^dl* element e will be called a 

Er ° U * illustration we can say that a group 6 ’ of prime 
As an, lust at,on thcor em « know that 

° r dcr of a s b group H of a finite group G is a divisor of the 
order of a sud t■ i { f roup C , is prime 

order of group U P 1«. S ‘" cc ^ , be e ither c itself or 

therefore Us °" y !"° S f U jde f,; t y‘element which are improper 

-—»«• -— 

will be a simiple group- # 

8 S Relation of conjuqacy in a group G. 

Dtf An element a G G will be conjugate to an chm nt 

t £C „"rr,.„: a // «*« «"« C 
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,,,1 »«. « «« 

s . »./ ° 0 

■■ t;£r,—* »«“■« * 

(I] Itltaiv. O S,mn»(* (31 
Reflexive. Let a be any element of G tlw 

e in G such that 

a=e~ 1 a e and hence by definition a ~ a. 

Symmetric. Let a ~b and we shall show 

Since a ~ 6 => a^x' 1 bx for x m j ^ 

*xajf'-x<x-'bx)jr'* t* 1 ) * « 

Since a- € G therefore a " 1 6 G and let a 

... b=lc~ l ak,keG* b~ a. 

Transitive, a ~ b, b ~ c a ~ c 

Since a~ b=>a=x~'bx for some a mG 
b ~ c => b=y~ l C y for some y in Cr. 

Putting for b in 1st relation we get 

'’a=x~ 1 (v“ l cv) x=x~ 1 y~ 1 (r) y x. 

= (y a)" 1 c (y a), y x EG as a, y£C 

a ~ c. 

Hence the relation of conjugacy is an equivalence rela- 


It will partition the group G into disjoint equivalence 
classes known as classes of conjugate elements such that 

[a) Any two elements of the same class are conjugate. 

(b) No two elements of different classes are conjugate. 

Conjugate class of an element a : This class will consist 
of all those elements of G which are conjugate to a and will 

be denoted by a or C {a) 

a or C (o) - {.V £ G : v ~ a}. 


k 
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It will consist of elements of the type x -1 a x as .x ranges 
over G. The number of elements in C (a) will be denoted 

by C a , whenever G is a finite group. 

§ 6 Normalizer of an element of a group. 

Definition. The set of all those elements of a group G 
which co mmute with a fixed element a of a group G is ca led 
normalizer of an element a of the group and is denoted by 
Nla) N (a)*={* £ G : a x=x a) 

Theorem 6. The normalizer N (a) of an element a E O 

is a sub group of G. . „ 

We have already proved this theorem in Ex. 3 P. 1 . 

(a) Normalizer N (c) of clement e of G is G is itself. 

N(e) = {x G G : xe = e x}=G. 
as * e=*e x V .x G G. 

(b) Normalizer N (a) of an clcmcnl a of an abelian 

group is G itself. 

N (a) = { x € G: x a=a x} = G 
as , Y a =a x V -x G G when G is abelian. 

(C) Normalizer N (a) is not necessarily a normal sub 


8r0U We have proved that N (a) is a sub group and let us 

denote it by II i e. N {a) = H. 

If h G N (a) i e. H then li a—a It. - IG 

Now N (a) or II will be normal sub group if 
x h x~ l G II /.*. N ( a ) f° r evcry v e G and ,l ^ 


Further ve must establish that 
(x li x' 1 ) a=a (x h x _1 ) 

which is not necessarily true by the help of (D- 

It will however be true if the group be abelian for in 


that case 

(x h x- 1 ) a=x h (x 


a)=x h (a x" 1 ) = -x (// a) x 1 
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=x (a h) x-*=(x a) h x~'= (a x) h x' 1 

=a(xhxr l ). 

Theorem 7. Let a be any element of a group G. The 
two elements x, y £ G give rise to the same conjugate oj a 
if and only if they belong to the same right coset of the nor- 


malizer N {a) of a in G. . the 

Method. We shall show that if x and y belong to 

same right coset of sub group N (a) of a in G then they give 

the same conjugate of a whereas, if they belong to 1 er 

right cosets of sub group N (a) of a in G then they give 

different conjugates of a. 

Proof. Referring to Theorem 15 P. 153 we have 


H a=H b o ab 1 £ H. 

Now we know that x £ H x, y £ H y. 

(Ex. 3 P. 150) 

But if x, y belong to the same right coset Hx of sub 

group H in G then x £ H x, y £ H x but y £ H y. 

H x and H y have y common and as such they must 

be identical as the two right cosets are either disjoint or 


identical. 

H x=H y and hence x y~ l £ H 
Now let xj £ to same right coset of sub group is [_aj 

in G. 

Therefore x y _1 £ to N (a) as shown above. 
a [x y ~ 1 )=(.v y 1 ) a by definition of N (a) 

=> x- 1 (a x y- 1 ) y=x~ l (x >’“' 1 fl) y. 

* x" 1 a x=y~* a y. 

Above relation shows that x and y give rise to the same 
conjugate of a. 

2nd part. Now let us suppose that x, y belong to 
different right cosets of N ( a) in G then we shall show that 
they cannot give rise to same conjugate of a. 

x _1 a x ^ .v -1 a y. 


i.e. 
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If possible let .y -1 a x=y~ x a y. 

x (.Y -1 a x) y~ x = .x O’ -1 a y) y~ x 
or a x y~ x =x y~ x a => x y~ x £ N (a). 

But x y~ x £ N (a) implies that x , y belong to the same 
right coset of N (a) as shown in first part which is a contra¬ 
diction to the supposition that .v, y belong to different right 
cosets of N (a) in G. 

Hence x~ x a x =£ y~ x a y i.e. x , y cannot give rise to 
same conjugate of a. 

Theorem 8. If G is a finite group, then the number of 
elements in the class C (a) of elements conjugate to a is the 
index of the normalizer of a in G i.e. index of sub group 
N {a). In other words. 

r = 0 ^ 

a O (N (a))- 

By definition we know that 

C (a) = {y -1 a x : x G G) or = {x £ G : x ~~ a) 

C a =number of elements in C (a). 

Also N (a) = {.x £ G : a x=x a) 

where N (a) is a sub group. 

Denote by A the set of all right cosets of sub group 
N (a ) >n G. 

A = {N (a) x : X £ G }. 


Also index of sub group II of G= 


°{Gl 
o (H)‘ 


Let us define a mapping from the set of right cosets of 
N ( a ) in G and the elements conjugate to a. 
i.e. f:A-*C(a) such that 

f[N (a) a x V x £ G. 

The above mapping is well defined i.e. independent of 
he selection of right cosets. 
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i.e. if N (a) x=N (a) y then f[N (a) ^~/[ w 

Now if N (a) X=1V (a) y. Then from Theorem 15 Page 

153 i.e. Ha = Hb**ab- 1 £ «• 

Hence from N (a) x=N (a) y we 'get xy £ W (a). 

.-. a (.v r >)=(x r 1 ) a by definition of N (a) 
or x-‘ (a x y _ 1 )y=x _1 (x y ' 1 aly or x a x y > 
or /[iV (a) x]=/[W (a) y]. 

Hence the mapping / is well defined. 

Now we shall prove that this mapping is one-one onto. 


f is one-one 

Let f[N (a) x]=/[iV (a) y] 

=>• x " 1 a fl y by def. of/. 

=). x (x-‘ a x) y-‘=x (y 1 a y) y' 1 
=> a x y~ x =x y~ x a. 

=*• a (.x^" 1 ) = (-v>’- 1 ) «• 

=> G N (a) by def. of N (a). 

=> N {a)x=N (a) y. 

V H a=H bo 


ab - 1 G //• 


Hence / is one-one. 

f is onto. Let X ' 1 a x be any element of C ( a) where 
x & G then N (a) x is a coset of sub group N (a) in G corres¬ 
ponding to .v G G such that/[/V (a) x]=x~ l « x. Thus every 
element of C (a) is the/-image of an element of A. 

Therefore /: A-> C (a) is an onto mapping. 

Above relation establishes a one-oue correspondence 
between the right cosets of N (a) in G and the elements ot 
C (a) i e. conjugate of a. 


Hence if G be a finite group, then 

C a =number of distinct elements in C (a) 

= number of distinct right cosets of sub group N (a) 

of G 
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= index of sub group N (a) of G 


_ o (G) 
~~o (N (a)) 


by def. of index of a sub group. 

Cor. I. P. 162. 


§7. Self Conjugate elements. 

We know that C (a) = {x £ G : x ~ a), 
i.e. it consists of elements of the type x' 1 ax V .v £ G. 
Now if C ( a ) consists of only one element i.e. a alone 
then in that case a will be a self conjugate clement and we 
will have 

a=x~ l ax V x £ G 
or x a=a x V x £ G. 

or a commutes with every element of the group, if a is self 
conjugate element which is also sometimes called invariant 
element. 

Definition. An element a £ G is said to be self conju¬ 
gate if the class C (a) of elements conjugate to a consists of 
a alone i.e. C (o) = {a). 

8 . Centre of a group 

f Definition. The set Z of all self conjugate elements of a 
group G is called the centre of G i.e. 

Z= z £ G : zx=xz V x £ (Pj. 

By definition self conjugate element of G is one which 

commutes with every element of G. 

Theorem 9. The centre Z of a group G Uj a normal 

sub group of G. 

Note. Compare this theorem with Theorem 6 on Page 417 
N (a) = {x £ G : a x=x a) is a sub group of G. 

The difference between elements of Z and N (a) should 

be noted. . . . . f 

The elements of centre Z commute with every element of 

G whereas elements of N {a) the normalizer of an element a 
commute with a only. 
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The centre Z will be proved to be normal sub group, 

whereas N (a) was only a sub group. 

Proof. Centre of Z is a sub group. 

Let z„ z 2 G Z, then Z will be a sub group if 

Zl z % ~ x g z Th - 2 p * 

zi G Z Zi x=x zi V x G G 

Zz G Z => z 2 x=x z % V r G G. x 

Now z a x—x z a => z a -1 Us x ) z * 1==z * 1 Za ' z * 

=> x zf 1 =z 2 ~ 1 x V x G G=> z 2 -1 G Z. 

We shall now show that z x z a _1 G Z. 
x(z 1 z,- i )={.xz l )z i - 1 =(z 1 x)(z i - 1 ) V Zi£ z 

= Zl (X Za -1 )—Zi (Za * 1 x ) z » £ Z 

= (Zi z a *) *. 

Since x (zi z 2 ~ l >={ z i z 2 l ) x V x G Z. 
is follows that 

Zj r a _1 G Z whenever z lf z % £ z * 

Hence Z is a sub group of G. 


Z is a normal sub group. 

Let z G Z => z x=x z V x G G. 

x z x _1 =[x z) x- J =(z x) x _1 =z G Z. 
zGZ'XGG* xz x - 1 G z 

and hence by definition Z is a normal sub group. 

Theorem 11. IfZ be the centre of a group G and a G G. 
then a GZ if and only if N ( a)=G . JfG is finite then a GZ 

if and only if o (N (a))=o (G). 

Z={z G G : x z=z x v x G Z} 

N (a)={x G G : a x=x a). 

If a G Z then a x=x a V x G G. 

Since for all x G G we have a x=x a, therefore 
JV ( a)=G . On the other hand 

N (a)=G=> a x—x a V x G G 
=> a G Z. 
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Again if G be finite then 

N (a) = G o o (N ( a))=o ( G ). 

Hence a £ Z o N (a)=G o o (N (a)) = o (G). 

§ 9. Certain Definitions. 

(a) Cynjugate sub groups. 

We have defined conjugate elements a and b in a 
group G. 

/.e. a =x~ 1 b x for some x £ G then a is said to be 
conjugate to b , and that the relation of conjugacy in a group 

G is an equivalence relation. 

In a similar manner we can define conjugate sub groups. 
Definition. Let A and B be two subgroups of a group G 
then A Is said to be a conjugate to B if the e exists an x in G 
such that A=x~ l B x and then we write it as A ~ B. 

Theorem 10. The relation of conjugacy is an equi¬ 
valence relation m the set of all sub groups of a group G. 

We can prove as in Th. 5 P. 416. 

(b) Normalizer of a sub group of a group. 

We have defined normalizer of an element a of a group 
G i.e. N (a) the set of all those dements of a group G which 

commute with a. 

i.e. N (a) = {x £G:ax=xa) 

Also we have proved that N (a) is a sub group. 
Definition. Similarly if A is a sub group of a group G 
then N (A) the normalizer of A in G is the set of all those 

elements of G which commute with A . 
ie N(Ai = {x £ G : x A = A x}. 

' It can be proved as in Th. 6 P. 417 that the nomalizer 
N (A) of a sub group A of a group G is a sub group of G. 

(c) Self Conjugate sub groups. 

We have defined self conjugate elements of a group G a> 
an element a if C ,a) =(a}. i.e. a=xax V x e G. 
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or 


xa =ax V x € G. . 

Similarly a sub group A of a group C/ is sald *° 6 { 

conjugate if A is the only sub group belonging to the 
c (A) of sub groups which are conjugate to A. 

Hence A is self conjugate sub group. 

iff A=x-'Ax or xA=Ax. V x £ G. 

§ 10. Quotient Groups. 

Let H be a normal sub group of group G and H a, 
a £ G be right coset of H in G. Now the sub group £ 
being normal the left coset 0 H will be same as the r.gh 
coset Ha. Thus we shall simply say that Ha is a cose 

normal sub group HmG. 

The set of all cosets of a normal sub group H in G is 
denoted by G/H. 

Multiplication of cosets of a normal sub group H in G. 

Let o, b £ G and Ha, Hb be any two cosets of H m G 

theD (H a) (H b) = H (a H) b=H {H a) b V aH =^ a 

=H H [a b)=H a b V HH- H. 

Since a. b £ G => ab £ G and hence Hab is again a 
cosect £ G/H. 

Theorem 12. The set of all cosets of a normal sub - 
group is a group with respect to multiplication of ^mplexjs 
as a composition. (Raj. M. Sc. 67, 69; Meerut M. Sc 69) 
Let H be a normal sub group and the set of all cosets o 

H in G be 

GIH={H a: a £ G}. 

To prove that G/H is a group for multiplication. 

Axioms of groups. 

(1) Closure property. The product of two cosets is 
again a coset £ G/H as proved above. [Reproduce here]. 
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(2) Associative. Let a, b, c E G so that 
Ha, Hb, He E G/H. 

H a l(H b) (H c) 1=H a ( H b c)=H a (b c) ^ 

[a b) c=(H a b) [H c) by associalivily in G 
h 1 =[(// a) (H b)] II c. . 

Therefore multiplication of cosets in G/H is associative. 

M Identity. Now H=He. 

H.(Ha)=(He)(Ha)=H(ca) = Ha 
{Ha).H='Ha) (He)=H{a e)-Ha a e=a=e a 

Hence the coset H is the identity e'ement £ G/H. 

Inverse, a E G => a 1 E G 
• Ha E G/H => H a~ l E GjH. 

Now (H a) (H <r') = H (a f ’> = " T» 

(Ha- 1 ) (H a) = H (a x a) = H e-H. 

Hence the coset H a- is the inverse of coset H a 

Therefore G/H is a group w.r.t. multiplication of cosets. 

If H be not a normal sub group i.e. H a ^ a H. 

It may be clearly understood that the set of right cosets 

of H in G will no. form a group if H were no. a norma sub 

„roup because in proving closure property we have used th 

lcUla= a II which is true only if H were a normal sub 

« rou P- . (Meerut M. Sc. 69) 

SSL ZscGHIofa,, cost's of a norm", sub 

.roup H * “ " '• muUirUca ' i0n ° f ° 

Z P ” is "ISO 

Mian .here «*^K’is abelian 

»^"^r Hab=Hba 

Hence G\H is also abelian. 
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Cor II 


(f)-:- 


(G) 


m 


n=m k or k= 


where G is a finite group and H is a normal sub group of G. 

Let o ((?)=« and order of sub group H be m. 

Also if k be number of .distinct right cosets ofHinG 
then as discussed in Lagranges Theorem § ll P. 161 we have 

n 

m • Hence proved. 

Cor. III. The order of H a E GjH is a divisor of n 
where n is the order of a E G. H being a normal sub group. 

o ( a )=n =>- a n =e 

/. H a n =He=H the identity of GjH. 

or H (a.a.a . a)=H 

or [Ha) (Ha) .( Ha)—H 

or (// a) n =//= identity of G/H. 

Now order of Ha in G/tf is given to be m and also 
^ a ) n =H therefore m must be a divisor of n. 

Cor. IV. lj G be a cyclic group then quotient group G/H 
is aho cyclic. 

Let a be a generator of the cyclic group G and H be any 
sub group of G. 

Now we know that every cyclic group is abelian and 
every sub group H of an abelian group is normal. 

Y a h a" 1 —a a~ l li=e h—h E H. 

•.ic C, ic nhelian > a~ l h=h a~ l 


Since aGGJie H* ah a-'£H. H is normal 
Hence GfH where H is normal sub group is a quotient 
group and in order to prove it to be cyclic we have to show 
that it is generated by some element of GIH. 

Now G being cyclic => a n E G => H a n E G/H. 
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But H a n H=(a,a.a.a... . ) E GiH 

= (H a) (Ha) (Ha) . € GfH 

= (H a) n 

Ha' eG/H=(Ha)* 

Hence G/H is cyclic and is generated by Ha . 

§ 11. Sub group generated by a sub set of a group, 

Definition. Let M be an arbitrary sub set of a group G , 
then a sub group H of G is called the smallest sub group of G 

containing H if 

(a) H contains Af. 

(b) H is contained in every sub group of G which contains 

M. 

In that case H the smallest sub group containing Af is 
called the group generated by Af and is denoted by {Af}. 

Theorem 13 Let Af be any sub set of a group G then 
the smallest sub group of G containing Af exists and is 

unique. 

Let { Af) be the smallest sub group of G containing Af. 
Choose F= [Mi : Mi is a sub group of G containing Af}. 

Clearly F is non empty as G which is a sub group of G 

containing Af belongs to it. 

If H=r\ Mi then H is also a sub group of G see p. 141. 
Clearly H contains Af as each Mi contains M. 

Again if K be any other sub group of G containing Af 
then K is a member of F and since H is the intersection of 
members of F it follows that H C K. 

i.e. H is contained in every sub group of G which contains 

M ' Therefore by definition H={Af) i.e H is the smallest sub 
group of G containing Af. 
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Now if Hi and H 2 be two smallest sub group of G con¬ 
taining M then Hi C H 2 as Hi is smallest sub group therefore 
it is contained in every other sub group of G which contains 

M. 

Similarly since H 2 is smallest sub group containing M we 
have as above H» C Hi. 

Hence H X =H« thus proving that the smallest sub group 

containing M is unique. 

§ 12. Commutator sub group of a group. 

Commutator. 

Let G be a group and x , y E G, then the element 
xy x- 1 y~ x is called the commutator of the ordered pair (x,y). 

Also (xy X' 1 y~ 1 )- l =y x y~ l V O'" 1 ) 1= v. 

Commutator of ordered pair (y, x)— yx y x —Inverse 
of the commutator of ordered pair (x, y). 

Commutator sub group of G. 

Let A/={xy x~ l y" 1 :x,y EG] 
and G' be the sub group of G generated by M f.e. 
then G' is called commutator [sub group of G i.e. G' is the 
smallest sub group of G containing M. 

Theorem 14 Let G be a group and G' be the commu¬ 
tator tub group of G i.e. G' is a sub group generated by M 

where 

M ={xy x" 1 y' 1 : x,y E G} then 
(/) G' is a normal sub group of G. 

(Meerut M. Sc. 1969) 

(//) The quotient group G/G' is abeliani. 

(Meerut M. Sc. 1969) 

{///) If H is any normal sub group of G then 
GIH is abelian => G' C H. 
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((V) H is a sub group ofGanrlG CH^H is a normal 
sub group. 

Both (iii) and (N) can be put as under. 

Tf H is any normal sub group of G then G H is a c ia 

if and only if G' C H. 

Proof. G' is a normal sub group of G. 

(i) Let a e G' then G' will be normal if 

x £ G, a £ G' => x a x" 1 £ G' . 

Now X a x-* = x a X-> a_1 a=(x « X- a-) a £ G'. 
because x , x- «-> £ C' and x £ G. 

Hence <7 is a normal sub group of G. 

(ii) Quotient group GIG' is abelian. 

Let n and h be anv two element of « ,hen ° ° ’ 

are any two elements of quotient group GIG. We 

prove that GIG' is abelian 

Now ah a-' A- £ M =* a h <r> !<-' £ G' V M c 
=> (a b) lb £ G 

=»• G' (a b)=G' (h a) /f ^ ^ ^ £ „ 
* (O' «) lG'h)=G' ib) G' to) HaHb _„ ah 

=s- G G' is abelian. 

(iii , (iv) Let // be any normal sub proup of G and 
fl 6 £ G then U a, H h are any two elements of G/W 
’ , 5 , Case. Gin is abelian, to prove G C H 

( Ha) (;//>) = (W*> <" a) ' 

=> ,fab=Hha*(ah) (b a)-'S »■ 
oaba-'b-'SH* M C H us a b a * b & 
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Hence H is a sub group of G which contains M. But 
is the smallest sub group of G which contains M , hence 
must be contained in H i e. G' C H. 

2nd Case. G' C H but M C G' 


G' 

G' 


M C H => a b a~ l b~ l belonging to M also belongs 


to H. 
or 


a b a - 1 b~ l £ {a b) [b a)" 1 £ H 
* H (a b)=H (ba)* H {a) H ( b) = H (b) H (a) 

=» G/H is abelian. 



CHAPTER VF 

GROUP HOMOMORPHISM 
§ 1. Definitions. 

(a) Homomorphism onto. 

A mapping f from a group G onto a group G is called 
homomorphism of G' if V a, h £ G 

f(a.b)=f(a).f(b). ~ (1) 

In this case the group G' is said to be homomorphic 
image of g r oup G or else the group G is said to homomorphic 
to group G'. Symbolically we say G ^ G'. It mav be noted 
that for isomorphism we use the symbol ^ i e. G e* G and 
for homomorphism we use the symbol <=. On the left hand 
side of (1) the dot. denotes m duplication composition in G 
whereas on the right it denotes the multip'ication composition 

in G'. 

Distinction between isomorphism and homomorphism. 
The isomorphic mapping should be necessarily one-nnean.l 
onto satisfyinc the above condition I, whereas a homomor¬ 
phic (onto), mapping need not be necessarily one-one. It may 

be many one. 

Again w? know that the relation of isomorphism in the 
set of groups is an equivalence relation but the relation of 
homomorphism will not be an equivalence relation. 
Because the relation of homomorphism will not be symmetric 
as we know that only one-one onto mappings are invertible. 
In other words G ^ G' does not imply G' ^ G where as 

G ^ G' => G 's G. 
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(b) Homomorphism into . a ii e( i 

A mapping f from a group G into a group G u called 
homomorphism of G into G' if V a, b E 

• , r / r / L\ 


f (a.b) =/ i a ) ftf). 

In this case G' will not be said to be homomorphic .mage 

of G but we will show later that homomorphic tm g 

which will be/(C) to be a sub group of group U . 

(c) Endomorphism. 

A homomorphism of a group into itself is calte o 
endomorphism. 

8 2 Certain properties of homomorphism. 

,f f is a homomorphism of a group G onto (mto) a 

group G then f (.)-/ -here e and e' urc tdenttt.es of G 

and G' respectively. 

ie. the zero’s correspond. 

Let a E G so that/(a) £ C 

Then/ <«).« -/W c) ase is identity of C 

=f{a)f(e) by (1) 

But G'te’i group and hence by cancellation law we have 

f(e)=e'. 

(2) The image of inverse of a E G is inverse of 
image of a 

i.e. f (a~ l ) =[ f {a))~ l 

a £ G a- 1 G G and a a l =e 

=> /(« a- l )=f{e) , 

=> / (a -1 ) is the inverse of/(u) E G' 

or /(« _l ) = t / . 

(3) // the order of a G G .va v /i then the order 

off {a) i.e. m is a divisor of n. 


,(D 
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Group Homomorphism 

o (a)=n=> a n =e 

■ f(a")=f(e)*f(“ aa .> = e ’ 

=* / (a) / (a) / («) • •• = * 

Hence if *i* the order of/(a) in O'then « must be a 

divisor of n. . , 

(4) Homomorphic image of an abelian group is 

Let < 7 , b £ G :.a b=h a as G is aheban 
Then / (a) f (*) =/ (a « -/<* «> -/ (fc) { (a) 

O’ £ prole that 'be homomorphic image f(G) ofC [ft "H 
„o, fce G' ar fb not onto] isasub gronp ofG_ 

to prove that , ^ f . CA 

a\V<=f(G)* a h ' £ f lG) 

Now a' b'~ l =f(a) [f{b)]~ l =fW fib 

= f {a .. h l | f G°b £G* ah'* eG 

Thus a’,b’enG)*ab-'enG) and hence AO « 
a sub group. 

8 3. Kernel of homomorphism. 

Definitbn homomorphism of a group ' 

« rt< se'Kofall 'hose e'emen's ofG winch arc 

Zpe'l oZ 'be itlen'i'y e of <T is caUet 'be Kerne, of 

homomorphism off. 


Therom 1 . FrmZ'ha' "'he Kernel of a bom .morphism 
f ■■ C - G ’ " ° n0ma ‘ ^ SOr " P mZt M. Sc. Summer 196*1 

jc-l*eo:/W-«r ,Rai M Sc M 68) 


_ ( 
■ V 


v £ (7:/(x) = e'K 
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Since f(e)=e' e £ K i.e. K is non empty. 

K is a sob group. 

Let a, b £ K=> f[a)=e\ f (b)=e‘ 

Now f (a b~')=f (a) f (6~>) =/ (a) [ / [b )]-* 

= e' (e')-i =e ' e '=e' 

Since f (a b~ l )=e ' => a b~* £ K whenever a, b £ K 
Hence K is a sub group. 

K is a normal snb group. 

Let g be any element of G and a £ K so that/(a)=e'. 

If we show that g a g~ l £ K then K will be a normal 
sub group. 

Now fig a g“ l ) =/ (g) f (a) f (g' 1 ) =/ (g) e' [ / (g)]" 1 

=f<g)[f(g)]- l -e' 

g a g _1 also £ K. Hence K is normal sub group 

of G. 

Theorem 2. Let f he a homomorphism of a group G 

onto u group G' with kernel K and a be a given element of G 

such that f (a)=a’ £ G'. Then the set of all those elements 

<1 G which have their image a' in G' in the coset K a of K 
in G. 

In other words the set of all inverse image of a !' under f 
is the right coset K a, where a is any particular inverse image 
of a' in G. 

K={x £G:f(x) = e}. 

Let us denote by A the set of all these elements of G 
which have the image a' in G'. 

■*. ^={v € G:f(x)=a’l 

We have to prove that A = K a. 

We shall establish that A c K a and K a C A. 

K a C A. Let y £ K a => y — k a 

where k £ K i.e. f [k) =e' 
f (y) '~f {k a)—f{k) f ( a)=e’ f(a)=f(a)=a'. 

Sinee/(y) = rt', it follows that y £ A. 
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y £. K a => y £ A K a C A 
A C K A. Let 2 6 A* /(*)=«' 

Now/ (z a" 1 ) =/ (z) / Ur 1 ) =/U) l /W 1 

= fl ' (a')" 1 V /(«)=<*' given 

• y( z a -i) = e ' =* z a" 1 G K by def. of K. 

=>■ (z a~ x ) j £ K a => 2 £ Ka. 
z £ ^ =>• z £ K a, A C K a. 

Hence form (1) & (2) we prove that A = K a. 

Theorem 3. The necessary and sufficient condition for 
a homomorphism f of G onto G' with kernel K to he at, 

isomorphism is that K={e}. . 

If /is to be an isomorphism then it is one-one and in 

that case/ [e)=e‘ where * and ✓ are U» iJeauties ofG and 

a respectively. No other element of G except e will have 

image e the identity of G‘. 

£ c : f(x) = e'} will consist ot only one 

element e. 

K={e). 

Conversely let K={e) be the kernel of homomorphism / 

of G onto G' so that f (a)=a\ a G G, a' G G' 

Now/will be an isomorphism ’I / is one one 

ie f (b)—f(o) => h=a. 

Now if f(b)=f(a) then f(b)=a so that h is also that 
element of O’ who e/image is a' in G aaJ hence by precee, - 
ing theorem b should belong to right coset K a. 

b G K a. b=e a=a as K=S W- 

Hence / t/>)=/ («)=> b-a. . 

• m f is one-one and hence an isomorphism. 

Theorem 4. Every quotient group G/// < f a K'"« 
groirp G Is a homomorphic image of the group. 

kernel off is H 
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Let G be a given group and H be any normal sub group 

of G so that GjH is a quotient group whose elements are of 
the type H a, a G G. 

We have to show that GjH is homomorphic image of G. 
For this we will show that a mapping/of G onto G/H such 
that f( a b)=f(a)f(b) V a, b G G 

Consider the mapping/: G G/H defined as 
f(a)=H a, a G G, H a G G/H. 

The mapping is onto. Corresponding to each element 
H a, (a £ G) of G/H 3 (i£C such that / {a)= H a. 

Nowi fa, be G then f (a) = H a, f (b)=H b. 

f (a b) = H(ab) = (Ha)(H b) =/ (a) f (b). 

Hence/is a homomorphism of G onto G/H. 

Kernel of f. /: G -> G/H. 

By definition kernel of/ will be the sub set K of G whose 
/image is (he identity of G/H which is H. (P. 425) 

K=[a G C :/(</)=--//} 

We have to prove that K = H. 

Let a G A'=> f(a) = H the identity of G/H. 

By definition of /given above f {a) = H a 

// a = H=> a G H 

a£K=>a£H K C H ...(1) 

Again let A G // then H h=H by def. of cosets. 

Now / (h) — H h = H by def. of/ 

/. // G K 

Hence // G H => I, G K H Q K ...(2) 

form (1) and (2) we get K = H. 

ic. kerne! of/is H where /is a homomorphism of G onto 
G/H. 

Fundamental theorem on homomorphism of groups. 
Theorem 5. Every homomorphic image G' of a group 
G is isomorphic to iome quotient group there of. 

(Meerut 69 ; Punjab 68 ; Delhi 69) 
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Let G be a group and G' be its homomorphic image 
under /. 

If A' be the kernel of/then as shown earlier K is nDrmal 
sub group so that GjK is a quotient group. 

We have to prove that G/K is isomorphic to homomor¬ 
phic image G'. 



For proving this we will have to search out a one one 
onto mapping 9 : G/K-*G' which preserves the compositions. 

If a E G then K a E G/K. 
and f{a) E G' as/: G -*■ G'. 

Hence in accordance with our definition. 

9 (Ka)=f(a). V a 6 G. 

First of all we establish that the mapping is well defined 
i.e. independent of the particular element a chosen to repre¬ 
sent the coset K a of G/K. 
i.e. if K a=K b we will show that 

9 (K a) - 9 (K b) 

Now K a=K b => a b~ l E K 

=> / ( a b- 1 ) =Idcntity of G' as K is kernel of/ 

=> f(°) f(b~ l )= e ' as / is homomorphism 

=►/(«)[/(*> r=e 

=> f(a) [f (b)\~ l f [b)—e f (b) 

=> f (a) e' = e' f (b) 

=> f (a) =f (b) 

=> 9 {K a) = 9 (K b) 

Hence the mapping is well defined. 

For proving 9 to be an isomorphism, it should b; shown 
to be one-one onto and preserving the composition. 
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9 is one-one. 9 ( Ka)—< p [K b) =>f [a)=f [b). 
=>f[a)[f[b) ]- J =[ f[b))[f[b) I' 1 
=> / (a) f[b)~ l =e' the identity of G' 

=> f [a 6 -1 ) = e' as / is homomorphism 
a b~ l €. K 
=> K a=K b. 

Hence 9 is one-one. 

9 is onto. Let any element of G' which is homomorphic 
image of G be / [a), a G G. Corresponding to this element 
/ [a) 3 a coset K a in G/K such that 

9 {Ka)=f[a). 

Hence 9 is onto. 

9 presenes the group compositions. 

9 [(A' a) [K 6)]=9 [K a b)=f [a b) 

=f / [b)y as / is homomorphism 
=9 [K a) 9 [K b) 

Hence 9 is an isomorphism of GJK onto G' 
i.e. G/K^G'. 

Exercise X 

1. If f i homomorphism of G onto G' and g is homo¬ 
morphism of G' onto G ". Show that g of is a homomorphism 
of G onto G\ Prove also that the kernel of f is a sub group 
of the kernel of g 0 f. 

f: G G' t g 1 G' & G* 9 both f and g are homomorphism 

(onto), and hence the composite mapping 
g of :G -+ G” is an onto mapping. 

If it is to be homomorphism we should show that g of 
mapping preserves the composition of the groups. 

Let a, b E G then 

ig of) [a b)=g o [f (a 6)] by def. of composite mapping 

=g f / [<*) f [b)] V /is homomorphism 
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= g[f{a)]glfm 
= {g o f) a.{g of) b. 

Hence g o /preserves the composition and it therefore is 

a homomorphism of G onto G . 

Kernel of g o f. . 

If AT be the kernel of g of then by definition, 

X={y £ G : {g o f) y=e'} where e" is identity ot G . 

Let K' be the kernel of/, then 

X' = ( x G G : f (x)=e) where e is identity of G 

We have to prove that K the kernel of/ is a sub group 


of K the kernel of g of 

Now both kernels K and K ’ are normal sub groups and 
hence in order to show that K is a sub group of A it » 

sufficient to show that K Q K 
Let x £ *'then /(x) = *'. 

Also (g o /) x=g [/(x)]=S (e')=e 
as g is a homomorphism of O' onto G' and we know that 

‘ he (g 7fTx=e’ where gof is homomorphism of 

G onto G* it follows that .v bel mgs to kernel K of * o f. 

Hence x £ K' => x £ A ^ Q K. 

Therefore the kernel of / is a sub group of the kernel 


° f ^ 2 ^ Prove that the mapping fiC-*R such that 
fix+M-xh a homomorphism of the additive group of 
complex numbers onto the additive group of real numbers, 

f ' nd CorXon£° an * real number x 3 3 C ° mpleX " Umber 

mapping. It will be a homomorph.sm if V «, b G 
V f(a + b)*S {a)+fib), groups arc additive. 
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Let a=x 1 +iy l , b=x 9 +iy 2 
then / {a)=x 1 . f (b)=x 2 
Also a+b={xi+x 2 )+i (>i+>’ 2 ) 
f(a + b)=x 1 +x 2 by def. 

=/(*)+/(*). 

Hence /is a homomorphism (onto). 

Kernel of f. It will consist of all those elements of C 
whose/image is the identity 0 of additive group of real 
numbers. 

Since/(* + /»=* =► /(0-f-/>’)=0 identity of R. 

Hence kernel of /will be set of all those complex num¬ 
bers whose real part is zero i.e. set of purely imaginary 
numbers. 


3. Prove that the mapping f: C -* C 0 such that 
f (z) = e M is a hooiomorphism of the additive group of complex 
numbers onto the multiplicative group of non zero complex 
numbers. What is the kernel of f, 


If - 1 . e C then / (; 1 )=A/(.’.)=e“ 2 ' 

/should preserve the compositions in the two groups. 
i.e. f{zx + z 9 ) should be shown to be/(r,) f (r 3 ). 

as the composition in C is addition and that in C 0 is 

multiplication 


z a 


/ (z l +r a )=/ ,+2s =e 2 ‘ . e' 1 =/(;,) 

Hence/is a homomorphism. 

Kernel of f. The identity of multiplicative group C 0 is 
1 and we know that 

/(2//7ri)=e 2ni,< =cos wr+/sin 2mr=\. 

Kernel of f=[z e C :/(r)= identity of C„] 

= {2wr/} where n is any integer. 

4. Let C 0 and R 0 be two multiplicative groups. 

Prove that the mapping f: C o -+R 0 such that /(z)= \ z \ is a 

homomorphism. What is the kernel off ? (Raj. 1969) 
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/(zi Z 2 ) = ki ^ 2 l = l^i* N=/(*i) / U2) 

Hence /is homomorphism. The identity of R 0 is 1 
and as such the kernel of/ will consist of all those complex 
numbers whose module is 1 as/(z)=|z|=l the identity of 

5. Let G be the multiplicative group of all nxnnon 
singular matrices with elements as real numbers and let G 
denote the multiplicative group of non Zero numbers. 

Prove that the mapping 

f: G-+G' such that f (A)=[A]. V AEG 
is a homomorphism. 

f(A B) —\A B\=\A . \B\=f{A).f^B). 

Hence / is homomorphism and the mapping is many one 
as more than one non-singular matrices may nave their deter¬ 
minants whose value is same. 

Endomorphism. 

6. Define endomorphism and prove that the mapping 

f: C-*C such that /(*+ iy)-iy 
is an endomorphism of the additive group of co »p!.x tnumbers , 
What is the kerne! of ft 

Definition A homomorphism of a group into itself is 
called an endomorphism. 

ziz a =* a +/)’a 

.*. / (zi)==/>i, /Ua) = OV 

Zi + z 2 « (x, + x- t ) + / O’x+ y%) 

f{zi-\-2%)=* (yi+y*)=iyi+iy2=f f (z 2 ) 

Hence /preserves the group composition and is therefore 
endomorphism as it is mapping of a group into itself. 

Identity of additive group C is zero hence all those num¬ 
bers of the type x+0/ will be such whose / image will be 0/ 

i.e. 0 i.e. the identity. 
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Therefore kernel of f will consist of all those complex 

numbers whose imaginary part is zero i.e. real numbers only. 
7. Prove that the mapping f - C 0 ->-Co such that 

f(z)=z n 

where n is a -f ive integer is an endomorphism of the multi¬ 
plicative group of non zero complex numbers. What is the 
kernel off. (R a j- M.Sc. 1967) 

f {ZlZt) = (z 1 z. i ) n =z 1 n Zo n =f (z l ) f (z a ). 

Hence an endomorphism. 

The identity of multiplicative group C 0 is 1. 
f (z)=z n 

Ikni 2km » 

" f \e ” ) = (e" ) 

=cos 2k~ -f i sin 2kir= 1 . 

2 kit j 

kernel of /=je n | where k is any integer 
§ 4. Automorphism of groups. 

Definition. An isomorphic mapping of a group G onto 
itself is called an automorphism of G. 

In other words f : G->G such that 
f is one■ one onto and 

f(ab)=f(a)f(b) t V a,b GG 

The composition in G being denoted multiplicatively i* an 
automorphism of G. 

Ex. 1. /:/->/ such that f(x) = —x V x £ /. 

Evidently the mapping is one-one onto. 

Also / (+.y 2 ) = -(a-j- f* a ) = -Yi + (-* a ) 

=f (*i) +/ (-v 2 ) 

Hence / being an isomorphism of G onto itself is an 
automorphism of G. 
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Ex. 2. The mapping f: C-+C such that f ( z)—az 
where a is non zero complex nu ber is an automorphism 
of the addithe group of complex numbers. 

Clearly the mapping is one-one because 
f{z x )=f(zj => az x =az 2 =*■ z x =z % . 

The mapping is onto as for any complex number z 

3 a complex number-^-(a^O) 


such that / 

Also f(z l + z 2 ) = a (. z l +z»)=az 1 +az i 

-/(Zi)+/W 

Hen:e/being an isomorphism ot C onto itselt is an 
automoiphism. 



Group of automorphism of groups. 

Theorem 6. The set of all automorphism of a group 
forms a group with respect to composite of functions as the 
composition. (Punjab 68, Gujarat 70; Raj. M.Sc. 1966) 

Let ^ {G) = {f : / is an automorphism of G) 
such that /is one-one onto and preserves the group com- 


• • 

P ° S1 We have to show that A (G) is a group w.r.t. composite 
of functions as the composition. 

Axioms of a group. 

1 Closure properly. Let/, g £ A (O. Since both are 
one-one onto therefore g of is also one-one-onto. 

Again (g of) (ab)=go [f(ab)\ 

— go [f(a)f(b )] as /is automorphism 

=g[fia)]gim ] 

= (g o f) a. (g of) b 
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Hence go f preserves the group composition which there¬ 
fore is an automorphism and belongs to A ((?). 

2. Associative. We know that composite of functions 
is associative and as such composite of automorphism is also 
associative. 

3. Identity. The identity mapping I is one-one onto 

and preserves group composition and as such is an automor¬ 
phism G A (G). 

4. In>erse. If / £ A(G) then / being one one onto 
the inverse mapping f~ x exists and is one-one onto. In order 
to show that/ -1 is an automorphism we must show that it 
preserves group composition. 

Let (a)=a\ f x {b) = V 
f(a')=a,f(b') = b 

Now n (ab)=f- x [f(a')f(b')] 

=f~ l [ f ia'b'] V /is automorphism 
=a'b'=f~ l ( a)f~ x (b ). 

iience/ -1 preserves group composition and is therefore 
an automorphism £ A ( G). 

Thus all the axioms of a group are satisfied and we can 

say that the set of all automorphism of a group is a group 
under composite composition. 

Ex. 3. If a is any given non zero complex number, show 
that f a : C-+C such that f a (z) =az 

is an automorphism of the additive group of complex numbers. 

Prove also that the totality of these automorphisms 
arising from all non zero complex numbers a is an abelian 
group for the composite composition. Show also that the 
group is isomorphic to the multiplicative group C 0 of all non¬ 
zero complex numbers. 

1st part f a is an automorphism we have proved in Ex. 2. 
P. 443. 

2nd part. Let A — ^f a : a^'J and/, is an automorphism} 
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We have to show that the set A is an abelian group Tor 
composite compositions. 

Axioms of a group. 

Closure property. Let f a . /& £ A then 

/. oh (z)=f.lA (*>]=/• v>z)=a (bz) 


• • 


(z)=f 0 b (-)• 

f a o f b =fa, where ah&O as MO. MO 
f ah £ A, and hence f a of, £ 


A. 


Thus closure property is satisfied. 

Associative. (/„ of,) of e =( fab) 0 f<-—f a *i r 

==:: fa<bc)~fa fb' 

~fi o [ f, o fc\ V (ah)c = 


- a (be) 


Hence associative. f 

Identity. We know that I is the identity of a croup ot 

non zero complex numbers C, for multipli- iti c co.nposmoi 
so that 1 .a = a=o. \ 

Now f\ o fa~f\a—fa- ^ fa G 

Hence/, £ A is the identity of A. 

Inverse. We know that M0. a a' l =--a~ 1 a = 1 

Now /^/o-^^/.^dentity of A 

Hence/.” 1 where a~ l ^0 is the inverse of/, and clear y 


/a' 1 G '*• 

Abelian 


Since multiplication of complex numbers is 


commutative we have ab=ba. 

.*. fa o f,=fab =fba=fb 0 fa l 

Thus the set A of all automorphisms of C defired as 
given constitutes an abelian group w. r. t. composite 

compositions. 

3rd Part. We have to prove that group A of automor¬ 
phism is isomorphic to group (C„, x) i e. A ^ (C a , x). 
or (C x ) = as the relation of isomorphism being an equi¬ 
valence relation is symmetric. 
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In order to prove C 0 ^ A we have to search out a one- 
or,e onto mapping preserving the compositions. 

Let us define 9 : Co-* A such that 9 (a)=/» 

The mapping? is one one. 

o (a) -=9 (/;) => /j -fb => fa ( 2 ) ~f> (-) 

^ a - -^bz=> a-=b by Cancelation law 

The mapping is clearly onto. 

Let us verify about composition preservation. 

? (ab)=U=fa of >=<? (a) 0 ? (*)• . . 

Thus the mapping preserves the composi ions 


groups. . 

Hence ? is an isomorphism of C„ onto A. 

or Co c*A or Bs* C 0 . 

§5. Inner Automorphism. 

Theorem 7. Corresponding to a fixed element a o 
group G prove that the mapping fa ' st,ch t,iat 

u (X)=a - 1 X U is an automorphism 65; De , hi M) 

f a {x , =/o (,,) ^ n -1 , w = a -» ra => -' =>• by Cancelation 


Law. Hence /„ is one-one. t r ^ 

Let y be any element then ay a~ l is also an element of G 

and f tt (ay (ay a~ l ) a = (a~ l a) y (a~ x a) = v. ~ 

Thus corresponding to each v in G 3 x = ay a~ l »n G 
such ihat f a ( v) =y. Hence / 0 is onto. 

Again /« (vy) = «’* (vy) a=ar x x (a a ’) ya. 

— a -1 xa) (a -1 yo)—/» (*)./« (y) 

Thus /a preserves the group composition. 

Hence/., is an automorphism. 

Inner automorphism. 

The mapping fa : G -> G such that 
/a (x)—a~ l xa V .v£ G 
which is an automorphism of G is called 


xa=a. v 


inner automorphism 
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Inner autumorphism and an automorphism which is not 

an inner automorphism is cilled outer automorphism. 

Na ure of Inner automorphism for abelian and non abelian 

(Raj. M. 6C. ooj 

groups. J 

l et f a be an inner automorphism on a group G 

f a ( X )=a~ x xa by def. V * G G 
= a _1 (ax) if G is abelian i.e. 

= (a~* a) x=ex=x=I (x) 

• i e. identity mapping. 

Hence for abelian groups the only 
is the identity mapping But if G is non abelian then 
/ 0 (a ) = a-' x a =£xz£ I (x) 

Thus for non abelian group 3 non trivial (-£ I) inner 
automorphism. 

Theorem 8. Group of Inner automorphism. 

The set of all loner automorphisms of a group G is nor¬ 
mal su’> group of the group of its automorphisms iso norph,: 

to the quotient grout, dZ «*-■« Z /. the ren'reofG 

(Aligarh 65; Delhi 70; Meerut M. Sc. 1967) 

Wc have shown that the set of automorphisms is a group 

to be denoted by /l (G). 

A (C)={ f : f:G-+G and f is an isomorphism] 

Now inner automorphism are a'so automorph sms as 

such they also form a group to be defined by 1(G). 

. f{G)—{A : f <> : G ~* G such ,hat r “ W =a xa * 

where V, is also an automorphism called inner automorphism 
1st step. We have to prove th it / (G) r, a sub group of 

A <C n' is evident that / <G) C A (G) and if it is to he sub 
group we should show that (a G //, b G H => oh 1 G H or 
H to be a sub group G) 
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f a e / ((?),/» e / (G) => /. t/» l' 1 6 ' (0) 

Let us first define [/&] _1 

[/»/T>] .v=/ 6 [/,-* = -V A" 1 ] by def. of/. 

=/, [Ax A- 1 ]=i~ 1 [6.v 6-‘] b 

— b~ x l)Y b~ l b=ex e=x=Ix 

/& / b _1 = identity mapping on G 

[fb]~ l =fb~ y ~ U) 

Now ft [ ft]" x =ft ft" .r) =/ a [ /r 1 -v] 

=fa [(b-')’ 1 X br*)=fa [b X b~ l ) 

= o" bx b" a=(b" a)' 1 x (6" 1 a) 

=/b _1 a (a) by def. of/.. 

But b" a £ G => /r l « G / (C?) 

G r(G) 

Then ft AG/ (G) => ft[ftY l G / (<?> which is a 8uh 
set of A (G) 

Hence I {G) is a sub proud A (G). 

2nd Step. To show that I (G) is a norma! sub group of 

A (G). 

Criteria for norma! sub group A sub group H of G will 
be normal if a* h x" £ H V li £ //and V v £ G. 

Let /be any element of A (G) and ft be any element of 
1(G). 

Tn order to show that sub group / (G) of A (G) is a nor¬ 
mal sub sroup we should establish that /"A/ -1 G / (G)- 
Now [ f ft / _1 1 ( y)=/A [ A 1 f.Y)] 

=/r«~ a / _1 i.v) (7] by def of ft. 
=f(a")ff"(x)f(a). 

Y f being an automorphism is composition preserving 
= [/(flir 1 -V / (a) V / (a _1 )=[ /(fl)] -1 

and //- 1 a* = / x — Ix = x 
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= c -1 * c where c=f (a) E G 
=f e x where f c E / (G). 

Hence f fa f~'=fc € / (G) V / E A (0) and f a E / (<?)• 
Therefore / (G) is a normal sub group of A (G). 

3rd Step. To show that I (G) is isomorphic to G/Z. 

I (G) ^ GIZ or G/Z s* / (G). 

Method. From Fundamental Theorem of Homomorphism. 

We know that every homomorphic image G o/a group 
G is isomorphic to some quotient group thereof. 

So we shall first prove that / (G) is homomorphic image 
of group G and Z is the kernel of this homomorphism which 
we know is a normal sub group so that G/Z is a quotient 

After proving this wc can at once say that G/Z ^ f (G). 
To prove that / (G) is homomorphic image of G. 

Let us define a mapping ? : G-*-/ (G). 
suc.i that ? (a) —f a -\ V a G G. 

The mapping ? is onto because if/, be an element of 
/ (G) then 3 * _1 in G such that ? (* *) =f( x - i)-i 


Hence 9 is onto. 

9 Preserves compositions. 


9 




Also 9 (a />)=/ 




(<*A) 1 J 

(«*>) 


-I 


=a/> x A ” 1 a 1 
= (bx b~ x ) a~ x 


=f a _ v (bx b~ x ) 

=/ a ., K*- 1 ) -1 * *>“1 

=/ a -iI4- xl=(/ <r‘4-i )x 
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•' ] \ab)-'~ } a~' J b-' 

.*. 9 (ab)=<? {a) 9 {b) by A. 

Hence the mapping 9 is homomorphism of G onto I (G) 
and as such l (G) is homomorphic image. 

4th Step. Kernel of homomorphism <f>: G-*7 (G), is the 

set of all those elements of G 

whose 9 image is the identity of 1 (G) i.e . 1. 

If Z be the kernel of 9 then 

Z={z : 9 (z)=/}. 

But 9 (z) =/,_ l or /=/ z _ x 
or /,_ 1 (*’f)=/.v V x E G. 

or U" 1 ) -1 x z _1 =x. 

or zx 2 _1 =x or zx=xz V x E G and :£Z. 
i e. Z is the centre of G. 

Hence kernel of <j> is the centre Z of G which we know 

is a normal sub group. Therefore G/Z is a quotient group. 

Now from fundamental theorem of homomorphisms. 

G/Z ^ / (G) where / (G) is homomorphic image of group 

G under homomorphism 9 as shown above whose kernel is 
shown to be Z. 

Hei.ce the theorem. 

§ 6. External direct products. 

Definition. // Gi and G 2 be two groupa then the set of all 
ordered pairs (g lt g 2 ) : g, E G lt g., E G 2 , is called the external 
direct product of G y by G it The external direct product of 
G,, by G., is expressed as G x x G 2 . 

Note. It should be Clearly understood that 

G, x Go -jZ iioX Gi« 

Also GjXGa is not same as G,G«, because 
GiG 2 ={g,g 2 : ^ E G x , g 3 E G a }. where as 
G\ x G 3 — {(g v , g 2 ) : g, £ G lt g 2 E Go} 
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1.Theorem 9. If G u G 2 be any two abstract groups then 
the set 

G x x<7 2 ={(gi, gi) • gi G G u gt 

is a group with reject to the binary operation denoted 
multiplicatively and defined as 

(gu £ 2 ) (buhi)—(gi h ly gt h 2 ) —(0 

where g , hi G. G u g 2 , h 2 G G 2 . 

Proof. Axioms of a group 

1. Closure property. 

gu hi G G, => gfi 1 G Gi as G, is a group 
# 2 , h 2 G G 2 => goh, G G> as G, is a group. 
s*A 2 ) G G, x G,. 

2. Associative. 

[(gi, g c ) (^i» hi)] (At,, Ar 2 ) 

= (eiA x , g 2 /» 2 ) (*i, k 2 ) 

■=[(gihi) k u (gM k 2 ] 

=[gi (hik\) y g> (h 2 k 2 )\ 

= (gu gi) [(hiku h t k t ) 1 

=(gi, gi) [ hu h 2 ) (A'i, At 2 )]. 

Hence the composition is associative. 

3. Fxistence of identity. 

If e u e, b:th: identitiis of group; G x and G, respectively 

then ^ 

(* 1 , * 2 ) G G, xG 2 . 

Also gi<?i = Cigi = £i 
and g i e i =e 2 gt=gu 

Now (gugt) ( e i* e i) = (gi e u gi e t) = (g\i gi) 

and (c'i, ‘‘t) (gu g 2 ) = (^\gu c 2 g 2 ) = (gu £•<). 

Hence (e x , e 2 ) G G x X G t is the identity element of 

0 1 x G*. 

4. Existence of Inverse. 

giGGi* gf l G Gj, g 2 GG 2 => g t ~ l G G # . 
and (gt- 1 , gt 1 ) G G l xG 2 . 


G x . G, are groups 
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Also gigi~ l =gi~'gi=e u gtgt’^g*- 1 gt^e* ...(^) 
Since (&, g 2 ) (gr\ g 2 " 1 ) = (^ 1 " 1 , g-f 1 ) (gi, gi) 

=(e u e t ) the identity by relations in ( A ) 
it follows that (g lf g 2 )~ 1 =(gr 1 , g*' 1 ) £ GiXG*. 

Thus the inverse exists and belongs to the set. 

Hence Gj x G 3 is a group with respect to the binary com¬ 
position defined before, 

Theorem 10. If Gu G 3 are groups then the sub sets 
Gi X {e 2 } and {e,} x G 2 of G, x G % are normal sub groups of 
G x xGo isomorphic to G x and Go respectively , 

Gj X {*•} is a sub group of Gi X G 2 
H will be a sub group if a E H, b E H => ab~ l E H. 
Choose fl=(gi, e-), b—{h u e z ) E G x X W 
then ab~ l =( gl , e 2 ) (Ax, e*)- l =(£x, <? a ) (A x -\ e a _1 ) 

=(gi, e 2 ) (A/" 1 , e i ) = [gih l ~ 1 , e 2 e z ) 

— (gihr 1 , e 2 ) E G x X {e t } 

V gi E G,, A, E Gj =» Ax" 1 E G, hence gxAj" 1 G G t . 
Above relation shows that GiX {e a } is a sub group of 

Gj X Go. 

Similarly we can show that (exlxG, is a sub group of 
Gj x Go. 

G, x {e 2 } is a normal sub group of Gx X G 2 
A sub group H of G will be a normal sub group of G if 
for A E H,x Ar> E H V x E G. 

Here //=GxX{e.} so that A E //is (g ly e s ) 

G=G 1 xG a so that .v E GxXG 2 is (p y q), 

P G G lt q E G*. 

Now .t A x-»=(p, ?) (g„ e«) (p, (7)- 1 

=(/% < 1 ) (gi. (P -1 ,*? -1 ) 

= (/>gi /> _1 » W 1 ) 

= (/>gi Z*" 1 , e 2 ) E G,x {e 2 } 

because p, g u p~ 1 S G x => pg, p -1 E G L and q e 2 q~ 1 =e 1 . 
Hence G x x{e «} is a normal sub group of G x xG t . 
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Similarly e x X{G 2 } is a normal sub group of G x xG 3 . 

Gi x {e 2 } is isomorphic to Gx 
Let /: Gi x {<?,} G x defined as 
f[(gu e 2 )]=g x 

clearly / is one-one as/[(g lf e 2 )]=f[{h x , e a )J => g l =h l 

=> (£i> e 2 ) = (/»!, e 2 ) 

Also/ is onto. 

Again /[(gx, e 2 ) (h x , e 2 )]=f (g x h x , e 2 )]=g x h x . 

=f (gi, e 2 ) f (//„e a ) 

i.e. f(ab)=f{a)f(b) V a, b £ G x x{e 2 ). 

Hence GxXfeJ s* Gi 

In a similar manner we can prove that {ex} xG % ^ G 2 

Theorem 11. If G x and G 2 are groups then prove the 
following. 

( a ) GxX{e a } n {ci}xG 3 = (ex, e 2 ). 

Let x£AnB=>x£A and x £ B. 

x £ G x x{e a } => x—(gi, e 2 ). 

This x can belong to {<?x}x G-i if g l =c l 
because in that case 

x=(e u e 2 ) £ {ex} xG 2 . 

Hence {e x , e 2 ) which is identity of group G x xG 2 is the 
only element common to G x x {e 2 } O {<?,} x G., 

(b) Every element of G x x {e 2 } commutes with every 
element of {ex}xG a . 

Let a £ G l x{e 2 }={g x , e 2 ), g x £ G x 
b £ {ei)xG a =(ex, gi), g 2 E G t . 
a b=(g x , e 2 ) (e l9 g 2 ) = (g x e x , e 2 g 2 )=(g x , g 2 ) 

ba=(e x , g 2 ) (g x , e 2 )=(e x g x , g 2 e 2 ) = (g x ,g 2 ). 
ab=ba. 

Hence every clement of G x x {e 2 } commutes with every 
element of {ei}xG t . 

(c) Every element of G x X Go can be uniquely expressed 
as the product of an element of G x x {e 2 } by an element of 

{e t ) x G 2 . 
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Let » any element of G x x (? 2 be (gi, g 2 ) then 

(gu gt)=(gie i. e 2 g2)=(gu ^ ^ £ 2 ) 

=Product of an element of <JiX{e a l 

by an element of x G t . 
Above relation shows that there is at least one repre¬ 
sentation. 

Now if (g!, g 2 )=(h lt * 2 ) («i» 1h) 
be another representation as above 
then (g it g 2 )={h x e u e 2 h^={h x , h 2 ) 

=► gi = hu gi—h 2 * 

Hence the representation is unique. 

(d) G x xG 2 & G 2 xG x . 

Let f:G x xG 2 -+G 2 xG x defined as 

/ {gu ga) = (ga. gi) 
clearly the mapping is one-one-onto. 

Also f[{gu ga) (^ 1 , h 2 )]=f {g\h\ y g<Jh) = {g%h 2 , g\h\) 

= (g 2 , gi) (/»a, h x ) 

-f/(ft,g.)l [/(*». WJ 

(7jXGa = GoXGj. 


chapter vn 

QUOTIENTS RING AND RING 
HOMOMORPHISM 

§ 1. Quotient Ring. 

Theorem 1. Let R be a ring and S be a two sided ideal 

of R. Prove that the set R or R/S of all distinct cosets 
S+a, (a £ R ) of S in R which are obtained by considering S 
as a sub group of R under addition is a ring wider the /mo 


composition in R defined as 

tS+ a) + (S+b) — S+{a + b) 

(, S+a).[S+b)=-S+ab. 

(Meeiut M.Sc. 68; Raj. M.Sc. 66) 


First of all we shall establish that the above two compo* 
sitions are well defined i e. they are not dependent on sonic 
particular elements like a and b chosen for the cosets : 

For this we will establish that if 

S+a—S+a' and S+b=S+b' then 

(S+a)+{S+b)=(S-\-a') + (S+b) 

and IS+a) (S+b)={S+*)lS+b'). 

The following points studied in sub group be noted 
Ha=bib => ab~ x £ H 

H+a=H+b => a-b £ H. (0 

Also Hh = H if h£H 

or H+h=H if h £ II. 

Proof. S+a=S+a' => S=S+a'-a 

o a'-a £ S by (2) =► a £ S. 

Similarly S+*=S+V «■ b'=b+P, P £ S. 


...(2) 
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a! -f- b' =(a+ a) + (6+ (3) = (a + b) + (a + P) 
or (fl'+ 6 ')-(a+ 6 )=a+p G 5 

* 5+(a'+6')=5+(tf+6)by (1) 

=> (5+fl^+($+6'M5+a)+(S+6) by def. 
Again a'b'=(a+ a) (6+ j 8)=a6+a6+a£+a'3. 
a'b'—ab=ab+ap+o.p. 

Now ct £ S, b £ R => ctb £ S as 5 is an ideal 

a£ R,p £S=> ap £ S as 5 is an ideal 

a E 5, P £ S => a/3 £ 5. 
a'b'-ab £ 5 
S+a'b'=S+ab by (1) 

=> (5+fl'J (5+6')=(S+a) (5+6). 

Hence the two compositions are well defined. 

Now we shall prove that R is a ring. 

Rv R is an additive abelian group. 

1. (S+a)+(S+b)=S+(a+b), 

where a +6 E R as R is a ring. 

5+(a+6) G R- 

2. Addition is associative. 

(5+ fl )+[(5+6) + (5+c)]=(5+a)+[5+(6+c)] 
=5+a+(6+c)=5+(a+6)+c 
because addition in R is associative. 
=[S+(«+6)]+(5+c) 

=[(5+a)+(5+6)] + (5+c). 

3. Identity. 5=5+0 G R . 

Also (5+0)+(5+a)=5+(0+a)=5+a. 

5 is the additive identity. 

4. Additive inverse. 

(5+a)+[5+(—a)]=5+[a+(—a)]=S+0=5. 

Hence 5+(—a) is additive inverse of 5+a E Rl 
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5. Addition is Commutative. 

(5-fa) + (5 + ^) = *S+(a + 6) = 5+(^+fl) 

= (S+b) + (S+a) 

because addition is commutative in R. 

Hence R is an additive abelian group. 

R 2 . Multiplication is a binary composition which is associative 

a,b £ R abG R. 

(S+a).(S+b) = S+ab £ R as ab G R. 

Also (S'+fl) [(5+/?) (*S+c)]=(54-fl) (S+bc) 

=>S+a (bc)- S+[ab)c 

o(bc) = (ab)c in R. 

=(S+ab)(S+c)=[(S+a)(S+b)](S+c). 

R 3 . Multiplication distributes addition 

(S+a) [(S+b) + (S+c)] = (S+a) (S+b+c) 

= S+a (b + c) = S+ab+ac. 

Y a (b + c) = ab+ac in R 

= (S-\-ab) -f (S+nc) 

= (S+a) ( S+b) + (S+a) (S+c). 

Similarly we can prove the other distributive law. 

Hence R is a ring with respect to the given compositions 
the zero of the ring being S4-0 i e. S. 

Alternative notation. The ring R is also denoted as R/S 

is called quotient ring or ring of residue classes. 

(Raj. M.Sc. 67, 69) 

Note. If R Is commutative then R or R/S is also com¬ 
mutative given ab=ba as R is commutative. 

• (5-fa) [S+b)=S-\-ab=S + ba=(S-\-b) (S+a). 

Hence R/S is also commutative 
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If R is a ring with unity 1 then R or R/S is also a ring 
with unity, the unity being S+l. 

Since R is with unity a. 1=0. 

(5+a) (5+l)=(5+a.l)=5+a. 

(5+1) is unity of ring R or R/S. 

Ex. 1. Let {I 0y +,.) be the ring of integers and let 
—15 y —70,—5, 0, 5, 70, 75,... be an ideal of the ring. 
Prove that I/S is a ring and show further that it is a field. 

Now /={.., -3, -2, - I, 0, 1, 2, 3,...} 
the element of I/S will be cosets 5+ a : a G / 

we shall have only the following five distinct cosets 
i.e. Sy 5+1, 5+2, 5+3 and 5+4. 

It is easy to observe that the coset 5+5 will be same as 
coset 5, coset 5+6 was to the same as coset 5+1 etc. 

7/5={5, 5+ 1, 5+2, 5+3, 5+4) 
with the definition of addition and multiplication as 

(5+a) + (5+6)=5+(a + £) .. (j) 

(S+a) (S+b)=S+ ab) ...( 2 ) 

we have the following composition tables for 7/5 both 
for addition and multiplication. 


+ 

5 

5+1 

5+2 

5+3 

5+4 

5 

5 

5+1 

5+2 

5+3 

5+4 

5+1 

5+1 

5+2 

5+3 

5+4 

5 

5+2 

5+2 

5+3 

5+4 

5 

5+1 

5+3 

5+3 

5+4 

5 

5+1 

5+2 

5+4 

5+4 

5 

5+1 

5+2 

5+3 
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• 

1 5 

5+1 

5+2 

54-3 

5+4 

5 

5 

5 

5 

o 

5 

5+1 

5 

5+1 

5+2 

5+3 

5+4 

5+2 

5 

5+2 

5+4 

5+1 

5 + 3 

5+3 

5 

5+3 

5+1 

5 + 4 

5 + 2 

5 + 4 

5 

5+4 

S + 3 

5+2 

5 +1 

It is easy to 

establish from first 

table 

that the set //5 


is an additive abelian group, o ucmg a 

From the second table we can prove that multiplication 

is a binary composition which is associative. Also it distr.bu- 

tes addition. Hcncc I/S is a ring. . .. . • 

Again from the 2nd table we find that multiplication 

is commutative and also 5+ 1 is th e unityofthering^The 
non zero element of the nng are S+US+2, S+3.S+* 
whose inverses from 2nd table are S+l, S+3, S + 2, i+4 

respectively. Thus ring I/S is a commutative ring, with unity 
in which every non-z:ro element is mversible and hence it is 

a field. . . n . , 

Theorem 2. An ideal S of a commutative ring R with 

unity Is maximal if and only if the quotient ring R/S is a field. 

As shown in note on page 457 the quotient ring R/S will 

also be a commutative ring with unity as R is like that. 

S+l is the unity of the quotient ring where 1 is the 

unity of the ring « and S is the zero (additive identity) 

1st case, given : S Is a maximal ideal 
To prove that R/S is a field. 

in order to show R/S to be a field we have already 

shown it to be a commutative ring with unity and we have 

only to show that all non-zero elements of R/S are mversible. 
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Let S+b be a non-zero element of R/S i.e. S+b^S 
i.e. b^S. Now if (b) is the principal ideal of R then S+(b) 
is also an ideal of R. 

Also b^S 

:. sc s+(b) 

But S is given to be maximal ideal of R and hence by 
definition we must have S+(b)=R 

a+zb= 1 where a E S, a. b E ( b ), a E R 
and 1 = unity of R or 1—a b=a E S 

.". 5 +1 = 5+ o , .£>=(5+a)(iS , +h) 

But 5+1 is unity of R/S and hence (S+6) _1 =5+a 
Thus S+b is inversible and hence R/S is a field. 

Converse. Given R/S is a field and S is an ideal of R. 

To prove S is a maximal ideal 

Let S’ be any other ideal properly containing S i.e. 
SCS'CR. By definition 5 will be a maximal ideal. If we 
establish that S'=R. But S'CR as S' is an ideal and hence 
we hav; only to establish that RCS'. 

Now as SCS' therefore all those elements of R cont¬ 
ained in S belong to S', hence RCS' if all these elements 
a of R ^ S, also belong to S’. 

Let a E R, a ^ S then S+<x^S i.e. zero of R/S. 

Thus S+ x is a non-zero element of R/S. Also SQS' 
and hence there exists 3 in S' which is not contained in S. 

Therefore 5+3^5 (as 3 0$ S) is also a non-zero element 
of R/S. 

Also R/S is given to be a field and in a field non-zero 
elements form a multiplicative group (see page 195). There¬ 
fore there exists another non-zero element S+x of R/S such 
that 

(S+x) (S+3)=S+a a, * E R, p E S' 

=> S+xfi= S+a 
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=> x(S —a £S 

=> .t?-« 6 S' as SC S' 

But S' is an ideal * £ R, p £ S' => *3 £ S' 

Now xp £ S\ xp -a £ S' =► x?-(x?- a) € S' 

=> « G S' 

O. £ R => CL £ S' 

R C S' also S' C /? 

S'=7? 

Hence S' is maximal ideal. 

§ 2. Ring Homomorphism. 

Definition*. 

(a) Homomorphism onto : 

A mapping f from a ring R onto a ring R is called homo¬ 
morphism of R onto R' if V a, b £ R 

fia + b)=fla)+f(b) ...( 1 ) 

f(a.b)=f (a).f(b). ...(2) 

In this case the ring R' is said to be homomorphic image 
of ring R, or else, the ring is said to homomorphic to ring 
R'. Symbolically we say R ~ R\ rt may be noted that for 
isomorphism we use the symbol s i.e. R s R' and for 
homomorphism the symbol is 

On the left hand side the +,. denote the two compo¬ 
sitions in R whereas on the right they denote the compositions 
in R'. 

Distinction between isomorphism and homomorphism (onto) 

The isomorphic mapping shou'd be necessarily one-one 
and onto satisfying the above results 1 and 2 whereas a 
homomorphic (onto) mapping need not be necessarily one- 
one It may be many one. 
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Again we know that the relation of isomorphism in the 
set of rings is an equivalence relation but the relation of 
homomorphism will not be an equivalence relation for in this 
case the relation of homomorphism will not be symmetric 
as we know that only one-one-onto mapping are inversible 
and in this case the mapping is not necessarily one-one In 
other words R ==* R' does not imply R' ^ R whereas 

R^ R' => R' ~ R. 

(b) Homomorphism into. 

A mapping f from a ring R into a ring R' is called homo¬ 
morphism of R into R' if V a, b £ R 

f(a+b)=f(a)+f h) .. (/) 

f(a.b)=f(a).f(b). (2) 

In this case R' will not be said to be homomorphic image 
of R but we will show later that homomorphic image of R 
i e.f (R) will be a sub ring of R'. 

§ 3. Certain properties of homomorphism. 

(1) If f is a homomorphic mapping of a Ring R onto 
(into) a ring R' then f I0)=0' where 0 and 0' are the additive 
identities of R and R' i.e. zero’s correspond. (utkal 69) 

Let a £ R so that / (a) £ R' 

then / ( a H 0 ' =f (a) as 0' is the additive identity of R' 

~f(a + 0) as 0 is the additive identity of R 
—f ( a)+f (0) /is homomorphism. 

Hence / ta)4 0'=/ (a)+/ (0). ...(1) 

But R' ’ eing a ring is an abelian grvup w. r. t. addition. 
Hence by cancellation law from (1) we get / (0)=0\ 

2. The image of additive inverse of a £ R is additive 
inverse of the image of a. (utkal t>9) 

i.e f(-a)=-f(a) V a £ R. 

a £ R => —a £ R and a-f(—tf)=0 
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=►/[«+(-«)]=/( 0) 

=>/ («)+/ (—o)=0' 

where 0' is additive identity of R' 
=* / (—o) is the additive inverse of/(a) 

=* /(—<?)=-/ ( G ). 

3. Homomorphic image of a commutative ring is commu- 
tative. 

Let a, b (£ R ab = ba as 7? is commutative, 

then f(a)f(b)=f(ab)=f(ba)=f(b)/(a) 

f ( a \f(b) £ R' which therefore is commutative. 

4. Homomorphic image R of a ring R may not be a 
ring with unity but if R is an integral domain then f (I) is 
the unity of R', 1 being the unity of R. 

a. l=o = 1 a 

=*/>• »=/(tf)=/(l. a) 

=>/(fl)-/(U-/(<*)=/(!)./ (a) 

=>/(!) is the unity of R'. 

5. If f be a homomorphism of a ring R into a ring R' 
then prove £thac the homomorphic image f (R) of R lit will 
not be R' as f is not onto] is a sub ring of R. 

Let a\b'ef(R). 

So that a'= f (a , b'=f(b) y where a, b £ R. 

Iff (R) is to be a sub ring of R' then v // E/(/?) 
we should show that 

a ~b' €.f(R) and a h' £ f (R) 
where / (R) is a sub set of R’. 

Now a'—b' =/ (a)-f (b)=f(a,+f(-b) =/{{«+ ( ~b )) 
a —b' =f (a—b). 

Now a, b E R=> a-b £ R => f(a-b) 6/(7?) 

.*• a'—b‘=f (a — b) E /(/?)• 

Again a' b'=f (a). f{b)=f (a.b) E f(R) 

V a,b E R=> ab E R => f (ab) E / (R) 


or 
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Hence/(/?) is a sub ring of R'. 

§ 4. Kernel of homomorphism. 

Definition. If f is a homomorphism of a ring Rmo a 
ring R! then the set S of all those elements of R which are 
mapped onto the additive identity O' of R is called the kerne 

of homomorphism f 

Theorem’3. TheKfrnel If homomorphism of a ring is 

a two sided i leal . (Lucknow 69; Benares M. Sc 70) 

Given. /: R-+R' / > s homomorphism 

Kernel of/=£={* £ R '-f{ x )—^) 

To prove. S is a two sided ideal of R. 

Clearly S is a non empty sub set of R. 

Let a,b £ S * f (a)=0',f (b)=0' 

Now / (a—b)=f[a+\—b)] =f (a) +/ (■- b) =/ [a)-f ( b) 

=0'—0' = 0' => a-b £ S 
Now let r E R and a E S i.e.f {a)= 0' 
then f(ar)-f (a) f{r)=0'.f (r)=0' 

/ (ffl; =)» •/ (*)=/ (r) 0'=0' 

Above relations imply that both ar and ra E S. 

V a E. S and r E R 

Thus S is a two sided ideal of R. 

Theorem 4. Every quotient ring is a homomorphic 
image of Vie ring. 

Let R/S be a quotient ring of ring R and f: R-+R/S 
where S is an ideal of R defined as 

f(a) = S-\-a V a E R 
we will show that f is homomorphism. 

Let S+a, a E R be an element of R/S then by definition 
/(«)=£+«. so that/is onto. 

Again /(a+0)=S+(a+jS) 

= (5+a) + (S+ /?) 

=/U)+/(0) 
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/(a3) =S + <xP = (S + a) (S+fi 

=/(*)/(£). 

Hence/is homomorphism of R onto RIS. 

Theorem 5. If f be a homomorphism of a field F into 
a ring R then the sub ring f (F) of R is either a zero ring or 
afield isomorphic to F. (Lucknow 70) 

into 

Let f: F —*- R, then we have already shown above that 
/ (F* will be a sub ring of R. 

Let S be the kernel of /then by Th. 3 S is an ideal of F. 
But we know that a field has no proper ideals and as such 

either 5'=t0) or S=F 

Fn case S= F then / (x) = 0 V x £ F 

Hence/ (F) which is a sub ring will be zero ring. 

Incase 5'=(0) then kernel will consist of0 element 
only and hence the homomorphism will be an isomorphism 

onto 

f'F — *-f[F and/is isomorphism therefore 
Fe*f{F) or f (F) = F. 

Theorem 6. Every residue class ri g (/' e. quotient ring ) 
of a given ring R is a homomorphic image of the ring. 

(Rfij M. Sc. 6*, 67. 69) 

Let R be a given ring and S be an ideal of R so that 

R/S is a residue class ring whose elements are of the type 

S+a, a £ R. 

We have to prove that RlS is homomorphic image of R, 
For this we will show a mapping /of R onto R/S such that 

/ (tf+6)=/ (a)+f(b, and / (ab)=f (a) f (b) 
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Consider the mapping /: R^R/S defined as 
f(a)=S+a, a £ R, S+a £ R/S 

The mapping onto. Corresponding to each element 
S+a 9 ( a £ R ) of R/S 
3a £ R such that f(a)=*S+a 

Now if a, b £ R thenf(a)=S+a,f(b)=S+b 

/(fl+^)=5+(a+^)=(5 r fa)-|-(5 , -f6) 

=f(a)+f(h) 

f(ab)=S+ab=(S+a) (S+b)=f(a) f(b). 

Hence/is a homomorphism of R onto R/S. 

Theorem 7. Fundamental theorem on homomorphism 
converse of last theorem. 

Every homomorphic image of a ring R is isomorphic to 
some residue class rin? (quotient ring) thereof 

(Raj M. Sc 66, 67,69; Agra 69) 

Let R be a ring and R' be its homomorphic image 
under/ 

If S be kernel of homomorphism then 5 is an ideal of R 
and hence RIS is a residue class ring (quotient ring). 

We have to prove that RIS is isomorphic to homomorphic 
rmaee R' l.e. R/S ^ R' 

For proving this we will have to search out a one-one 
onto mapping. 

9 : R/S-+R' 

which preserves the compositions in the rings. 

If a £ R then S+a £ RIS 

and/(n) £ R’ as/: R-*R' 

Hence in accordance with our definition 
</> ( S+a)=f(a ) V a £ R. 
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First of all we shall establish that the mapping is well 
defined i.e, independent of the particular element a chosen to 
represent the coset S \-a i.e if 5 -f- a=S + b we will show that 

<f> (S+tf)=9 (S+b). 

Now S+a=S+b ^ a — h £ S. 

=> f (a—b) = 0' as S is kernel of homomorphism / 

=► /[(fl4-( — />)]“O' =>/(*) (-A)-O' 

=> f(a)-f(b)= ft' 

=> f(a)=f(h) =*• ? (S+a) = ? (S+/>) 

Hence the mapping is well defined. 

For proving 9 to be an isomorphism we have to show that 
it is one-one onto and preserves the compositions 

<}> is one-one. 9 (.9 + 0 ) = ? (5-f-6) => f{a)~ f (b) 

=> f(a)-f(b)=0' => /(fl)+/(-««O r . 

=> f( a -h) = 0' => a -b £ S as S' is kerne! 

=► 5+0=5+^ H-ha= : H+b => a — b £ H. 

Hence 9 is one-one 

rf> is onto I.et anv element of R which is homomorphic 
image of R be f(a). a € R Correspond; to this element 
f{a) 3 a coset S+a in R'S s.t. ? (S+a)-f(a) 

9 is onto. 

9 preserves ring compositions. 

9 [fSfa)-f-(S4-A)1=? IS F/r J- b]=f(aA-b\ 

=f(a)+f (/>)=<? L9 + <i) + ? (S I- b) 

9 [($+<?) (.9 ! />)] = ? (S±ab)=f(ah) 

=- f (a) f (b )-9 (S +- n) 9 f.9+/>) 

Hence 9 is an isomorphism of 

R'S onto R' i.e. R/S^R' 

Theorems. Sand T arc two ideals of a ring R such 
thflt S C T then the quotient ring 77.9 is an ideal of quotient 
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ring R/S and conversely if T/S is an ideal of RIS then T is an 
ideal of R such that S C T. 

Frst of all we should note the criteria for S to be an 
ideal of R 

(1) S is a sub set of R 

(2) V a, be S,a-b£ S 

( 3) rs £ S, s r £ S V r £ R V s £ S§ 20. P. 246. 
Proof. 5 is an ideal of R and hence R/S is a quotient 

ring. 

Let us now verify if T/S is a quotient ring or not 

S£TcR 

S is and ideal of R. 

Now rs,sr £ S V r £ R and V s £ S 
=> rs,sr£S Vr£Tands£S V T C R 
Above relation shows that S is an ideal of T. Hence 
T/S is a quotient ring. 

Now we have to prove that T/S is an ideal of R/S for 
which we shall prove properties (1), (2) and (3) written above. 

(1) T/S C RlS 

Any element of T/S is S+a where a £ T Since 
T C R a £ R 

and in this case S+a £ R/S T/S C R/S 

(2) S+a,S+b£T/<! 

"here a T b £ T or a-b £ T as T is an ideal 

/. (S+aMS+6)=(S'+a)+(-l) (S+6) 

=(S+a)+(S-b) 

= S+(a-b) £ T/S &sa—b £ T 
<3) (S-fT) £ T/S (a £ D 
[S+r) £ R'S (r £ R) 

=* {S+a) {S+r)=S+ar £ T/S where ar £ T 

as T is an ideal. 
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Similarly (S+r) (S+a) £ T/S 
Hence T/S is an ideal of R/S. 

Converely. 

Given : Quotient ring T/S is an ideal of quotient ring R/S 
i.e. all the three criteria are satisfied 
i.e. T/S C R/S and S is an ideal of 7* S C T 

To prove that T is an ideal of R such that S C T for 
this we will establish criteria no. 1,2, 3 given above 

(1) TCR 

Let t £ T=> S-H £ T/S 

+ S+t £ R/S as T/S C R/S by (i) 

=> t £R 

Since t £ T=> t £ R T C R. 

Also S C T S C TC R. 

(2) a } b£T => a-h£T 

a, b£ T* S+a, S+b £ T/S 

o {S+a)-{S+b) £ T/S as T/S is an ideal 
=* S+(a-b) £ T/S 
a-b £ T 

(3) t £ T, r £ R => t r £ T, rt £ T 

S+t £ T/S , S+r £ R/S and as T/S is an ideal of R/S 
(S+t) [S+t) and (S+t) (S+t) £ T/S 

or S+tr and S+rt £ T/S 
or tr and r t £ T. 

Since all the three criteria for T to be an ideal are 
satisfied and as such T is an ideal of R. 



CHAPTER VIII 
EUCLIDEAN DOMAIN 
§ 1. Euclidean Domain. 

Definition An integral domain D (i.e. a commutative ring 

with unity and without zero divisors ) is called a Euclidean ring 

if there exists a mapping f (Valuation function) of the set of 

all non zero elements of D into a set of non negative integers, 
{i e. f : D 0 -+A where A is a set of non negative integers} 

satisfying the following. 

(a) V a, b £ D 0 i e. non zero elements of D 

f(a) <f(ab). 

(b ) V a, o £ Z) 0 / e. non zero elements of D 3 <1 and r 
in D such that 

a=bq+r 

where either r=0 or f{r)<f{b). 

(Raj. 67; Meernt 69, 70; Gujarat 70: Delhi 70) 
The above is known as Division Algorithm. 

Notation. A euclidean domain is denoted as [D, 4* 
Corresponding to a given non zero element a £ D y f{a) is 
called f value of a and this should be some non negative 
integer for every non zero element of D 

fora=0,/(a) remains undefined. 

Exercise 1 

1: Prove that the ring I of integers is a Eucledian domain 
I 0 is the set of non zero integers of I. 

Define /: / 0 -> A when A is a set of non negative integers 
such that /(*)= | x \ V x £ I 0 i.e. x^EO 
Clearly | x \ is a non negative integer £ A; 

Also/(-5) = | —5 | =|5| which is non negative integer 
If a.b £ I 0 then/(fl) = | fl |,/(6)=|6|, 
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Also when a, b £ I 0 then ab also belongs to / 0 as it wil[ 
be non zero. 

Since a and b are non zero, the given ring is a ring with¬ 
out zero divisors. 

f(ab)=\ab\ 

Now |a| < I a\ \b, ^ | ab\ 

or f(a) </( ab ). ...(1) 

Again by division algorithm in I we know that 3 
integers q and r in / such that 

a=bq-\-r where 0 < r < |6| 

1. e. either r=0 or r is <z-f ive integer less than |ft| 

or r < f (6). 

But when r is-five integer then /(r)=-|rj = r. 

Hence either r=0 or /(r) < / ( b) •••(2) 

From 1 and 2 we conclude that both the conditions of 
euclidean domain are satisfied and as such ring of integers / 
is a euclidean domain. 

2. The integral domain of Gaussian integers is 

euclidean domain. (Meerut 70; Delhi 70; Gujarat 70; 

Raj. M.Sc. 1967) 

Refer Ex. 5 P 199. a + ib is a gaussian integer where 
a and b are integers and the set of all gaussian integers is an 
integral domain. 

Let G 9 be the set of all non zero gaussian integers. 
x—a+ib, fi=c+id £ <7 0 . 

*fl=(ac—bd)+i (ad-\-bc) £ G 0 
Let/: G 0 ->A where A is a set of non negative integers 
such that f(v.)=f{a-\-ib)=*a-+b\f(p)=c i +d 2 
We shall now verify the properties of euclidean domain. 
f(ufi)=[ac—bd) 2 +(ad+bc) 1 

= (a-+b 2 ) (c 2 +</ 2 ) 
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Since/(a)-«*+P ^ l,/(p )=c*+d 2 > 1. 

Hence it follows from above that 

/(«)</(■ *P) ».( 1 ) 

Thus the first condition is satisfied. 

We have now to verify the second condition. 

Let A be a complex number defined as 

^ a a+ib ( a-\-ib ) (c—id) , . 

A 7";+a" , ~+y -*+**9 

where p and q are rational numbers and thus A is not 
necessarily a gaussian integer. 

Now choose p and q' integers which are nearest to 
rational numbers p and q. 

< V2,\q-q '|< 1/2 

Choose X=p'-\-iq' where p and q' are integers and as 
such A' is a gaussian integer. 

Now (A—A') 0=A0-A'0 - a-A'p. 

Since a, 0, A' are gaussian integers, it follows that 
(A—A') p is also a gaussian integer. 

Also f ((A-A') P)=f[{(p-p')+i (q—q')} (c+id)) 

=Up-pV+(q-qy][c*+d* J 

<[*+*]/»)«*/(?) </(P) 

/. /((A-A')0)</(p). 

But a=Ap=A'0+(A-A') 0. 

where/((A-A') 0) </(p) 

or (A—A') 0=0 as when p and q are integers then p— p'=0, 
g-V=0, by choice of p' and q' and hence A-A'=0 
(A-A') 0=0 

Thus we prove that a=bq+r. 
where either r=0 or / (r) < f(b). 

Here r=(A-A') 0, 0=0, fl = a , ?=A' 

Therefore the domain of gaussian integers is a euclidean 
domain. 
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3. Everey field is a euclidean domain. 

Let /: F q -*A where F 0 is the set of non zero elements of 

F such that /(fl)=OVfl£f 0 

Thus the mapping/ assigns the integer zero to every 
non zero element of F. 

If a, 6 £ F 0 then ab £ F 0 / (ab) = 0=f (a) 
f ( a)—f ( ab ) and it proves condition I 
Again since / is a field every non zero element is inver- 

sible i.e. bjh 0, b~ x exists such that bb~ x = 1 
Now a=(ab~ x ) 6 + 0 
Thus a=bq-\-r where q=ab~ x and r=0 
Hence the second condition is also satisfied. 

Therefore every field is a euclidean domain. 

4. Let F be a field and x be an indeterminate, then 
the polynomial domain F [x] over F is a euclidean domain. 

Let/(x) be a non zero polynomial inFfx] and we 
define a mapping / on non zero polynomials to a set of non 
negative integers such that 

/ (a)=deg / (x) V/W# € fM- 

wherc deg / (x) is certainly a non zero negative number. 

Let a=f {x) and b=g (x). 

Again if / (x) and g (x) be both non zero polynomials 
in F [x] then deg [ / (x) g(x ]=deg/(x)+deg g (x)>deg/ (x) 
*.* deg g (x) ^ 0 
/(ab) >f(a) or f(a) ^f(ab) 

Thus the first condition is satisfied. 

Also by division algorithm § 30 P. 272, there exists 
unique polynomials q (x) and r (x) in F [.v] such that 
/(x)=g(x)?(x)+r(x) where 

r (x) is either zero or of degree less than that of g (x) 

or degree r (x) < deg g (x) 
or f \r (x)) </(g tx)) 
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Thus the second condition is also satisfied 

Hence the ring of polynomials over a field is an eucli¬ 
dean domain. 

Theorem 1. Every euclidean domain is a principal ideal 
domain. (Gujarat 70; Aligarh 65; Raj. M.Sc. 67; 

Meerut M. Sc. 69) 

Let D be an euclidean domain and S be any arbitrary 
ideal of D. If S is a null ideal then S=(0) which we know is 
a principal ideal (See Page 256). 

Now let us suppose that S is not a null ideal so that 

there exist elements in S which are not zero. Choose 0 to 

be an element in S such that / (b) (which is a non negative 

number) is least. In other words it means that there is no 

number 0 in S such that / (c) < f (b). We will establish 

that the ideal S is generated by b i e. S={b) and hence S is 
a principal ideal. 

Let a be any other element of S then since D is an euc¬ 
lidean domain 3 elements q and r in D such that 

a=qb+r where either r=0 or / (r) < f{b). 

Now S is an ideal q £ D y b £ S =* qb £ S by def. 
of ideal. 

Again a £ S, qb £ S => a-qb*=r £ S. 

Also either r=0 or /(/•)</ (b ). 

In case r^O then f (r) < f (b) which contradicts the 
supposition that b is that element of S such that f (b) is least 
and no other element c of S is such that /(c) <f{b). Hence 
we must have r=0 

In that case a=qb, which shows that every element a of 
S is a multiple of b. 

a £ S => a £ (b) S C ( b). ...(1) 

Again if xb be any element of ( b ) then x £ D. 

But x £ D, b£ S=> xb£ S 

X b£ (b)=> xb £ S ( b ) c 5 
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From 1 and 2 we conclude that S=(b), i.e. any ideal S 
is generated by single clement b and as such it is a principal 
ideal. Therefore D which is an euclidean domain is a princi¬ 
pal ideal ring. 

Theorem 2. Prove that every euclidean domain poss¬ 
esses unity element 

Let D be an euclidean domain, then D is an ideal of D 
which is a principal ideal. Hence there exists an element 
b G. D such that D = (b) i.e. every element of D is a mult- 
ple of b. Again since b is also an element of D it follows that 
b is also a multiple of b i.e. there exists an element c G D 

such that b=bc. 

Choose a any other element of D then a is also a 
multiple of b i.e. 3 an elrment * in D such that a =bx 
ac={bx) c=(bc) x V /? is commutative. 

= bx V bc=b 
= a V a = bx 


Hence ac=a=ca V a G D 

Thus c is the unity element. 

§ 2. Greatest Common Divisor. 

We have defined divisibility in an integral domain in 
8 16 P. 227 as alb i.e a divides b if there exists an element 
c G D such that b=ac. We have also proved that the 
relation of divisibility is reflexive as well as transitive. 

Further we defined that two non-zero elements a, o in D 
are associate if each is a divisor of the other i.e alb and b/a 
and this is expressed as a ~ b. See P. 229. and two elements 
a and b in an idtegral domain are associates if one is a unit 

times the other. ->cc P. 230. 

Again we have proved that the relation of being 'associa¬ 
tes is an equivalance relation. See. Th. 12 P. 229. 
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Now consider two elements 54, 12, their greatest 
common divisor is 6. 
ie. 6/54,6/12. 

Also 3 divides both 54, 12 i.e. 3/54, 3/12. 

but 3 is a divisor of 6 i.e. 3/6 

i.e. 6 is a greatest divisor if 6 divides both 54 and 12 and if 
there be any other divisor of 54 and 12 then it should be 
a divisor of 6. 

Definition of greatest common divisor. 

Let a y b be two non zero elements of D , then an element 
g is said to be greatest common divisor of a and b if 

(a) g/a , at.d g/b. 

(b) hi a, h\b => h/g. 

The first relation implies that g divides both a and b, the 
second relation implies that if there be any other element h 
which divides both a and b then it also divides g i.e. it is a 
factor of,? so that g becomes greatest common divisor. 

Notation The greatest common divisor of a and b is 
expressed symbolically as (a, b). 

Existence of greatest common divisor. 

lheorem3. Let D be a euclidean domain and a, b be 
any two non zero elementt of D. Then a and b have a greatest 
common divisor d which can be expressed in the from 

d—Xa+Pb for some A, p G D. 

Consider the set S={sa-\-tb : s, t G D) 

We shall show that S is an ideal of D i.e. it satisfies both 
the conditions of being an ideal of a commutative ring. 

x-y £S V x,y£ S. 

and rx £ S V r £ D and V x £ S Page 245-47 

Let x G S^sxa + hb, s u /, 6 D 
y 6 S=j a a+/ a 6, s ly /, 6 D 
x-y=(s 1 -s a )a + (t l -t % ) h=sa + tb £ S 
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because s x —s 2 and t x — 1 2 both belong to D. 

Again if r be any element of D and x be any element of 
S then rx=r {s 1 a+t l b) = {rs 1 ) n+(r/,) b G S 
Hence S is an ideal of D. 

We have proved in Th. 2 P. 475 that every euclidean 

domain is a principal ideal domain ie. every ideal is a 

principal ideal. Hence S is a principal ideal./?, an ideal 

generated by a single element. In other words it means that 

there exists an element d in S such that every element in 5 is 
a multiple of d 

Now d being an element of S it follows from definition of 
•S that d=\a-\-pb for some X, ^ G D 

Since D is a ring with unity then putting s= 1, / = 0 we 
get. 

\'a-\-0'b=aG •S’- Similarly putting a=0,/ = 1 we get 
0'a+\'b=b e S 

But every element in S is a multiple of d .*. d a, d. b 
Now if both a and b are divisible by any other element 
d' i.e. d' a. d' /b, then d'/a => d'/Xa, d'/b => o'/pb 
so that d'/Xa+pb or d'/d. 

Hence we have 

(a) d/a, d/b 

(b) d'/a, d'/b => d'/d. 

Therefore d=Xa-\-^b is the greatest common divisor of 
a and b. 

§ 3. Relatively prime elements of a euclidean domain. 

We know that 5, 17 are prime relatively and their grea¬ 
test common divisor is 1 i.e. (5, 17) = !. Now choose !</ any 
other integer 5/17x10 then 5/10 i.e. 5 divides 10 

Definition. 7V> elements a, b of an euclidean domain 
are said to be co prime or relatively prime if their y.c.d is 1 
i e. if ( a, b)=l. 
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Theorem 4. Let a, b, c be any three elements 0 f“* eU f 

dean domain D such that (a, b)=l i.e. f " J 
sot of a and b is 1, then if a/ be i e. if a dmdes be then a 

i.e. a divides c. . . h 

We know that if d be the grealest common divisor of a, 

then there exists A, p in D such that 

d=\ a+itb . 

• 1 =\a-\-pb us d== l 

Multiplying both sides bv c we get 

c=Xac-\-nbc '** 

we are given a/bc i.e. a divides be => 3 q £ D such tha 

bc=qa 

c=^ac-\-pqa from (2) 

or c =fic-\-pq) a . . 

Above relation shows that a is a divisor of c i.e. a/c- 
Theorem 5. Let a, b be any wo elements ofeirluLan 

domain D and p be any prim? element of D such that p : a , 

then p divides at least one of a or b. 

Suppose p does not divide a which in other words mean 

that p and a are relatively prime i e. (p. a) =1, Since p/ab 
and (p, a)=l, it follows from last theorem that p'b i.e . 

p divides b . , 

Cor. If p is a prim: element in D and p dwide? the 

product of a x . a it ..,a n of elements in/?, then? divide at 

least one of a Jt a.,, . .an- 

Theorem 6. Let (Z>, +..,/) be a eudideu domin 
and a be a non zero element of D then a is a unit if in l only 

iff(a)=f(D . , , , 

1st case Let a be a unit => 3 0"’ in D such that a a 

f(a a _1 )=/(l). 

But f (a a~ l ) > / (a) by def. of Z). 

f(\)>fia). - (l) 
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Again/ (\.a) > f{ i)...(2) by def. of D. 

From 1 and 2 we conclude that/fa) —f(\). 

2nd Case. Let/(a)=/(l) and we will show that a is a 

unit in D. . 

Now by second propertv of euclidean domain there exist 

q, r in D such that l=a^ + r where either r = 0 

or / (r) < /(a) or / (r) < /(1). 

Now I .r=r and / (ab) > / fa), 

f{\.r) >/(l) or /-fa) ^ Ml). 

Since/fr) > /“f 1) therefore the possibility of f (r) < /*(!) 
is ruled out. 

Hence we must have r = 0 \—aq or a! I =* a is a 

unit. 

Theorem 7. Let (O, 4-, . , 0 he a etrlilean domain arl 

a, /> he two non zero elements of D, then 

(/) / (ah)=f (a) if b h a unit. 

12) f (ah) > f (a) if h is tmt a unit. 

(Meerut M ^c. 1967, 70) 

Since a, b € D we have from definition of D 

f (ah) > f ( a) 

(1) Let h be a unit in D so that /> -1 exists. 

a—(ah) /r 1 or / (a)— f ( (ah) />"’) 

But f((ah) h~*) > f (ah) from I. 

or f (a) ^ f (ah) ” (2) 

Hence from 1 and 2 wc conclude that 

/ (ah)=f (a) 

(2) Let b be not a unit in D. Again a, b are non zero 
elements of 0 and D is without zero divisors it follows that 
afrjL 0, Since a and ah are both non zero ele neats o r D we 

get from definition of D. 

a=q (ah) -f- r with q, r G D such that 

either r=0 or/O') ^ / ( a h). 
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Now if r=0 then a=q ( ab )=* fl-tf (flfc)=0 

=* fl (1—^6)=0 ^ 1-^=0 as a^O and D is without 

zero divisors. •. . 

=> qb= 1 =>■ b/\ => b is a unit which is a contradiction 

to the fact that b is not a unit. Hence r cannot be zero so we 

must have 

firXf(ah) or f(ab)>f(r) •• (3) 

Now a=q (ah) + r => r—a (1— qb) 

f (r)=f (a (1 -qb)) >f{a) by def. of D. ...(4) 

Hence from (3) and (4) we pet / lab) > f(a). 

§ 4 Unique factorization Theorem 

We know that in the case of integers every non zero 

integer is either a unit or can be writt.n as the product of a 

finite number of primes which is unique in the sense that if 

a-pxpz />n=<7i<7 2 -<7"i where pf and q? are primes then 

n-m and on proper numbering is an associate ot q< 

We shall now prove a similar theorem for euclidean 

domain. 

Theorem 8 Unique Factorization Theorem in the 
euclidean domain. 

Statement: 1st part. Let (Z), + ,.,/) be an euclidean domain 
then every non ze o element a in D is either a unit or can be 
written os the product of a finite number of prime elements 
of D. 

2nd part. The obove product of prime* is unique in the 
sense that if a=p { pvpn—tfift •••?•», where a^ 0, a^unit 
where pf and qf are prime elements of D then n—m and each 
p is an associate of some q and each q is an associate of 
some p. 

Proof. 1st part. Let a be a non zero element of D. If a 
is a unit then there is nothing to prove. Also when a is a unit 
then/(<!)=/( 1) Th 6 P.478. 
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If a is not a unit then we have to show that a can be 
expressed as the product of a finite number of elements. We 
Khali prove the theorem by induction on / la). 

Assume that the theorem is true for all x £ D such that 
/ (*) <f(a) . and then we shall prove the theorem for a. 

Now if a is prime then the theorem is proved but if a be 
not prime then a is composite and let a**bc where b, c £ D 
and both are non units 

Now by Th. 7 P. 479 fib) < flbc) or <fla) V bc~a. 

f(c)<f(bc) or </la) V bc~a 
Since both fib) and f lc) are less then f (a) therefore by 
Induction hypothesis we can write b and c as tne product 
of a finite number of elements of D. 

b*=piPf. p k , c=q x q% •qr 
• • a=bc=p x p 2 . .pic . q x q %• • • q* • 

Hence a has been expressed as the product of a finite 
number of prime elements of D. 

2nd part. Let a=p x p 2 -.p„=q x qx-.qm 
From above we observe that p x is a divisor of p x p t 
and hence it follows that p x is a divisor of q x q% .. q m » Therefore 
by Th. 4 Cor. P- 478 p x must divide at least one of 
q u q t ...q m . Let us suppose that p x divides q x but p x and qt are 
both prime elements in D and hence p x and q x must be asso¬ 
ciates. Therefore qr=u x p x where u x is a unit in D. 

.\ p x p% • pn^q x q%...q)...q m =m u x p x q x q % ..qu i. qi+i — lm 
cancelling p x ^0 from both sides we have 

p%p i -‘-Pn=u x q x qi...qi- x qi+ x • q m - •••(2) 

We can repeat the same argument on p % as on p x and we 
will have p 9 pt -Pn= 3 U l u t q x q % ...qui qi+i qu-i ?*+i -9m where 
is a unit in D. 

After repeating the above step n times the left hand side 
will be reduced to 1 and the right hand side will be the pro- 
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duct of some units in D and some q' (number of which will 
be excess of m over n). But q * are prime elements of D and as 
such they are not units. Now as the product of certain units 
and certain q' which are prime in R.H.S cannot be equal to 
1 in L.H S. therefore m cannot be greater than n i.e.m < n. 
Similarly interchanging the roles of p' and q* we will have 
n < m and hence m—n. 

Also we have shown that every p is an associate of 
some 4 and conversely every q is an associate of some p. 
Thus the 2nd part of the theorem is completely proved. 


UNIVERSITY PAPERS SOLVED 

Allahabad 1970 

1. (a) Show that in a croup, cancellation laws hold 
Will a semi-group, in which cancell .tion laws hold, be 
group? 

Discuss the case when n is finite. f 

(b) Show that the set u n of nth roots of unity forms a 
cyclic group with respect to multiplic^t'on. 

Prop. 4, P. 46, Prop 10, P 50. Q. 19 P 24. 

2. (a) What do you understand by the statement . 

“When two groups are isomorphit then in some sense they 
are ecnial.show that j som0 rphism of a group maps the 
dentity into the identity and the inverse of an element into 

the inverse of its image. r 

(o) Let R (x) be the set of polynomials over the set o 

real numbers. Prove that R (*) is a group with r.-sp.-et to 
add Th" 15 P. 110. § 17 P. 108, Th. 30 P. 267. 

3. (a) Define an ordered integral domain. Show that 

the unity element of an ordered integral domain I is a + ve 

element oft and prove that the set of complex numbers is 

not an ordered integral domain. . , 

.'b) Give, without proof, an example of an integral 

domain which contains only five elements. Is this an ordered 

integral domain ? Give reasons. 

§ 15 P. 224, Ex. 1, 2, 3 P. 225. . 

4 (a) If g (x) fcfcO) and f (x) are any two polynomials 

over a field F, show that there exist unique polynomials q (x) 

and r (x) over the field Fsuch that f[x)=q (x).g (x)-f r (x), 

where, r (x) is either zero or of degree less than the degree 

(b) Find the zeros of the polynomials x 4 +2.r s — 2lx 2 — 22x+ 4 

if they are in arithmetical 'progression. 

6 30* P 272 See author’s book on Theory of equations. 

5. (a) Define a ring. Prove that the set of residue classess 
modulo the +ve integer m is a ring with respect to addition 

and multiplication of residue classes mod (w). 
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(b) Prove that in a field 

(i) ( a/b)-(cld)=(ad-bc)lbJ; 

(ii) =-(„-!) : 

(Hi) {-a)l[-b)=alb. 

Q. 4 P. 173. 

Gorakhpur 70 

1. (a) Show that the non-zero residue classes modulo a 

positive prime integer p form a commutative group with 

respect to multiplication of residue classes as the binary 
operation. 

(b) Define the order of an element in (i) addit've group, 
(ii) a mult : plicative group. What is the order of 3 in multi¬ 
plicative group of non zero residue classes modulo 5. 

Th. 4 P. 43, § 12 P. 79. see 5 P. 81. 

2. (a) State and prove the necessary and sufficient 
conditions for a complex H to be a subgroup of the group G. 

(b) Define alternating group Show that the alternating 
group A n is a subgroup of symmetric group S n of the per¬ 
mutations over n objects. Writedown all the proper sub¬ 
groups of S,. 

§ 3 P. 131, Th. 8 p. 71 

3. (a) Prove that the relation of isomorphism in set of 
all groups i« an equivalence relation. 

(b) If R be the additive group of real numbers and R f 
be the multiplication group of positive real numbers. Prove 
that the map f:R-*R+ given by f{x)=e*, x£R is an 
isomorphism. 

Th. 15 P. 110, Ex. P.96 

4. (a) Distinguish between the order of the group and 
order of an element in a eroup. Prove that if a t p £ G then 
a and p~ l a n have the same order in G. 

(b) If G is a cyclic group of order n generated by an 
dement a. then prove that G is generated by a n ( m < n) if 
and only if m is prime to n. 

Th. 13 P. 83, Th. 24 p 127. 

5. (a) State and pro/e Lagrange’s theorem on the order 

of sub-groups of a group. Show that every group of prime 
order is cyclic. 


University Papers *■ 1,1 

(b) Slate the definitions of a field and integral domain 

and give suitable illustration for each. 

§ 11 p. 161. § 5 p. 192, § 6 p. 195 and examples on p. 193 

and p. 196, 

Kanpur 1970 

1. (a) Are the following sets a I equal ? 

A=fx : x is a letter in the word reap). 

B={x : x is a letter in the word paper} 

OM -.1 

WUh (c ) d Define°the concepUrf"group in the additive termino 

logy. If corresponding to any element o of a group C there 
is an element o/which sati.fies one of the cond.t.ons a + O a -a 
or 0 « + a=fl, then show that it is necessary that 0 fl U 

See set theory, Ex. 1 p 8 . prop 6 p 47 cv dic 

2. (a) A subgroup H of a cychc group G is also cycl e 

and generated by a", where a is a generator of G and 

least positive integer such that a t 

(b) Prove that the relation congruence modulo m 

equivalence relation in the set of integers. 

Th 9 p. 146, See set theory book. f 

3 fa) Prove Lagrange’s theorem that the order of a 
subgroup ?H oM p ‘p C is a divisor of -he order of 

,he 8 (b) UP Prove that every finite group of composite order 
possesses proper subgroup. 

field ? Give reasons to support your answer. 

(b) Prove that the set I WD of real numbers of the 
from m+ny/ 2 , where »,» are integers 1 , a rmg w,«h ordmary 
addition and multiplication. 

? (I/*What*, you mean by a vector space ? Give 
two examples. 
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(b) Show that the sets S of vector a,=(l,2, 1), 

a 3 =(\ 1, 5). a 3 —(3, —4, 7) is linearly dependent. Also find 

the maximum linearly independent subsets of S. 

§ 2 p, 285, Proced as in I (b) p. 322. 

Lucknow 1970 

1. (a) Define a subgroup of a group. Show that a non¬ 
empty complex H of a finite group G is a sub group, if and 
only if, it is closed with respect to multiplication. 

(b) Show that a poper sub-groups of the multiplicative 

group (7={1, — I, /, —i} is //=={!, — 1}. Are there others ? 
Give reasons for your answer. 

§ 1 p. 129, Tb. 3 p. 134, Th. 11 p. 147 Ex. p. 148. 

2. (a) If H is a sub-group of G, where the orders of 
these groups are h and g respectively, prove that h is a 
factor ofg. 

(b) Define a cyclic group. Show that group of prime 
order is necessarily cyclic. 

§ 11 p 161, cor. 4 p. 163. 

3. (a) Define a ring and an integral domain. If R is a 
ring with zero element z, then prove that for all a £ R, 

a.z—z.a—z. 

(b) Define a vector space. Iu a vector space V over a 
field F with 0 the zero element of F and 0 the zero element 
of V prove that 

(i) a.0=0 for all a £ F; (ii) 0.a=0. for all a G V 
§ 1 p. 168, § 2 (A) p. 176, § 2 p. 285, § 3 p. 296. 

Meerut 1970 

I- (a) Define mappings :— 

Consider the mapping/defined by /: /->/, 

where/( y)=-a/—(—1)", n £ / is the set of natural numbers. 

(b) What ?re equivalent relation ? In the set of all 
triangles in a plane, show that the relation of congruence (or 
similirity) is an equivalence relation. 

See set theory. 

2. (a) Prove that the intersection of two subgroups of 
a group G is also a subgroup of G. ni 


University Papers 


l 


v 


(b) Every subgroup of a cyclic group G is cyclic. 

§ 4 p. 140, Th. 9 p. 146. 

3. (a) Distinguish between the order of a group and 
the order of an element in a group. Prove that the order of 
an element of a finite group is a divisor of the order of the 
group. Deduce that if a be an element of a finite group O' 

N , . 

of order N, then a =e , wheree is the identity of G. 

(b) If a group G is homomorphic to a group G under a 
homomorphism <f >, then G is isomorphic to the factor group 
G/H where H is the kernel of <f> 

§ 12 p. 79, Th. 12 p. 82, Th. 5 p. 436. 

4. (a) State the definitions of a field and an integral 
domain and give suitable illustrations for each. 

(b) The set M of all 2 x 2 matrices of the form 

for a, b integers is a right ideal but not a left ideal in the ring 
R ol all 2x2 matrices with elements as integers. Here N is 
the subset of R consisting of these elements whose first 
column contains only zeros. 

§ 5 p. 193 § 6 p 195, Q. I p. 270. 

5 (a) Prove that any two bases of a finite dimensional 
vector space have the same number of elements. 

(b) Suppose V is a finite dimensional vector space and 
S and Tare two subspaces of V then prove that, 
dim (S’-j-10=dim 54-dim T-dim (5D T) 

Th. 11 p. 338, Tli. 17 p. 349. 

Saugar 1970 

1, (a) What is a group ? Prove that the order of every 
sub-group of a finite group G is a divisor of the order of G. 

(b) Show that the set of even integers is a subgroup of 
the additive group of integers. 

§ 11 p 161, Ex. I p. 133. 

2. (a; Define a cyclic group and show that all subgroups 
of a cyclic group are cyclic. 

(b) Prove that every group of order n is isomorphic to 

a permutation group of n elements. 

Th. 9p. 146, Th. 17 p. 114. 
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3. (a) Define a ring and show that the set of integers 

is a commutative ring with unit element. integral 

(bj Give an example of a ring which is not an integral 

domain. 

§ 1 p. 168, Ex. I p. 169, See 6 p. 193. 

4. (a) What is a field ? Give two examples. 

(b) Find a polynomial whose zeros are k times tn 

zeros of a given polynomial / (x) over a field F. . 

§6 P 195 and examples p. 196. See Theory of equations 

5. If «, p, y be the zeros of the polynomt 
/(*)=*»over a field F, obtain the polynomial whose 

zeros are (a—/3) 2 , (P~y) 2 - (y—*) 2 - 

See theory of equations bjok 

Allahabad 1971 

1. (a) A semi-group G in which equations ax=b and 

ya=b are solvable, for any a and b in G, is called a groupu 
Show that in such a group there exists a unique unit el 
ment e satisfying ae=a=eoJoT every a£G and for each 
element a of G, there exists a unique inverse element a such 

that 


a! a=e~aa'. . 

(b) Giving reasons in support of your answer, examine 

if the following sets form a group 

(i) Set of even inteeers, with respejt to addition. 

(ii) Set of odd integers, with respect to addition, 

(iii) Set of integers, with re pect to sub-traction. 

Prop § 10. P. 50, see 3. 4, 6, P, 9, 10 

2. (2) Explain the terms homomorphism, isomorphism, 
endomorphism and automorphism in relation to groups, 
giving an example of each. 

(b) Show that if A and B are normal sub-groups of a 

group G y then so is A 0 B. 

§ 16 p, 94, § 1 p. 431. see 6 p. 441, § 4 p. 442 

Th. 4 p. 406 

3. (a) When a, b e I define 
a+6=fl-f 6+1, and 

axbz=a+b+ab t 
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show that I is a commutative ring with respect to -f and 
X. What is the zero of the ring ? Does it have a unit 
element ? 

(b) Prove that a ring R is without zero divisors if the 
restricted cancellation law holds in R. 

Refer Ex. 7 p. 188, Th. 1 p. 192 

4. (a) Prove that from the elements of an integral 
domain it is possible to construct a field, called the Quotient 
Field of the integral domain. 

(b) Prove that 1,-1, / are the units of the integral 

domain of complex number of the form aj-ib (a, b being 
integers). 

§ 19 p. 236, Q. 3 p 228 

10 (a) Define the zeros of a polynomial and show that 
a palynomial. 

f(xl=a 0 +a l x+a.x 2 + . J ra n \ H , a n ^ 0, over the field 

of complex numbers has exactly n zeros which are complex 
numbers. 

(b) Prove that if p (x) is an irreducible polynomial 
over a field Fand if p (x) divides the product/(x). g ( x) of 
two polynomials over F, then p (x), divides/(x) or p (x) 

divides g{x). 
see p. 272, 

Lucknow 71 

1. State the axioms of a group. Under what conditions 
can we say that a subset of it becomes a subgroup, and illus¬ 
trate by an example. 

Prove that if H is a subset of a group G then a necessary 

and suffeient condition for it to become a subgroup is that 
the following conditions be satisfied 

(i) The composition of any two elements of H is an ele* 

ment of H 

(ii) The inverse of every clement of H is an element of H 

(iii) H contains the identity. 

Hence or otherwise show that if G is finite then only the 
first among the above condition? is necessary and sufficient 
for H to be a subgroub. 

$ 3 p. 6. § P 129, Th. 3. p. 134 
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2. (a) Define a cyclic group. Show that all subgroups of 

a cyclic group are cyclic. . 

(b) Define a ring. Give an example of a ring which is 

not an integral domain. 

§ 19 p. 129, Th, 9 p 146. § 1 p. 168 Ex. 6 p. 193 

3. (a) What is a field, and when is it said to be ordered 7 
Show that the field of rational numbers is ordered. 

(b) What is a vector space ? Let V be the set of all 

(ordered) pairs of real numbers. If x=(5i» ^ 2 ) 
y={i) 1 , >),) are elements of V, write 

x-B'=(£i+‘0i. £2+%) 
ax=(a 1 5, 0), a is a scalar 


0 =( 0 . 0 ) 

—a — ( —Si> Sa'- ♦ 

Is V a vector spaee with respect to these definitions of 
the operations ? Why ? 

§ 6 p. 195, § 15 p. 224, § 2 p. 285, Refer d p. 295 

Kanpur 1971 

1. (a) State and prove the distributivity law of union 
over intersection of sets 

(b) Define a composiie mapping. Give one example. 
Show by means of an example that the two mappings defin¬ 
ing a composite mapping are not commutative. 

See set Theory, 

2. (a) For a group ((/,.) prove that 

V a, b e (a.b)~ 1 =b~ l .a~ 1 . 

(b) Define the order of an element belonging to a group 
and prove that t— 

(i) the order of every element of a finite group is finite, 

(ii) the order of an element of a group always equals the 
order of its inverse. 

V a, be G=> [a.b) ml —b~ l .aT l . 

Prop 9 p. 49. § 12 p. 79, Th. 9 p. 81, Th. 11 p. 82, 

3. (a) Define a ring. Give one example each of a 
commutative and non-commutative rings. 

(b) Show that the set of Gaussian-integers 

S—{x : x=a+ib, a, b c 1} where I is the set of integer*, 
is an integral domain. 


I 
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and P rove ^ l D i ca[ ion of complex numbers, 
addition and mulnphc ^ Give one 

(b) Define a rector space over a given field, ui 

ri* saras.« 

E xam p|e : I". a ^ en G is called an Abelian 

a, b<G are such that" jndicate blanks). 
group. (Horizonta s fee made t0 pass through 

(/) In general a conic^ of the conic. 

\gSSpi U ” ~ Ji '"“ ” 

<"'> Aone m o m n U e ,a onto d ^ma^in^^hich'p^eser’es group 
operation * “ lled non -zero elements form a 
grouJfumter^mult'Klj ation is called-- 

bivc immarphism. Ft 1-. 

Raiastban 19 /i , , 

, / Awfr A) itT a+b=*d+c, where a , b, c, ( 

1. (a) Lel ^; } then iow that - is an equivalence 

are natural number^ then 

relation defined on/vx/v. Sho w that anon- 

riSV* » 

Tla) Define a sub-group. Show that the mterseet.on 

of any two sub-group is a su ^8 roup ' p rove that the order of 
( y b) Define a «£» sub-group^ 

a cvclic sub-group is 9 p 

a C> § 1 P. 129, § 4 p. HO, Th. 9 P.146 4 3 6 \ ^ 

4 (a) Express the permutation-^ 5 4 1 2 6 l 4 

odd permutation. Also g 


(/v) 

(v) 
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(b) What do you understand by : 

(i) Homomorphism from group G into group G 

(ii) Group G is isormorphic to group G . 

If e and e' be the identity of groups G and G' respectively 

and / be homomorphism from G to G', show that 

(i) f{e) = e' and 

(ii) f (a~ l )=[f(a)]-\ a e G. 

see p. 61, § 16 p. 94, § 1 p 431, § 4 p 432 

5. (a) Define : 

(I) a ring with unity, 

(ii) Zero civisors in a ring. 

Prove that if a non-zero element x of a ring R with unity 
has a multiplica*ive hverse ihen .x cannot be a zero-divisor. 

(b) What do you mean by an ideal in a ring ? Show 
that if U be an ideal in a ring R with unity 1 such that let/, 
then U=R 

§ 3 p. 177, § 20 p. 245, Th. 22 Th. 252 

6 . (a) For any real numbers a. b % we define 

a -\-f)—a~-b—\ and axb = a + b — ab, 
then show that [/?, +. X 1 is a field What are the additive 
and multiplicative identity of this field ? 

(b) What do you mean by the characteristic of a field 7 

Give examples of a field with zero characteristic and a field 
with characteristic 5. 

Q. 7 p. 188, See Note p. 255 

Karnatak 71 

1. (a) Do the set I of all integers form a group 
w.r.t. the binary operatian * defined by 

a * h-a + b-\- 1 ? 

(b) Let G be a group and S be a non-empty sub-set of 

G. Then S is a subgroup of G iff 

(i) V a, b e S => ah e S, 

(ii) V a e S, the inverse a -1 of a is in S. 

Q. 15 (c) p 21. Th I p. 131 

2. (a) Every subgroup H of a cyclic group G generated 
by a is cyclic. 

(b) Let N be a normal subgroup of a group G. Then 
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r r r,lN of G into the quotient group 
Then the map / • ^ v « G is a homomorphism of G 

GIN defined by/(*>-* *'J x 
onto GIN and the kernel of/is A. 

Th. 9 p. 146 Th. 4 p 435 commuta twe ring R 

3. (a) Ut r. be an clement of a^com san m R 

with unity. Then ‘he set W R which contains a. 

Further is the smallest ideal in over the 

<b) P '°ve r the ’ %/'° t matrix addition and 
field of real numbers is a ring vv. 

by'heequabons ) = (fl+fi 

S)M><'>= ( r w ' 

Prove that C is a field. bers of the form a+by/2 

(b) Prove that the s js an integral domamw.r.t. 

V Gorakhpur 72 

Examine whether the set of all 

1(a) Definea Cr than 1, with binary operation 

rational numbers^ ° a b, is a group or not. 

defined by a 0 b - » + an e , ement 0 f a group. Prove 

thM t « a and a- inagrouparealwaysof.be 

0- , s 5 ub ( ; ) r o P u p 20 ShovJ 2 .ha.the*,oilmen., 

V of a So; oth /a. a x = x a for every element x 

°' 0 ;;;;2«*g'oup ° f a ^ g^ is u “ ifa 

136, Tb. 9 P.146 
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3. (a) Name a group which is isomorphic to the group 
of numbers 1 , i, — 1 , — i and set up an isomorphism between 
the two groups. 

(b) Prove that every cyclic group of infinite order is 
isomorphic to the additive group of the ring of integers. 

Q. 2 p. 118, Th. 21 p. 124 

4. (a) Define an integrers domain. Give an example 
of an integral domain. 

Do the set of odd integers form an integral domain ? 
Give reasons in support of your answer. 

(b) Show that the set of all even integers from a 
commutative ring without unity. 

§ 5 p. 192 See 6 p. 193, no, Then do not form even 
a group. See 4 p. 10 

5. (a) Define afield. Show that an integral domain 
with a finite number of elements is necessarily a field. 

(b) Using natural definitions of addition and scalar 

multiplication, examine whether the set of all polynomials of 

degree greater than five over a field F is a vector space over 
that field or not. 

§ 6 p. 195, Th. 4 p. 206, Q. 5 p. 292 

Indore 72 

1: (a) If a permutation P be expressed a 3 a product of 
a transpositions and also as a product of b transpositions, 
show that either both a and b are even or both are odd, 

that is, 0=6 (mod 2 ). 

(b) Prove that the numbers, l,i,/>-l, -i, where 

*=V-l form an abelian group with resqect to ordinary 
multiplication. Write the multiplication taole. 

Th. 7 p. 67, Q. 9 p. 15. 

2. (a) Prove that, of the | n permutations on n symbols 
_L n 12 are even and | n_/2 are odd and also that the I n /2 even 

permutations form a group with respect to permtifatioil 
multiplication. 
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(b) Show that the n ill roots of unity form a multi¬ 
plicative cyclic group. 

§ 10, p. 70, Th. 8 p 71, Q. I P- 121 

3. (a) Prove that every finite group G is isomorphic to 

a permutation group. 

(b) If Q be the additive group of rational numbers and 

Z the sub group of integers, what are the cos.*ts of Z in Q ? 
Th. 17 p. 114, Refer Q 4 p. 1"0. 

4. (a) Show that, it is possible to construct a field, from 
the elements of an integral domain /, caHed the quotient 
field of the integral domain, which contains a sub-s>stem D 

of elements isomorphic to the integral domain I. 

(b) Prove that the set of all real valued functions of 
x defined over the closed interval [ 0 , 1 ] forms a ring with 
respect to addition and multiplication defined as follows: 
(f+g) (x) =f(x)+g(x) 

(/.*)(*) =f(x) g(x) 

Prove that it is not an integral domain. 

See p. 242 C, D. F, p. 238, 239, Q. 6 p. 174. 

Rajsthan 1972 

] (a) Let the relation R in the set of real numbers be 

defined as aRb if and only if \+ab>0. Show that the 
relation is reflexive and symmetric but not transitive. 

(b) If an element a of group G is of order n , and p is 

prime to n , then show that a v is also of order n. 

See my book on set theory. Th. 14 p. 84. 

2 . (a) Show that the product HK of two sub-groups H, 
K of a group G is a sub-group of G. if and only if HK =KH. 

(b) Show that the multiplicative group 

G={1, «» lu ' 2 } 

is isomorphic to the permutation group 

G ' = ( r> ( a he), a c b )} on three symbols a, />, c. 

Th 8p. 145, 6- 12 P 1° 4 

3. (a) Show that every finite group of prime order 
must be cyclic. 
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(h) Define automorphism of a gr mp. Show that the 
set of all automorphism of a group forms a group with 
respect to composite of functions as the composition. 

Cor. 4 p. 163, Th. 6 p 443. 

4. (a A ring R is without zero-divisors, if and only u 

the cacellat on law holds in R. 

(b) Prove that, if m is a fixed integer, the set P of 

integers given by 

p=(xm : x is an integer) 

is an ideal of the ring R of all integers. 

Th I p 192, Q 3 p 249. 

5. (a) Show that every prime field of characteristic zero 
is isomorphic to (Q, + , < ). the quotient field of the integral 

domain of integers. . • 

(b) If a ring R is an integral domain, show that so is 

the R [.v], the polynomial ring over the ring R, 

Th. 7 p.466 § 28 p. 268 

Karnatak 72 

1. (a) Define an Abelian group. 

Prove th it the set of all matri:es over the set of 

integers is an Abelian group with matrix addition as com- 
position. 

(h) Prove : the group ( {a, a 2 . a"}, • ) is a cyclie 

group of order n generated hv a. 

§3p. 67, Ex 11 p. 17. Th 19 p 120. 

2 (a) Define the Isomorphism of groups. 

Lot f : G-+G' be an isomorphism and e, e are respecti¬ 
vely the identities in G , G'. Then prove that / (e) = e'. 

(b) If // is a normal subgroup of a group G, then 
prove that 

(i) for every pair of cosets Ha and Hb 
Ha Hh — Hah 

(iil The cosets of H in G form a group w.r t multi¬ 
plication of subsets of a group. 

§ 16 p. 94, § 17 1 p. 108, Th. 3 p 405, Th. 12 p. 424 
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? fa) Every homomorphic image of a group G is a 
isomorphic with some quotient croup thereof. Conversely 
every quotient group of a group is a homomorphic. Prove 

this, 

(b) If p is an arbitrary element of a commutative ring 
R then prove that P—{p.r: r£R } is an ideal in R. 

Th. 4, 5 p 435,36, Th. 25 p 257. . . 

4 fa) Prove that a commutative ring 7 ? with unity is 
an integral domain iff V a. b, x £ R with ax=hx 

=>0 (b) Prove that everp finite integral domain is a field. 

Th. I p. 192, § s p. 192 (c) p 193, Th. 4 p. 206. 

Kanpur 72 M.Sc not B.Sc. 

I, (a) Explain the isomorphism of groups giving an 

illustration If a group G is isomorphic to G show that 
illustration. jdentity of G 1S th e identity of G 

a " d (ii) the image of the inverse of an element acG is the 
inVe %V f p?ove m « a h 8 e e eve f ry finite group G is isomorphic to a 

permutation group. 

6 16 n 94, § 17 p. 108 Th. 17 p. 114. 

2 If H, and £ are two sub-groups of a group G, 

.knur that K, IT U. is also a sub-group of G. 

Prove that the product H» H a of two sub-groups of 

a group is sub-group iff 

HiH 2 = noM|. 

| 4p lefine the quotient group. If H be a no.mal 

sub-group of a group Gaud K. a norm.l sub-group of O 

containing H 

4 CC What do you mean by an automorphism of a 

proun t Show that the set oi all inner automorphisms of 
g crnuo G is a sub group of the group ol its automor- 
phifm isomorphic to the quotient group G/Z ol G relative 

10 thC 5 4 p! r 442, Th. 8 p. 447. 
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5. Prove that every homomorphic image of a ring 
is isomorph ; c to some rescue class ring thereof and con¬ 
versely every residue class ring of a ring is a homomorphic 
imaee of the ring. 

Th 4 p. 464, Th. 6 p 465 

6 . (a) Give the definition of a field and show that 
a field has no proper 'deals. 

(b) Show that the left ideal generated by the union 
I,UT« of two left ideals is the set I, 4-1, consisting of the 
elements of the ring R obtained on adding any element of 
1 to any element of I 2 . 

§ 6 p 195, Tb 20 p. 251, Q I p. 253. 

7. If A is an integral domain, prove that the poly¬ 
nomial line A [vl is also an integral domain. 

Ifffx) and gfx)^0 be anv two polynomials over afield 
F, show that 3 unique polynomials q(x) and r(.x) over F 
such that f x) = efx) q(xH-rfx) 

where rfxl is either zero or of a degre* less than that of 

g(x)- 

§ 28 p 268. $ 30 p. 272 

8 . (a) Define a linearly independent system of vectors 
and show that each subspa<e W of a vector space V(K) 
of dimension n is a finite dimensional space with dimension 
<n. 

(b) Show that if W is a sub-space of dimension m of 
a vector space V(K) of dimension n then the dime ision of 
the quotient space V \Y is n —m 

p 320. Th 23 p 341 Th 29 p 355 

Q Defre the dual spice of a vector space an I shiw 
that the dual space V* of a space V(K.) of finite dimension 
n is itself of dimension n. 

$ 24 i). 389. §25 p. 394 

10. What do you mean by a Galois group ? If L is a 
finite, separable and normal extension of K. then the mapping 

defined by M-*G(L/M) 

is a one-one mapping of the set of intermediate fields M 
between K and L into the set of sub-groups of the Galois 
group G(L/K) of L over K.. 




